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Abstract

Two	approaches	are	commonly	used	for	modeling	the	vertical	mixing	of	binary-mixture	fluidized	beds,	Computational	Fluid	Dynamics	

(CFD)	and	macroscopic	modeling.	A	common	realization	of	the	latter	one	is	the	Gibiralo–Rowe	(G-R)	model,	which	uses	the	Two-Phase	

Theory.	This	macroscopic	model	obviously	overperforms	CFDs	regarding	computational	cost;	however,	determining	its	coefficients	is	

a still challenging issue. Although several methods were published for solving this, the general problem with most of them remains 

their neglecting the conservation of mass. In the present new procedure, the mass conservation is applied to correct the values of the 

G-R	model	coefficients	estimated	from	known	equations.	The	present	model	was	validated	on	a	wide	variety	of	fluidized	bed	systems.	

The results show that this conservative and macroscopic model gives more accurate predictions than the recently published other 

macroscopic models, and this one is, in general, better than the CFD model from the perspective of prediction accuracy as well.
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1 Introduction
Nowadays, gas-solid fluidized beds are used in many 
industrial and power generation applications due to 
their excellent mixing and heat transfer characteristics. 
The binary-mixture fluidized bed contains a mixture of 
two particulate species of different sizes and densities. 
For process optimization and development mixing of this 
non-homogeneous system needs more understanding.

Modeling is an essential tool that provides informa-
tion for studying and analyzing a given phenomenon. 
However, modeling of this multi-phase interactive struc-
ture is a challenging problem that even the complex-algo-
rithm Computational Fluid Dynamics (CFD) models do 
not give the exact solution [1, 2]. The evolution of these 
models is running continuously to touch mesoscopic 
aspects related to the complex nature of the real phenom-
enon [3–5]. However, the CFD models still require a long 
time and a high computation cost to carry out a com-
prehensive validation with various experimental cases. 
On the other hand, some macroscopic models, such as the 

Gibilaro-Rowe (G-R) model [6] can give good predictions 
of the segregation profile if a suitable set of coefficients 
is selected [7, 8].

Some previous studies have attempted to find a generally 
valid form of the G–R model [8–11]. Among them, only the 
Turrado et al. [8] version is one of the results of satisfying the 
mass conservation of the binary-mixture bed components. 
However, similarly to the majority of published applications, 
Turrado et al. [8] used a simplified version of the G-R model. 
This analytically solvable form disregards one of the four 
main mechanisms covered by the full G–R model, hence the 
simplification results in limiting the G-R model applicabil-
ity [12]. Recently, Girimonte et al. [13] proposed an alterna-
tive macroscopic method that uses a fitting parameter that 
depends on the final fluidization velocity [14].

In the present study, the differential equations of the 
G-R mixing/segregation theory are solved numerically to 
include all the mixing/segregation mechanisms. Moreover, 
in the procedure proposed by us, the mass conservation 
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framework is applied to correct the values of the model 
coefficients that are estimated from the most cited equa-
tions published by others. Then, the segregation profile 
has to be corrected by factorizing the model coefficients, 
and the proposed procedure also includes a new segrega-
tion layer formula for linking the G-R model calculation 
with the fluidization ratio. This latter formula is tested, 
and furthermore, the model itself is evaluated using vari-
ous experimental cases given from the literature. Finally, 
a detailed systematic comparison with other recently pub-
lished macroscopic models is presented.

2 Theory
Earlier, Toomey and Johnstone [15] proposed the Two-
Phase Theory (TPT) to describe the movement of the solids 
in the fluidized bed by the interaction between the bulk and 
wake phases. In the binary-mixture fluidized beds, the par-
ticulate system is composed of two-particle species of dif-
ferent densities and sizes. The particle species which sinks 
to the bed bottom is called jetsam, while the particle spe-
cies which tends to float towards the bed top is called flot-
sam [16]. Gibilaro and Rowe [6] used the TPT principle to 
analyze the jetsam movement in the bulk and wake phases 
in the binary-mixture fluidized beds, as shown in Fig. 1.

The complete G-R model is given by Eqs. (1)–(4).
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where CB and CW are the bulk phase and wake phase vol-
ume fractions of jetsam concentration Cave at a given 
height, while β, λ, γ, and fW are the G-R model coefficients. 
These coefficients are the most critical components of the 
G-R model. For example, Fig. 2 shows the variation of the 
jetsam axial concentration profile estimated from the G-R 
model by using different coefficient values. Accordingly, 
the model prediction is very sensitive to the values of these 
coefficients. However, the big challenge since time is find-
ing a generally valid set of coefficients of the G-R model.

