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Abstract

In most cases, the stationary fluidized beds are composed of two different particle classes (inert and active particles), and the
concentration profile of these binary beds along the vertical axis is crucial regarding the effectiveness of the reactor. The present
study introduces a semi-empirical 1D mathematical model for predicting the vertical concentration profile of binary fluidized beds.
The proposed model is a developed and applicable version of the so-called Gibilaro and Rowe two-phase model, in which the
differential equations describing the jetsam movement in the bulk and wake phases were solved numerically. The main work was to
determine the parameters of the basic model, which was carried out by means of an advanced multi-step parameter fitting procedure.
A more general form was established, which is based on direct linkage with the operating parameters that can be directly set and
measured on the system. Comparisons with very diverse measured data sets available in the literature prove the accuracy of this

model. Additional comparisons pointed out that the realization of this model is numerically inexpensive as it is several orders of

magnitude faster than the available 2D and 3D models.
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1 Introduction

The significance of fluidized bed reactors is in their ability to
assure an intensive contact between solid and gaseous reac-
tants. Catalytic cracking is one traditional application area,
and the energy industry shows a rapid growth in its applica-
tions as fluidized bed combustors, gasifiers, and many other
environment-friendly conversion technologies [1, 2].

In fluidized bed reactors, binary beds are applied in most
cases, that is, the bed is a mixture of two different parti-
cle classes, the inert and the active particles. The phenome-
non of mixing and segregation of binary fluidized beds has
a great impact on the operation and characteristics of these
reactors. It controls bed uniformity and internal reaction
kinetics, heat transfer and ash composition of industrial and
power generation applications in many fluidized beds.

Scientific researches on the co-fluidization of two dif-
ferent types of solid particles began several decades ago,
and one of the first determining results belong to Nienow
et al. [3]. They introduced the terms flotsam and jetsam

referring to the particles tending to float to the bed sur-
face and sink to the bottom, respectively. Experimental
researches on mixing and segregation have been carried out
on various systems of granular mixtures of different densi-
ties and/or sizes [3—8]. Also, fluidization velocity has been
found to be a significant parameter of the mixing phenome-
non [9-14], as well as of the fluidization procedure [15, 16].
But, the experimental pilot scale test-rigs encountered dif-
ficulties when extended to industrial scale reactors [17, 18].

Therefore, theoretical model developments, in paral-
lel with experiments, can help to improve our knowledge
about these exciting mechanical systems.

In general, the computational models used in simulation
of fluidized beds can be classified according to their geo-
metric complexity into 1D, 2D, and 3D models. In the past
decade the fast development of computational facilities had
a great influence on upgrading the simulation models from
1D to 2D and 3D models. Actually, modeling the mixing
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and segregation phenomenon of binary beds by means of
commercial 3D codes is possible. However, the correct
selection of the appropriate submodels and parameters for
any specific cases is still a big challenge (see e.g. [19-23]),
and each individually calculated result requires validation.
This fact, together with the computational expensive char-
acter of these models is a strong motivation for developing
numerically simple and effective mathematical models.
Improvements in theoretical 1D modeling have been
carried out to explore mixture composition at different
zones within the bed, and simulate the hydrodynamic
interaction between fluidization bubbles and the particu-
late material. In this way, two differential equations based
on the two-phase theory [24] to describe the movement of
jetsam bulk and wake phases in binary mixtures have been
formulated by Gibilaro and Rowe (G—R, [25]) as follows:

o’C aC

B aZZB+(/1+1—2CB) azB +74(C,y —Cy) =0, )
aC

A azB +7A(Cy—C, ) =0, 2

where C, and C,, stand for jetsam concentration in the
bulk and wake phases along the axial direction, Z, and
p, 7, and A are analytical parameters expressing axial
mixing / segregation, phase exchange / circulation and
circulation / segregation. This set of equations form the
basis for many subsequent researches followed also by the
current one, hence they will be discussed thoroughly in
the following sections of this paper.

Three different experimental "cases" (i.e. strong mix-
ing, strong segregation and partial segregation) were
selected in the original publication, which could be solved
analytically [25]. In each of them one of the mechanisms
responsible for the mixing and segregation phenomena
was neglected. A brief overview of these "cases" were
also given in a paper introducing an earlier, more specific
result of the current model development [26].

