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Abstract

The paper investigates to what extent the effect of actions
and deformations of statically indeterminate reinforced concrete
beams are modified if, instead of the elastic, uncracked model
(which is simple but approximate), an elastic, cracked model is
applied (which is more accurate) in the computation of the effect
of actions at serviceability check. (Continuous beams were mod-
elled with beams fixed at both ends.) The effects of different load
levels and moment-redistribution at design were also analysed.
It is assumed that the variable load reached its characteristic
value prior to the time considered, thus, the location of cracked
zones and the tension stiffening effect is determined for that load
level. Instead of the interpolation between the two values of de-
Jformation, the tension stiffening effect was taken into account by
an effective moment of inertia (I.g5), which is equivalent to the
other method.
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1 Introduction

In the past decades, the limitation of stresses, deformation and
crack width of reinforced structures under serviceability condi-
tions has gained considerable importance due to the following
facts:

e Buildings tend to be taller, structural spans tend to be greater,
and structures with hinged connections (e.g. precast concrete
structures) are spreading.

o High-strength structural materials have been applied lately,
while their elastic moduli have hardly increased (e.g. in case
of concrete) or not increased at all (e.g. in case of steel).

e Social expectations concerning the aesthetics and service of
structures have increased; the limitation of deformation, vi-
bration and crack width is based on several requirements.

e Structures used to be analysed applying the method of allow-
able stresses, that is, under service loads, assuming elastic,
cracked state. However, according to the method of limit
states applied recently, structural dimensions are determined
for a different load level, assuming a different stress state.
Thus, the latter method does not involve an indirect check
of serviceability.

In case of statically determinate structures, the same method
is employed at the computation of the effects of actions both at
design situations and at the analysis of serviceability limit states:
the conditions of equilibrium must be satisfied. However, in case
of statically indeterminate structures, the flexural stiffness of the
structure influences the effects of actions considerably.

The draft European Standard prEN1992-1-1:2003 proposes
the following four models for the computation of the effect of
actions if a structure is designed for the ultimate limit state:

* A linear elastic model applying the stiffness of the uncracked
gross cross-section. (This model is obviously inaccurate, but
its application is simple.)

e The previous model, assuming a limited redistribution of the
effects of actions subsequently. (The effects of actions may
be modified, what may be favourable in certain respects.)
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¢ A non-linear elastic model, taking the effect of cracking into
account. (This model is applied mainly for the check of struc-
tures, since the reinforcement area at cracked cross-sections
is assumed to be known.)

¢ A plastic approach, assuming very ductile structural elements,
in which plastic hinges form at ultimate limit state.

There are two models for the analysis of the effect of actions at
serviceability check:

o The linear elastic model described above, applying the stiff-
ness of the uncracked gross cross-section. (This simple model
is generally employed in engineering practice.)

¢ A non-linear elastic model, which takes the effect of cracking
into consideration.

In this paper, the non-linear elastic model was applied for the
analysis of statically indeterminate reinforced concrete elements
in serviceability limit state. Sections 2 to 5 introduce the as-
sumptions of the analysis. The proposed algorithm for the anal-
ysis is illustrated by Fig. 5 in Section 6. Section 7 presents the
numerical analysis of a beam fixed at both ends, which is similar
to one span of a continuous beam.

2 The Influence of Flexural Stifiness on the Effect of

Actions

Cross-sections of a structural member are considered to be
in state 2 when we apply the non-linear elastic model. Flexural
stiffness is not constant in different sections of the element, what
influences the effect of actions in case of statically indeterminate
elements. However, the variation of stiffness has different effects
on specific flexural elements:

e Beams normally have quite short uncracked segments (i.e.
cross-sections in state 1, I7), which do not cause great
changes in the behaviour of the structural element, since the
moment at these parts is small. In case the beam was designed
applying the linear elastic analysis, the ratio of the maximum
and minimum bending moment (and, correspondingly, the re-
inforcement ratio) is approximately 2. In this case, the effects
of actions (1.e. bending moments) computed according to a
homogeneous cross-section are assumed to be only slightly
modified if the variation of flexural stiffness is taken into ac-
count.