The direct linkage of the segregation model coeffi-
cients to the system's physical properties requires a huge 
number of experiments on different systems at different 
operating conditions. Instead, we relied on the most cited 
G-R model coefficients' equations available in the litera-
ture (see Table 1) [17–20] to reflect the relationship with 
the physical conditions. These equations are based on 
bubble-bed fluid dynamics; thus, they can give a general 
solution. And accordingly, the physical conditions of the 
system are implemented as inputs to the present conser-
vative G-R model, as shown in the calculation flow chart 
in Fig. 3. We used in the present study the bubble size cor-
relation of Horio and Nonaka [20], however other bub-
ble size correlations were used in the literature [21, 22]. 
The reason is that the Horio and Nonaka [20] bubble size 
correlation does not depend on the bed height.

Fig. 3 shows the flowchart of the standard calculation of 
the jetsam axial concentration profile for the G-R model. 
Here the G-R model coefficients are estimated from the input 
physical properties of the binary-mixture system (Step A) 
by implementing the set of equations in Table 1 (Step B). 
Then, the second-order differential equation of the G-R 
model Eq. (1)) is solved by the 4th order Runge-Kutta method 
(Step D) to give the segregation profile, i.e., the axial concen-
tration profile of the jetsam (Cave vs. z). The initial values of 
the bulk and wake jetsam fractions ( CB0 and CW0 ) at the bot-
tom boundary (z = 0) are set to Cit (Standard G-R model cal-
culation), while the initial value of the bulk phase gradient 
∂ ∂ = =( )C z zB 0 0@  is C CB B0 0

1−( ) β  (Step C).
The problem of this set of coefficients is that it always 

over/under-predicts the total mass fraction of the jet-
sam in the bed, and this contradicts the mass conserva-
tion as shown in the second subfigure of Fig. 3. The new Fig. 1 A schematic illustration of the G-R model mechanisms
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conservative model calculation is shown in Fig. 4. In this 
procedure, we generate multiple solutions (Step C-E) 
by factorizing the set of coefficients (Step H0). Then, we 
filter them (Step F-G) to choose the correct one (Step H1), 
which satisfies the mass conservation (i.e., the area under 
the curve = total jetsam fraction), as shown by Fig. 4. 

This method can then give a much more realistic predic-
tion based on mass conservation.

The criteria used to vary the correction coefficients are 
based on the variation of the predicted jetsam profile, as 
shown in Fig. 2. We made iteration loops of each correc-
tion coefficient of limits between 0 and 1. We increased 
the upper limit to 5000, only in a few cases when the 
mass conservation did not achieve within the major range. 
For example, in few cases, the value of β coefficient, 
obtained from the bubble-based correlations is very small. 
Thus, a sufficient magnification is required to reach the 
mass conservation criteria. Also, to reduce the computa-
tion time, we set γ coefficient to −1, because this coeffi-
cient varies slightly, as shown in Fig. 2.

The proposed numerical solution uses the initial bound-
ary value problem setup, in which the differentiated vari-
ables should be assigned to the initial value at zero-bound-
ary (@ z = 0). Fig. 5 shows the effect of the initial bulk 
concentration on the segregation profile. Fig. 5 shows that 

Fig. 2 Effect of the G-R model coefficients' values on the predicted 
jetsam profile in a binary-mixture fluidized bed

(a)

(b)

(c)

(d)

Table 1 A set of the most cited equations in the literature for the G-R 
model coefficients
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where the bubble rising velocity uB and the bubble volume 
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assigning the initial bulk concentration to the total jet-
sam fraction results in non-realistic segregation profile. 
Thus, we chose the maximum value of 99 % of segrega-
tion as the initial jetsam concentration. Although math-
ematically, this value is arbitrary and can be assigned to 
any value, we set it to the physically maximum value for 
segregating systems. However, for the mixing systems, 
we applied a fictitious initial-boundary below zero-level 
(z = 0), and as a result, the segregation profile starts at a 
value between unity and the total jetsam fraction. We did 
not assign a unity initial for the bulk jetsam fraction to 
avoid a numerical singularity.

3 Results
To stand on the present model validity, we compared its 
simulation results with different experimental data avail-
able in the literature of different binary-mixture systems, 
e.g., density-segregating systems (two materials of same 
particles' size), size-segregating systems (same material 
of two particles' sizes), and complex-segregating systems 
(two materials and two particles' sizes). Also, we com-
pared the present model results with CFD model predic-
tions to demonstrate the present model feasibility over 
those commonly-used models.