For example "case 2", which took all mechanisms,
except axial dispersion, into account, was applied on many
theoretical studies [11, 12, 27]; however, according to other
authors, axial dispersion influence was very significant and
not negligible [10]. Garcia-Ochoa et al. [10] used only cases
1 and 3, and they achieved good validation for the binary
mixtures of different densities and identical size. However,
it was unclear how these analytical parameters obtained
modified to give reasonable accuracy for other different
mixture cases. Naimer et al. [27] developed a method for

setting up a linkage between the analytical parameters and
the direct operating variables (like gas velocity, densities,
etc.). In this way, the G—R model could be easily adapted to
different flow patterns with different operating conditions.
They used the G-R analytical solution disregarding axial
mixing in the bulk phase. A limited accuracy of the model
was found at high overall jetsam concentrations.

As an alternative approach, stochastic 1D modeling of
binary mixtures was also developed by some research-
ers [28], but Hoffmann et al. [12] reported that the G-R
model was the best theoretical 1D model for predicting
the mixing and segregation behaviour of all classes of
binary mixtures.

For slugging pattern fluidized beds, a modified set of
coefficients of the G-R model was also proposed [29].
Leaper et al. [13] carried out a numerical solution of the
G-R equations taking into account the effect of all mix-
ing / segregation mechanisms with further evaluation
of the solution by setting a model coefficient to some
non-physical values to compare with experimental data. It
was noticed that there was deviation between their model
predictions, and the experimental test cases at low fluid-
ization velocities. But, the full solution of the G—R model
is still not applicable because of the absence of a generally
valid linkage with the direct operating variables, such as
fluidization velocity, particle sizes, and densities, etc.

The objective of the present study is to develop an over-
all semi-empirical model that is (i) numerically inexpen-
sive, (ii) accurate, at least as other models, and (iii) relies
on direct operating variables.

The approach to be discussed here considers all mecha-
nisms of the general G-R model, which will be calibrated
by using all available experimental test cases found in the
literature. They cover a broad range of different densities,
total jetsam mass ratios, as well as fluidization velocities.
(This broad case coverage was an important goal of the cur-
rent semi-empirical model development, while no specific
structural target was formulated like focusing on detailed
mechanism descriptions, e.g.) A new set of functions will
be formulated to supply the G—R coefficients as functions
of the selected direct operating parameters. Verification
of the resulting overall model will be carried out not by
comparing the fitting and fitted data, but by comparing the
vertical segregation profiles measured and calculated on
the same set of known experiments. This proofing method
is followed by all authors of the known specific models in
order to rely the model on the biggest possible number of
experimental data [10-13, 27, 30].



2 Overall optimization of the Gibilaro—Rowe model

The general G-R model of binary fluidized beds, which is
given by Egs. (1) and (2), and which is used in the present
study, was constructed based on the two-phase theory of
Toomey and Johnstone [24]. The jetsam transport in the
binary bed is mainly caused by four different mechanisms
(see Fig. 1) outlined briefly as follows.

1. Axial mixing is the part of bubbles action that makes
the jetsam particles move upward in a pseudo-diffu-
sion manner.

2. Segregation is the reaction of jetsam particles in the
bulk phase to refill the volume of the displaced bub-
ble more rapidly than the flotsam solids.

3. Circulation is the action of the wake-phase jetsam
particles carried up to the top of the bed by the bub-
bles when they leave the bubble and join the bulk
phase flowing downward.

4. Exchange is the mechanism representing the trans-
port of jetsam particles between the bulk and wake
phases due to continuous feeding and shedding par-
ticles from the bulk to the bubbles, respectively.

The model assumptions are as follows:

* The space occupied by the bubbles is ignored.

* The volumetric flow rate of solids is constant along
all horizontal planes through the bed.

* The amount of segregation occurring at any point
is proportional to the jetsam concentration at
that point.

The two model Egs. (1) and (2) are the conservation laws
of jetsam formulated for both bulk and wake phases con-
sidering four basic mechanisms as summarized on Fig. 1.

The full model also requires two further algebraic
equations describing the average volume and mass con-
centration of jetsam, respectively, as follows:

Caw :(1_fW)CB+fWCW 3)

where f, is the volumetric fraction of all solids in the
wake phase, as discussed in the original publication [25].
Equations (3) and (4) are in fact just for post-processing
of the solution of Egs. (1) and (2). An overview of the
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mechanisms responsible for the mixing and segregation
phenomena is given in Fig. 1.