* In case of beams designed for plastic distribution of moments
or redistribution of moments (when the moment-diagram is
shifted either upwards or downwards) (Fig. 6), values of the
moment of inertia are different compared to those in the pre-
vious case. This results in a shift in the moment-diagram in
service state. (See Section 7, Numerical Analysis, for data.)
Unlike in the previous case, effects of actions at design and in
service state are not proportional, what suggests that highly
stressed locations should be checked to make sure that steel

stress does not exceed 0.8 fy¢. (fyx is the characteristic yield
stress.) (Under serviceability conditions, steel stresses that
would lead to inelastic deformation must be avoided, since
that would involve excessive deformations and crack width
(prEN 1992-1-1:2003, 7.2(4),(5)).)

o Flat slabs normally have both cracked and uncracked zones,
and there is significant difference between reinforcement ra-
tios of certain locations (the difference of reinforcement ratios
of certain locations may be fivefold, corresponding to mo-
ments). Therefore, flat slabs show great variation in stiffness,
what is supposed to lead to considerable changes in the effect
of actions in service state, as compared to the effect of actions
of a homogeneous, elastic slab.

3 The Effect of Cracking on Flexural Stiffness

For the computation of flexural stiffness values, which are
necessary for the calculation of moments and deformations,
cracked and uncracked zones (i.e. the crack pattern) have to
be at first determined. During the service period of a building,
the probability that the rare combination of actions (in case of
variable actions of only one type, F, = Gy -+ Q) occurs is 40
to 50 percent. Therefore it is advisable to assume that cracks in-
duced by the rare combination of actions form prior to the time
being considered (since serviceability requirements have to be
fulfilled following crack formation, too) (Fig. 1).

According to provision 7.1(2) of prEN 1992-1-1:2003, a con-
crete section has to be assumed cracked if the concrete stress
exceeds the mean value of the tensile strength of concrete (6, >
Jferm) under the rare combination of actions. However, for ser-
viceability (irreversible) limit state, Annex A of ENV 1991-1
specifies a target reliability index (8) of 1.5 for the design work-
ing life, i.e. the failure probability (P1) is 0.7 - 1071, It is advis-
able to apply this reliability level also for reversible limit states.
(The difference between reversible and irreversible limit states
lies in the combination of actions to be taken into account (Dedk,
2000)) [1]. Applying the characteristic values of material prop-
erties (Eck, ferre) 1s a good method of obtaining this reliability
level (DEAK et al. 1998 [3]).

Following the determination of the sectional properties (flex-
ural stiffness) of the structural element under the rare combina-
tion of actions, deformations shall be computed usually for the
quasi-permanent (F,p = Gy 4+ w20Qy) or frequent combination
of actions (Fy = G + w1 Q). Values of moment of inertia ob-
tained in the previous step can be considered constant, since the
tension stiffening effect (i.e. the stiffening effect of the cracked
concrete in tension exerted on the reinforcement) determined for
the highest expected load in service state will not change if the
load decreases (Fig. 1). (It is disregarded that the concrete may
prevent the steel reinforcement from shortening.)

Provision 7.4.3(3) of prEN 1992-1-1:2003 takes the tension
stiffening effect into account by applying a factor (¢) to inter-
polate between values of deformation computed according to
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cross-sections in state 1 and state 2:
a=car+(l—¢)a e3)

where

a is the deformation (curvature, rotation, deflection etc.),
ay is the deformation assuming state 1,
az is the deformation assuming state 2, and

¢ =1~p(M;s/M)?
where

¢ is the factor of interpolation between I, and I»
due to the tension stiffening effect,

B is afactor taking into account the type and duration of load,

M is the cracking moment, and
M is the actual bending moment.

Assuming that k = M /E.I.g, this procedure may be simpli-
fied by introducing an effective moment of inertia derived from
the above formula:

I - I
leg = - 3
LT a-0h @
where
K is the curvature,
E; is the modulus of elasticity of concrete, and
I and I» are moments of inertia of the transformed section
in state 1 and state 2, respectively.
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Fig. 1. Loading history and change of flexural stiffness of a section of aRC
element, in case the load reaches the rare combination of actions prior to creep

4 The Effects of Creep

4.1 Effective Modulus of Elasticity of Concrete

At the computation of deformations, prEN 1992-1-1:2003 al-
lows to take into account the concrete creep by replacing the
modulus of elasticity of concrete, E.,;, by an effective modulus
of elasticity, Ecef-

According to Expression (7.20) in section 7.4.3(5),

Ecm
1+

C)

Ec,eﬁ" =

where ¢ is the final creep coefficient of concrete.

The final creep coefficient of concrete, ¢ (o0, 1o), is speci-
fied in Fig. 3 in prEN 1992-1-1:2003. The notional size of
the cross-section, the age at loading and atmospheric conditions
are taken into consideration here. According to prEN 1992-1-
1:2003, 2.3.2.2(3), the effects of creep should be evaluated un-
der the quasi-permanent combination of actions. It implies that
w2 @ should be considered as a long-term action.