Fig. 4 (a) Flowchart of the conservative G-R model calculation; 
(b) Estimation of the predicted total jetsam mass fraction from a 

given jetsam concentration profile.

(a)

(b)

Fig. 5 Effect of initial bulk concentration on the segregation profile.

Fig. 3 (a) Flowchart of the standard G-R model calculation; 
(b) Violation of the mass conservation of the jetsam concentration 

profile predicted by the standard G-R model calculation

(b)

(a)
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3.1 Segregating fluidized beds
3.1.1 Density-segregating systems
The density-segregating fluidized beds exist in many 
industrial applications, such as fuel mixing in fluidized 
bed combustors. If the system contains mono-size parti-
cles, the drag force will be equal. In this case, the sepa-
ration of particles happens when the inertia force is com-
parable to the drag force. The present conservative G-R 
model uses the binary-mixture system properties to esti-
mate the bubble-based set of coefficients. After that, iter-
ative correction is carried out to satisfy the mass con-
servation. We selected experimental cases available 
in the literature of different density-segregating systems, 
which represent different mixing/segregation patterns 
(see Table 2) [12, 23]. For example, in Fig. 6, systems 
G3750P3750 and G231P231 (upper row in Fig. 6) shows 
partial segregation cases, while systems A3750P3750 and 
G3750A3750 (lower row in Fig. 6) represent strong segre-
gation and mixing conditions, respectively. Furthermore, 

Fig. 6 shows good agreement of the conservative G-R 
model with the experimental data and poor prediction in 
the case of the standard G-R model.

3.1.2 Size-segregating systems
In mixture of mono-density, binary-size, the drag and 
inertia forces are unequal for all particles. However, the 
difference in the drag-inertia balance is not significant 
near the minimum fluidization velocity of the mixture. 
In this case, strong segregation does not occur.

We surveyed the literature for size-segregating exper-
imental cases for verification of the present model (see 
Table 3) [23–25]. The validation results of different mix-
ing patterns are shown in Fig. 7. Also, Fig. 7 demonstrates 
the good agreement of the present G-R model with the 
experimental data of size-segregating systems. Moreover, 
there were no strong segregation cases found, but only 
weak segregation cases appeared in systems G500S125 
and G555G281 (upper row in Fig. 7). While the other two 
systems G231G116I and G231G116II (lower row in Fig. 7) 
showed strong mixing patterns.

3.1.3 Complex-segregating systems
In real applications, there is no ideal homogeneity in flu-
idized bed systems, i.e., there is a difference in both den-
sity and size of particles. For further verification of the 

Table 2 Properties of experimental cases of density-segregating 
systems available in the literature

System ID ρj/ρf dj/df u/umf Ref.

G3750P3750 2200/920 3750/3750 1.420/1.153 [12]

A3750P3750 1400/920 3750/3750 1.300/1.272 [12]

G3750A3750 2200/1400 3750/3750 1.680/1.605 [12]

G231P231 2476/1064 231/231 0.076/0.042 [23]

Fig. 6 Simulation results of density-segregating systems. (Blue circle: Experimental from the literature; Yellow dashed line: Standard G-R model 
calculation; Red solid line: Conservative G-R model calculation of the current work). The titles of subfiguresrefer to the system IDs, as stated in 

Table 2. According to them, the upper row shows partial segregation cases, while the lower row shows strong and weak segregation cases.
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present model, we investigated several cases from the lit-
erature that represent this complex structure (see Table 4). 
Fig. 8 shows prediction comparisons between the cur-
rent conservative G-R model and the standard G-R model 
of those complex binary-mixture systems. The standard 
G-R model failed to give the partial segregation trend of 
the experimental results. Also, the standard G-R model 
violated the mass conservation. On the other hand, the 
present conservative model showed good predictions. 
The reduction of bubble-based parameters reflects the 
role of bubbles on segregation phenomenon. The origi-
nal theory of Gibilaro and Rowe assumes that the bub-
bles cause axial displacement of solids. Some studies 
neglected the axial dispersion mechanism [17, 19, 26]. 
García-Ochoa et al. [12] reported that this axial dispersion 
should not be neglected. The bubble mixing influence was 
experimentally approved by Park and Choi [27]. However, 
Formisani et al. [28–30] reported independent segregation 
from excess gas velocity (bubbles) in the transition zone 

between the initial and final fluidization velocities. It is 
clear that the difference of minimum fluidization veloci-
ties significantly influences the segregation. For example, 
in density segregating systems, there will be one compo-
nent in the bubbling region (flotsam) and the other com-
ponent are not fluidized even (jetsam). Thus, the bubbles 
mixing mechanism will be smaller and even negligible 
when the difference in minimum fluidization velocities is 
higher e.g., Geldart A-B or B-D mixtures. It is worth men-
tioning here that in all of the predicted results, the initial 
height (segregation layer thickness) was optimized to give 
the best fit with the experimental data. And a general cor-
relation for this parameter need to be fitted with the fluid-
ization ratio of the mixture.