Besides the analytical solutions, authors were working
on finding a full numerical solution of the G—R model
equations. According to our knowledge, no overall solu-
tion with generally valid model parameters was reported
to date. Therefore, we started to solve the model equa-
tions (full solution) by using the 4" order Runge-Kutta
method [31]. Then, the empirical correlations of coeffi-
cients from literature [11, 12, 27, 32, 33] were applied, all
of them based on bubble action inside the fluidized bed.
The results showed good agreement in some cases, while
giving poor predictions for some others. This may be due
to the limited range of these correlations.

Thus, in our present procedure the proposed way is
calibrating the numerical model with pure experimental
test cases for a full, overall, and easy-to-handle solution.
This procedure will be introduced step by step in the fol-
lowing subsections.

2.1 Choosing experimental variables as model inputs

The G—R model has four independent coefficients,
B, 4, f, and y (see Egs. (1)—(4)). Thus, it requires four
correlations to estimate those coefficients. Fortunately,
here there is good knowledge about the physical variables
controlling the phenomena, and they can be chosen as
model inputs. They are excess fluidization-velocity ratio
(u—umf ) /umf, overall jetsam mass fraction x;, particle-
size ratio d,/d,, and particle-density ratio p,/p,.
Some further parameters do definitely influence the

Segregation
Adal Circulation
mixing A B e ;
; :
)
Exchange | Wake
Bulk phase phase
' A
, : Circulation :
Adal. | | 2| mimsstinisltEinEinicisisions
mixing
Segregation

Fig. 1 Conservation elements and mass transport mechanisms
considered in the G—-R model [25]
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mixing / segregation process such as bed geometrical
aspect ratio (height / diameter) [11, 30]. In the current
model the above listed ones are considered, however,
further researches are welcome to improve the model by
also including other influencing parameters.

It is, of course, still not visible here whether this set
of physical parameters will be enough for a full descrip-
tion of the actual mixing / segregation profile of the fluid-
ized bed. A final verification of the resulting model will
answer this question.

2.2 Selecting published measurement data sets

The numerical model has to be calibrated with different
experimental data in order to get the proper coefficients,
and so to make the model valid over a wide range of oper-
ating conditions. Published data will be used in order to
assure versatility in the parameter values. As the cali-
bration should be based on the direct operating variables
listed in the previous subsection, an evident criterion is
their availability in the publication. This did not seem
obvious for only one parameter, the minimum fluidization
velocity umf of the mixture, which can be calculated from
those of the components as follows [27]:

U, =Ug +[u—BJ . ®)

Ug

Here ug and u,, are the minimum fluidization velocities
of the smaller and bigger components, respectively, and x,
stands for the total mass fraction of the bigger (jetsam or
flotsam) particles. As these data are missing from many
publications, they had to be excluded from the calibration.
(Note that estimating the absent minimum fluidization
velocities u, and u, based on other data could be possible
by means of some available correlations. However, the high
inaccuracies of these correlations ranging from -94 % to
+98 % make this approach fully inacceptable for generat-
ing values to be applied as basis for parameter fitting.)

In spite of these strict but evident criteria, we succeeded
to find 14 experimental data sets in four independent publi-
cations [10, 13, 27, 30] covering a rather broad range of input
variables, as summarized in columns B to E of Table 1.

2.3 Specific parameter fitting

Finding the best fitting G-R model parameters to each
individual experimental segregation profile is possible.
It was done by us considering the full G-R model without
the exclusion of any phenomena, and the results are sum-
marized in columns F to I in Table 1.

This is to mention that these results give good mod-
els, but for the actual cases only, hence they are specific
models without considering the influences of the direct
operating parameters (fluidization velocity, etc.). This is

Table 1 Experimental data sets found and applied for calibrating the overall model. Columns F —I: results of the parameter fitting procedure.