Loads induce the greater concrete creep in a structure the ear-
lier they are applied after concrete casting and the longer they
act. If no data are provided, we may assume that the dead load
(G) starts to act when the concrete strength reaches its design
value and it acts permanently afterwards. The variable part of
the quasi-permanent combination of actions (y> Q) also starts
to act at an early age, and it acts in approx. 50 percent of the
working life. Therefore, the total value of these two actions has
been taken into account at the computation of long-term defor-
mations due to creep. Since the variable part of the frequent and
that of the rare combinations of actions are assumed to start to
act later and for a shorter period of time, they were not consid-
ered as actions that induce creep. A k factor is introduced to
obtain the creep coefficient of concrete for the quasi-permanent
combination of actions:

Eck
I+ ko

Ecer = 5)

where
E.r is the characteristic value of the modulus of elasticity of

concrete, and
G O
k= Gk + yalk (6)
Gy + O

where

G is the characteristic value of the permanent action
(self weight),

QO is the characteristic value of the variable action, and

wo  is a multiplying factor for variable actions at
quasi-permanent combination of actions.

4.2 Moment of Inertia

When determining the flexural stiffness of a concrete section
after taking creep into account, it is not only the modulus of
elasticity of concrete that changes but also the moment of inertia
of the transformed concrete section. This change is due to the
fact that a factor (a) is applied at the computation of the moment
of inertia of the transformed section:

o =E;/Eg (N

where E; is the modulus of elasticity of reinforcing steel, not

taking concrete creep into consideration. However, a will
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change if creep is considered:
a = Eg/Ecef. 8)

Due to this fact, the moment of inertia of the transformed sec-
tion will increase. The degree of increase of the moment of in-
ertia is different in case of different reinforcement ratios. Strain-
diagrams of concrete sections in case of low and high reinforce-
ment ratios can be seen in Fig. 2. Since the stress-diagram is
proportional to the strain-diagram, point ¢ = 0 represents the
neutral axis. The figure illustrates that, in case of different rein-
forcement ratios, the same degree of creep increases the height
of the compression zone (and thus, the moment of inertia) to a
different extent. (There is a slight change in the steel stress, and
correspondingly in steel strain, due to creep, but this is ignored
in the figure.)

I— x height of the compression zone
O before and after creep
Y A
e diagram (py) e dagram () P1<pP2

Fig. 2. Strain-diagrams of cross-sections with low and high reinforcement
ratio, p, illustrating the effect of creep on strain

The increase of the moment of inertia is greater in case of
smaller reinforcement ratios, therefore, the flexural stiffness de-
creases to a lesser extent. It is indicated in Fig. 3. According to
Colonnetti’s first theorem, the deformation of a statically inde-
terminate structure loaded by constant load will increase but the
effect of actions will remain unchanged, if the creep law of each
structural element is the same. Since the reinforcement ratio is
not constant along the element, the creep law is different in each
cross-section, what leads to a change in the effect of actions.

(Ec,eﬁ *12 (Ec,eﬁ:)){ (Eck Jt]:2 (Eck))
b = 30cm, h = S0em
\ C 25130, 3 500
0,80 \ final creep coef. = 1.6~

0.75 \
0,70 —
0,63 + + } : : : : t
0 2 4 6 8 18 12 14 16 18

Reinforcement ratio [1 0'3]

Fig. 3. The modification of flexural stiffness due to creep as a function of
the reinforcement ratio

5 L.oading History

Fig. 1 illustrates the loading history in which the total load
reaches the load level of the rare combination of actions at an
early age, what is followed by creep. However, concrete creep
starts as early as loading (including self-weight), and the effects
of creep are the most significant in the first year. The probability

that the variable action reaches its characteristic value during
the first year of service time is only 2 percent. Therefore, it is
probable that the main part of creep has already taken place by
the time the total load reaches the level of the rare combination
of actions. This loading history is illustrated by Fig. 4.

F A&
(load)

B adlurEe o, &)

E;seelee®e . 0)

P (curvature)

Fig. 4. Loading history and change of flexural stiffness of a section of a RC
element, in case creep precedes cracking due to the rare combination of actions

6 Proposed Algorithm for Computation of Deformation
Taking into account all the above considerations and assum-
ing the loading history illustrated by Fig. 1, the algorithm ac-
cording to (Fig. S) is proposed for the computation of deforma-

tion of flexural RC elements.