3.2 Effect of the segregation layer height
The bubbling action inside the fluidized bed depends pri-
marily on the fluidization number ( i.e., u0/umf ). Meanwhile, 
the minimum fluidization depends on the bed system 
composition [31]. Therefore, any modeling of a real phe-
nomenon in the fluidization process, such as segregation, 
should take into account this critical parameter. The G-R 
model coefficients were already estimated based on 
those parameters, and similarly should be the correction 
of the model. Based on this, we optimized the segrega-
tion layer height ( Yi ) and inputted it as an initial-bound-
ary value in all the previously shown segregation profiles. 

Table 3 Properties of experimental cases of size-segregating systems 
available in the literature

System ID ρj/ρf dj/df u/umf Ref.

G500S125 2540/2600 500/125 0.080/0.046 [24]

G555G281 2490/2490 555/281 0.179/0.151 [25]

G231G116I 2476/2476 231/116 0.057/0.022 [23]

G231G116II 2476/2476 231/116 0.076/0.043 [23]

Fig. 7 Simulation results of size-segregating systems. (Blue circle: Experimental from the literature; Yellow dashed line: Standard G-R model 
calculation; Red solid line: Conservative G-R model calculation of the current work). The titles of subfigures refer to the system IDs, as stated in 

Table 2. According to them, the upper row shows partial segregation cases, while the lower row shows strong and weak segregation cases.
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The segregation layer thickness ( Yi ) is an indication of the 
strength of segregation, and it is defined as the height of 
the bottom layer containing 100 % jetsam.

Because there is no accurate expression in the literature 
for this parameter, we proposed here approximation of it. 
The proposed estimate determines the segregation layer 
height as a function of the fluidization number. Here, the 
minimum fluidization velocity of the system can express 
the binary-mixture system properties such as densities, 
sizes, and total mass ratio. Thus, in Fig. 9, we assumed 
that the fluidization ratio could then represent the segrega-
tion pattern (i.e., strong segregation, partial segregation, 
or mixing). However, in the mixing cases (i.e., no segre-
gation), the segregation layer thickness parameter is more 
mathematical than physical. A general correlation can be 
formulated from the optimized segregation layer thick-
ness (see Fig. 9) in Eq. (5):
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where umf is the minimum fluidization of the mixture 
calculated from minimum fluidization velocities of flot-
sam and jetsam as proposed Hoffman et al. [26] and 
Cheung et al. [32], Eq. (6):
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3.3 Comparison with the other models
3.3.1 Comparison with the recent macroscopic models
Recently, macroscopic models for binary-mixture fluidized 
bed were published [8, 13]. These models were verified by 
optimizing a fitting parameter, which gives a good match 
with the experimental data of binary-mixture systems (see 
Table 5). Fig. 10 presents a comparison among the predictions 
of the axial jetsam concentrations by using these models and 
the present model. The current model used the segregation 

Table 4 Properties of experimental cases of complex-segregating 
systems available in the literature

System ID ρj/ρf dj/df u/umf Ref.

L112G281 11320/2490 112/281 0.119/0.105 [25]

C235G565I 8750/2510 235/565 0.290/0.258 [26]

C235G565II 8750/2510 235/565 0.330/0.258 [26]

G116P275 2476/1064 116/275 0.076/0.038 [23]

Fig. 8 Simulation results of complex-segregating systems. (Blue circle: Experimental from the literature; Yellow dashed line: Standard G-R model 
calculation; Red solid line: Conservative G-R model calculation of the current work). The titles of subfigures refer to the system IDs, as stated in 

Table 4. According to them, the first three subfigures show partial segregation cases, while the last subfigure shows a strong mixing case.
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layer thickness correlation Eq. (4); however, the other mod-
els were optimized by a fitting parameter. In general, the 
present model showed better agreement with the experimen-
tal data compared to these published macroscopic models.

3.3.2 Comparison with the CFD model
In model assessment studies, comparison with the com-
monly-used model is important to stand on the proposed 
model feasibility.