A B C D

E F G H I

Experimental conditions

Best fit model parameters

Experiment mass fraction  density ratio article-size ratio fluidization
ID, Ref. Y P velocity ratio s A I y
X, p.lp d/d v
J AR i ulu
mf
N1 [27] 0.100 8860/2950 273/461 0.336/0.195 0.012 0.001 0.001 0.050
J1[30] 0.200 2476/1064 231/231 0.059/0.044 0.0085 0.040 0.050 0.950
J2 [30] 0.250 2476/1064 116/275 0.036/0.019 0.012 0.060 0.035 0.850
J3 [30] 0.250 2476/2476 231/116 0.062/0.034 0.062 0.007 1.150 0.110
N2 [27] 0.400 8860/2950 273/461 0.337/0.196 0.020 0.052 0.005 0.750
N3 [27] 0.400 8860/2950 273/461 0.650/0.196 0.015 0.075 0.125 0.850
HRI [11] 0.500 8650/2490 273/281 0.312/0.085 0.015 0.200 0.280 0.950
HR2 [11] 0.500 11320/2490 112/281 0.146/0.068 0.012 0.195 0.005 0.400
HF1 [12] 0.500 8750/2510 235/565 0.290/0.210 0.016 0.130 0.005 0.500
HF2 [12] 0.750 8750/2510 235/565 0.525/0.239 0.010 0.090 0.410 0.900
J4 [30] 0.690 2476/1064 116/275 0.045/0.026 0.010 0.380 0.140 0.200
N4 [27] 0.700 8860/2950 273/461 0.336/0.199 0.055 0.008 0.075 0.950
J5[30] 0.750 2476/2476 231/116 0.042/0.019 0.012 0.180 0.700 0.050
J6 [30] 0.750 2476/1064 231/231 0.078/0.030 0.0115 0.620 0.070 0.300




the point that most known reports arrived to by now, and
this is the shortage the current work intended to fill up by
elaborating an overall model.

2.4 Buckingham PI fitting
The core idea of finding a suitable linkage between the
G-R coefficients and experimental conditions depends on
the direct operating parameters impacting the phenomena.
As described in the previous sections, there are some vari-
ables having a clear influence on the mixing and segregation
phenomena such as density ratio, particle-sized ratio, total
jetsam mass fraction, and fluidization velocity [5, 33-35].

The Buckingham PI-theorem [36] was used for find-
ing the model correlations describing the influences of the
above mentioned direct operating variables, which were
selected as the PI input variables [37]:

P, d, u-u,

T =X, By=—", By=—", T, =
Py 7

umf

Every dimensionless parameter was plotted and fit-
ted independently with the G—R model coefficients found
and listed in columns F to I of Table 1. For example, the
curve-fitting results of the coefficient f were obtained
as follows:

d; u—u,
051 0.1404—"

B (m)=fpsle | BN(m)=Syule ™

After that, the superposition method was applied to get
the final, general correlation of the model coefficient as a
function of those dimensionless groups as follows:

-1
:3 (771’772’7733774)

0471 4 “u,,

P 055 0.1204" 1 (6)

—2.404x;, J dy Uy

=fsle — e e .
Py

To find these final f functions for each G—R model
parameters (j;, o f/w’ and f ), a next fitting procedure is
required. In this study, not just the best fitting values were
used for this next fitting step, but also some others, the
quality of which were also close to the optimum, as dis-
cussed in the next subsection.
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2.5 Setting up the final form of the overall model
Instead of using one optimum-solution point in this
curve-fitting process, all solutions with the minimum
standard deviation below 2 % were applied, as this led to
a considerable improvement in the fitting process and the
final model. Fig. 2 shows the solution contours at different
values of the G—R model coefficients on the example of
system HF1 (see Table 1).

It is clear from the figure that the solution converges
within the dark blue area as it refers to the minimum
absolute-error zones below 2 %. Those optimum-solution
points will be used in the next fitting step, henceforth.
Similarly, this procedure was applied for all experimental
systems listed in Table 1.

Fig. 3 shows the values obtained this way on the fit-
ting charts of the G—R coefficients as functions of binary
fluidized bed operating conditions, together with the best
fitting lines and their equations. Note that the regression
factor, R? cannot be used here as a precise measure of
this data fitting step because the basis of this fitting was
not the set of the best points, but multiple solution points
(a "solution cloud"), as shown in Fig. 2.

The final overall model summary representation can
be found in Table 2. Besides including the physical vari-
ables based calculation of the G-R model parameters,
this table also refers to the basic equations and the initial
boundary conditions proposed and used by us throughout
the model verification to be discussed in the next section.
As boundary conditions, it was assumed that the bottom
layer is totally bulk, and this status changes very slowly
in space (i.e., no jetsam solids are located in the bubbles,
Cyl, . =1L Gy, =0, E;%‘

=0). This assumption arises
Z=0

from the fact that the bubble sizes are very small at this
level, close to the nozzles.