1. Design 2. Flexural Stiffness 3. Deformation
Fo= w0+ nQ F=G+ G Fo=Cpt vy
Eg
I=const. =1, a=E /E, Le@ B ) Feur

iteration, since
Effect of actions, MIED
hereinafier M and

(possibility f I (M) duete TSE M, (= L
moment re distribution) A
M (e, Tl By
. Lot £, B
cross-section creep:
in state 3 E z=1/(1+kp}
a=E/E, g
¥
M, (. Ladet, B os)) v
Az @) L@ BB 2y @ Lep Eceld

F4, Fr and Fgp  are the design, rare and quasi-permanent combinations

of actions, respectively,

7G and yg are partial safety factors for permanent and variable ac-
tions, respectively,

As is the area of steel reinforcement,

M,p and M, are bending moments at the quasi-permanent and rare
combination of actions,

agp is the deflection computed for the quasi-permanent com-
bination of actions, and

X is a coordinate along the span.

Fig. 5. Proposed algorithm for computation of deformation
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7 Numerical Analysis

The effect of the factors described in the previous sections
on the bending moments and deformations of a flexural RC el-
ement was studied in a numerical analysis. The analysis was
carried out applying a computer program that divided the beam
into finite segments along the span, which have different sec-
tional properties (reinforcement ratio, moment of inertia, etc.)

The examined structural element was a beam of 8 m, fixed
at both ends; its cross-section was 30/50 cm (Fig. 6). The per-
manent action (i.e. self-weight of the structure, g) was taken
20 kN/m. In order to have three different tension reinforce-

. ment ratios, the variable actions (q) were chosen to be 9, 18
and 24 kN/m. (The smallest live load is that of a hotel or hos-
pital room, the next one is that of a school hall, and the greatest
live load belongs to a department store.) The multiplying fac-
tor of the variable load: > = 0.5. The total load at the quasi-
permanent combination of actions (pgp = g + 0.5 g) was 24.5,
29 and 32 kN/m. S 500 steel and C 25/30 concrete was used
(Ecr = 2780 kN/cm?). The final creep coefficient of concrete,
¢, was taken 1.6. Values of the reinforcement ratio varied be-
tween 3%c and 17%e.

According to prEN 1992-1-1:2003, 5.5(4), the moments cal-
culated using a linear, elastic analysis may be redistributed, pro-
vided that the ratio of the redistributed moment to the moment
before redistribution is less than or equal to 0.7 (in case of high
ductility steel). Therefore, at the design of the reinforcement,
four cases were considered: 1) a bending moment diagram as-
suming homogeneous cross-section (I = const.), without redis-
tribution, 2) and 3) moment diagrams shifted by 15 percent up-
wards and downwards at the supports, respectively, and 4) a mo-
ment diagram shifted downwards by 30 percent at the supports
(Fig. 6). Applying such a redistribution, the stress limitations
specified in prEN 1992-1-1:2003 may be assumed to be satis-
fied if the stress in the reinforcement is lower than 0.8-fy; under
the rare combination of actions, i.e. the steel reinforcement will
have no inelastic deformations under service loads (prEN 1992-
1-1:2003, 7.2.(5)).

The numerical analysis was carried out for both types of load-
ing history illustrated by Figs. 1 and 4 above. The same re-
sults were obtained both for bending moments and deflections;
the different assumptions for loading history led to no practical
changes in the final results.

Due to the effect of creep, the effective modulus of elasticity
of concrete, E;ef, decreased to 38 percent of E, while the
increase of the moment of inertia of cracked sections, lg(E¢eff)
| Ieg(Ect), was 180 to 210 percent. The value of the flexural
stiffness taking creep into account, E¢ ¢ff Ief(Eceff), is approx.
70 to 80 percent of the initial value, Ecg Leg(Eck)-

At the analysis of moments at service state, it was found
that the distribution of moments was only slightly modified as
compared to the diagram obtained assuming constant stiffness
(~Mmax = p - L?/12; +Mmax = p - L?/24, where p is the
total load, p = g + ¢). However, the increased stiffness re-

A-A section

I &
}{ L=800m 2{ b=230cm
9] + 15%
-30%
c)

Fig. 6. a) The examined structural element;
b) Different moment-diagrams considered at design;
¢) Moment diagram corresponding to a unit force, applied in work method.

sulting from raising the moment diagram at design led to an ap-
prox. 10 percent increase of the moments at the support., and
consequently to a decrease of the midspan moment. In case of
lowering the moment diagram by 15 percent at the support, the
increased stiffness of the midspan resulted in an approx. 10 per-
cent increase of the midspan moment, and a decrease of the neg-
ative moments. The ratio of moments computed according to the
proposed method (see the algorithm in Fig. 5) and according to
the traditional method (assuming constant stiffness) is indicated
in Fig. 7.