In this study, we compare the present conservative 
G-R model predictions with that of the Two-Fluid Model 
(TFM). The TFM is the most commonly used CFD 
model in the literature. This model assumes both the gas 
and solid phases as continua. The governing equations 
are found in the theory guide of the commercial code 
ANSYS FLUENT (student license). The settings of the 
CFD model were applied, as recommended in the pub-
lished literature (see Table 6) [33–35]. For example, the 
gas-solid drag closure is the most significant element in 
the CFD model, and the Gidaspow model is the most ver-
ified model. The other parameters are selected based on 
the literature's best-practice knowledge. For the present 
comparison, we chose binary-mixture cases available in 
the literature, which represent different segregation pat-
terns, as given in Table 7. The TFM-CFD solution predicts 
the low jetsam composition profiles pretty well, except the 
bottom region as shown in Fig. 11. However, mass con-
servation is underpredicted. This can be attributed to 
the bed expansion because the results were calculated on 
the fluidized condition with normalizing by the fluidized 
bed height. This is the major method applied in the liter-
ature, and there is a shortcoming of the FLUENT code 
when freezing the bed, the results change to perfect mix-
ing condition. Conversely, the present conservative model 
gives better agreement with the experimental data as com-
pared to that obtained from the CFD-TFM. Moreover, the 

Fig. 9 Effect of fluidization velocity on the segregation layer thickness.

Table 5 Properties of binary-mixture systems available in the literature 
used in the fitting of the recently published macroscopic models

System ID ρj/ρf dj/df u/umf Ref.

IO225G90I 4600/2500 225/90 0.060/0.019 [8]

IO225G90II 4600/2500 225/90 0.120/0.103 [8]

IO378G90 4600/2500 378/90 0.180/0.108 [8]

B268G535 8670/2480 268/535 0.384/0.337 [13]

Fig. 10 Comparison between the predictions of the present conservative G-R model and the previous macroscopic models. (Blue circle: Experimental 
data from the literature; Red star: Previous macroscopic models; Yellow dashed line: Standard G-R model calculation; Red solid line: Conservative 

G-R model calculation of the current work). The titles of subfigures refer to the system IDs, as stated in Table 5. According to them, all the subfigures 
show partial segregation cases.
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current model consumes significantly less computational 
time as compared to the CFD-TFM.

4 Conclusion
The presented conservative macroscopic model for bina-
ry-mixture fluidized beds takes into account all the mech-
anisms responsible for mixing and segregation as proposed 

by Gibilaro and Rowe [6]. A full numerical solution method 
is applied. Moreover, the proposed model corrects the pre-
diction of the jetsam profile by the mass conservation and 
modification of the model coefficients. The limits of the 
correction factors are 0 and 1, except for few cases where 
the mass conservation are  not achieved. A validation test is 
carried out using experimental data available in the litera-
ture of diverse binary-mixture systems containing solids of 
different densities and sizes. The conservative model shows 
a good prediction of jetsam profile in all binary-mixture 
beds. Also, the comparison with the CFD model reveals 
that the present macroscopic model is of higher reliability 
and accuracy than the CFD model. Finally, a correlation for 
the segregation layer height is proposed as a function of the 
fluidization velocity ratio.
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Table 7 Properties of experimental cases available in the literature for a 
validation comparison with the CFD model

System ID ρj/ρf dj/df u/umf Ref.

C273G461I 8860/2950 273/461 0.337/0.314 [17]

C273G461II 8860/2950 273/461 0.336/0.319 [17]

C273G461III 8860/2950 273/461 0.650/0.319 [17]

C273G461IV 8860/2950 273/461 0.337/0.331 [17]

Table 6 Summary of the CFD model settings

Gas-solid drag [33] Particle-wall restitution 
coefficient 0.90

Solid-solid drag [34] Specularity coefficient 0.60

Viscosity closure KTGF* 
[35] Maximum packing 0.63

Particle-particle 
restitution coefficient 0.90 Time step 0.001

* Kinetic Theory of Granular Flow

Fig. 11 Comparison between the predictions of the present conservative G-R model and the CFD model. (Blue circle: Experimental data from 
the literature; Red star: CFD model; Yellow dashed line: Standard G-R model calculation; Red solid line: Conservative G-R model calculation of 
the current work). The titles of subfigures refer to the system IDs, as stated in Table 6. According to them, the first three subfigures show strong 

segregation cases, while the bottom right subfigure shows a weak segregation case.
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