Absolute
error

oo o
o o o
g G X1
o

Fig. 2 Standard deviation contours of different solutions of the G—R
model in comparison with experimental data — as an example
for case HF1 in Table 1.
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Fig. 3 Charts of the G—R model coefficients and fitting results

3 Discussion
3.1 Comparison with previous 1D models
The overall model was tested with all the available, meas-
ured data sets. The results of the proposed semi-empiri-
cal 1D model are discussed here and compared with the
predictions of the previous theoretical 1D models. Some
representative cases can be seen in Fig. 4. As visible, the
proposed model assures an overall acceptable agreement
with the experimental results.

Subfigure N1 represents strong segregation behavior, the
only model which predicts this trend properly is the proposed

one (see the red solid line), while the other models even fail
to give the correct height of the segregation layer. Subfigures
N2 and N3 show partial segregating profiles, and, it can
clearly be noticed that the current model has better agree-
ment with the experimental data points. Strong mixing sys-
tems were represented by subfigures J1, J3, J5, and J6, and it
is obviously visible that there is a good agreement between
the present 1D model results and the experimental data in
most of those systems, while very poor prediction of many
other models can be noticed. Subfigures N4, HR2, and J4
indicated poor predictions of the previous theoretical models
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Table 2 The proposed overall model summarized

Basic model equations:

Differential equations to be solved numerically:
Eq. (1) and Eq. (2) in this study

Post processing equations:
Eq. (3) and Eq. (4) in this study

Coefficients of the above equations as functions of the actual direct operating parameters:

fiy =0.25289X

B =0.01331x,"1"">

A=pB(32.09753X,)

B(1.72223x,)

V= Fl

~0.223 d 0493 539[ -ty ]
_ ee2| P i Tty
Xfw - xf ( ] [d ] ¢
Py f
0471 d -t
2404y, | Pj P
Xﬂ —e j J e e mf

Py

~0.655 0677 534[ ity }
Xl:x;,m[&] (;J oo
Py 7

1.120 d 0063 712[ u-u,; }
_ | Pi oA T\
X, =x, p e
Py 7

Initial boundary conditions:

Gl =1, ¢,| =0

z=0 — z=0 ~

oc,

oz

Z=0

where they indicate unrealistic profiles of jetsam, although
the current model shows a similar partial segregation trend.

The drawback of the present model at high jetsam
concentrations can be attributed to the fewer representative
experimental cases of higher total jetsam mass fraction
(x;> 50 %) in the calibration procedure.

The validity area of empirical and even semi-empiri-
cal models cannot be drawn based on the validity areas of
the laws of nature built in. Accordingly, also the validity
area of the current model can only be judged by the exper-
imental cases appear to be well-modeled. So, the range
of validity of the current model can be declared within
the following intervals, density ratio: 1.00 — 4.55, par-
ticles-size ratio: 0.40 — 2.00, fluidization velocity ratio:
1.34 — 3.67. Figs. 4 and 5 are the basis for this as well.

A summary of absolute error comparison between the
present model and the previous models is summarized in
Fig. 5, which shows lower error level of the current model
compared to the others in almost all cases.

As a further model validation tool, some further
experimental data, which were not used in the model fit-
ting procedure, were found [10] and tested, as shown in
Fig. 6. They are binary mixtures of Alumina-Polyethylene
(System I) and Glass-Alumina (System II), the main data
of which are summarized in Table 3. It is visible on Fig. 6
that the present model gives acceptable agreement with
experimental data also for the binary systems not included

in the fitting procedure. Of course, a similar comparison
could be done with a higher number of experimental data.
However, because of the very limited number of available
data sets, this method would decrease the number of data
sets available for model fitting. In return, it would bring
down the quality of the resulted model offered for the sci-
entific community. Large amount of further experimental
data are therefore welcome, on the basis of which, the pres-
ent method could be polished further.

3.2 Comparison with 2D and 3D models

2D and 3D simulations were carried out by using an Eulerian-
Eulerian multi-fluid model, which was successfully used in
binary fluidized bed simulations [38—40]. Both gas and solid
phases were treated as continuum, and modeled by solving
the fluid flow governing equations (continuity and momen-
tum) using a commercial code (Ansys Fluent R18.0). The
kinetic theory of granular flow was used to calculate granu-
lar stresses in the solids momentum equations by solving the
granular temperature transport equation [41].