Values of deflection obtained from the proposed method and
those determined according to the traditional method were com-
pared in the same way as moments. According to the traditional
method, the deflection was computed by the formula

1 py-L?

e 9
384 Ecem- 1 ®

Amidspan =

where amigspan 15 the deflection at midspan, pgp is total load at
the quasi-permanent combination of actions, L is the span of the
element.

If the work method is applied for the computation of deflec-
tion, a moment diagram corresponding to a unit force is em-
ployed (Fig. 6¢), and the two moment diagrams are graphically
integrated. Since the region of negative moments of the first dia-
gram is integrated with small values of the second diagram, it is
the midspan regions of the diagrams that account for a consider-
able part of the result, i.e. the deflection. Therefore, in Formula
9 above, Io midspan{Eceff) and I were substituted for /, and the
deflection was obtained by interpolating between the results by
¢. When the moment-diagram was shifted upwards at design,
the proposed moment-diagram also moved upwards, what led
to a decrease in the midspan moment in service state. This ex-
plains why the deflection obtained from the proposed method
is smaller than the deflection computed traditionally. Accord-
ingly, shifting the moment-diagram downwards at design led to
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a downward move of the diagram in service state, i.e. to an
increase of the midspan moment as compared to the moments
assuming constant stiffness. This resulted in greater deflection
than the one calculated by the other method. These results are
illustrated by Fig. 8 below.

While shifting the moment diagram downwards by 15 per-
cent at design led to a deflection (aprop) that is up to 20 percent
greater than ap,g, shifting the diagram downwards by 30 per-
cent resulted in an increase of the deflection (aprop) of up to 40
percent as compared 1O Gyqd.

~—ir—Fired end; design: M up 15%

s Fized end, design: onginel M

~a-Fized end; design: M down 15%

—a— Midspen; design: M up 15%

07 ) . . ) e Midspan; design: onginal M

24 2% P

n_om 34
Po=g+05 [kNm]

—a—Blidspan, design: M down 15%

Fig. 7. Ratio of moments computed according to the proposed. Mprop, and
the traditional method, M;, 44, in service state, considering three different cases
at design

12 = £
E 10 —— Design: Mup 15%
A = —5Design: criginel M
5 0,8 - —— Design: M down 15%
“ = —h

0.6 t + : "

24 26 28 30 32 34
Pp=g+035g

Fig. 8. Ratio of values of midspan deflection computed according to the pro-
posed method. aprop.. and the traditional method, a;44 . considering three dif-
ferent cases at design

The different values of the live load and the different cases
at design resulted in several different values of reinforcement
area for the same concrete cross section. It provided data for
an analysis on what values of the moment of inertia belong to
different values of the reinforcement ratio. This may be useful
at the analysis of flat slabs, where there are greater differences
in the reinforcement ratio than in case of beams. Increasing the
reinforcement ratio by 100 percent leads to an increase of the
moment of inertia of approx. 60 percent. However, as Fig. 9
indicates, the function is not perfectly linear.

8 Conclusions

The paper discussed how the effects of cracked, elastic state
of cross-sections of flexural elements and creep influence the
effects of actions and deformations. A method was proposed
to take these effects into consideration. Results of a numerical
analysis demonstrated that plastic redistribution of moments at
design led to a different moment distribution from the one as-
suming constant stiffness. In certain cases, this resulted in up to
20 percent greater deformations than those obtained by a tradi-
tional method (see Fig. 8).

Moment of inertia

400 000
350000 -
300000 1
250000
200000
150000 -
100000 -
50000
0 ¥ T T T . T T :

0 2 4 4] 8 10 127 14 16 12
Reinforcement ratio [107]

b=230cm h=30cm
C 2530, 5 500
creep coef. = 1.6

La(Ee e

Fig. 9. Moment of inertia — reinforcement ratio diagram

9 Future Work

A future task of the research is studying continuous beams
assuming different loading schemes (i.e. multi-parameter load-
ing). Concerning limitation of crack width, the influence of ser-
vice moments (corresponding to the flexural stiffness of the ele-
ment in state 2) on crack width will also be examined. Further
tasks include studying flat slabs by numerical analysis, taking
into account the considerations introduced in the paper. Per-
forming experiments in the near future is also under consider-
ation. The ultimate objective of the research is to develop a
method for the accurate computation of deformations of rein-
forced concrete continuous beams and flat slabs, which can be
applied in engineering practice.
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