The interaction between the phases were expressed by
gas-solid and solid-solid momentum exchange terms in the
momentum equations of the phase as in the Fluent theory
guide [41]. The gas-solids momentum exchange is greatly
dominated by the drag force. In the present study, the
Gidaspow drag model was applied as the most commonly
used one [42]. For the solid-solid momentum exchange, the
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Syamlal-O'brien symmetric model [43] was applied. This
is one of the built-in models recommended for such dense
fluidized bed systems. The other computational settings
are listed in Table 4.

Table 3 Properties of binary systems not included into the parameter
fitting procedure but used for verification

Experiment
case ID x.l p.l /pf dl / df' ul Uy
System I 0.25 1400/920 4.0/4.0 1.38/0.51
System 11 0.50 2200/1400 4.0/4.0 1.68/0.65

Four experimental results from among the list of Table 1
were compared also in this way; N1, N2, N3, and N4.
The concentration profiles are shown in Fig. 7 as the exam-
ple of N1 and N2, while the absolute errors of all investi-
gated experiments can be seen in Fig. 8. The comparison
between the current 1D with the 2D and 3D simulations
indicate comparable predictions to the best solution. It is
also the least time consuming model (almost negligible).

One of the most observed findings in Fig. § is that
although the 3D result was more complicated and suited
well with the real experimental set-up, it presented
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Table 4 Computational settings for the 2D and 3D CFD simulations

Total bed height ggg 22 gg;
Bed diameter 147 mm
Initial bed height 110 mm
Initial bed voidage 0.45
Under-relaxation factor (pressure, momentum, 02
volume fraction)

Convergence criteria (continuity, momentum) le-5 sec

Computational time step (adaptive)

Maximum iteration / time step

Total computational time

le-5 —3.5¢-3 (2D)
le-4 —3.5¢-3 (3D)

200
15s

08

0.2

Gt SO b Owdm O b SmpmO i

® ® OExp. Naimeretal.(1982) 1
Present 1D
W - M- m2D model
o= ¢ = 3D model

i — 9
| B SR DL S SR
3 02 04 06 08 1

Xave [
N1

somewhat less accurate predictions compared to the 2D
and 1D models as shown on subfigure N1.

The comparison between the present 1D, and both the
2D and 3D models on the basis of an overall error and
the total computational time for a given system shown in
Fig. 8. This figure demonstrates the feasibility of the pro-
posed semi-empirical 1D model in the prediction of axial
jetsam concentration in binary fluidized beds. The present
1D model of negligible computation time can give com-
parable results to the complex 2D and 3D models requir-
ing high computational units. Besides accuracy, also com-
putational efficiency is a very important characteristics of
a model in several applications like real-time simulations,
operator training, and in advanced control algorithms [44].
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Fig. 7 Comparison between the measured data points (blue symbols), the prediction of the current 1D model (red solid line),

and 2D and 3D models (broken lines).(The subfigure captions refer to the experiment IDs in column A of Table 1.)
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b) Total computation time required by the present 1D model, and the advanced 2D and 3D calculations.



4 Conclusion

In the present research, a semi-empirical 1D model was
developed to predict the jetsam axial concentration in
binary fluidized beds. The model is based on an avail-
able theoretical model, the G—R model, the parameters
of which were determined by a compound fitting proce-
dure to published measurements. As a result of this pro-
cedure, this model is an overall one, hence its parameters
are formulated as functions of the direct operating param-
eters of the actual fluidized bed system like fluidization
velocity, particle densities, etc. The resulting model was
compared to all available 1D models on the basis of very
versatile parameters and situations ranging from marked
segregation to marked mixing. The comparison results
show that the accuracy of the present model is better in
most cases than that of the previous models, in spite of
their being no overall models, but valid ones for specific
cases only. The present model was also compared to 2D
and 3D simulations, which are available nowadays as high
performance commercial hardware and software tools. It
became evident that the accuracy of the present 1D model
is comparable with those of the 2D and 3D simulations.
However, the later codes are numerically much more
expensive compared to the present 1D model, which is,
therefore, capable for numerous applications like built-in
elements of advanced controllers, which run this model
inversely, real-time, or as part of an optimum-seeking
iteration cycle.
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