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Abstract

The present paper investigates the energy efficiency of ammonia production by a freely oscillating microbubble placed in an infinite 

domain of liquid. The spherical bubble initially contains a mixture of nitrogen and hydrogen. The bubble is expanded from its 

equilibrium size to a specific maximum radius via an isothermal expansion. The work needed to expand the bubble is its potential 

energy calculated by the sum of the work done by the internal gas, the work needed to displace the mass of the surrounding liquid, 

and the work needed to increase the area of the bubble against the surface tension. During the radial pulsation of the freely oscillating 

bubble, the internal temperature can reach several thousands of degrees of Kelvin inducing chemical reactions. The chemical yield is 

computed by solving a set of ordinary differential equations describing the radial dynamics of the bubble (Keller—Miksis equations), 

the temporal evolution of the internal temperature (first law of thermodynamics), and the concentration of the chemical species 

(reaction mechanism). The control parameters during the simulations were the equilibrium bubble size, initial expansion ratio, ambient 

pressure, and the initial concentration ratio of nitrogen and hydrogen. In the best-case scenario, the energy requirement in terms of 

GJ/t is 6.8 times higher than the best available facility of the Haber—Bosch process (assuming that the hydrogen is produced via the 

electrolysis of water).
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1 Introduction
Ammonia plays a vital and important role in the global-
ized economy [1]. As a primary commodity for nitrogen 
fertilizers, the existence of modern agriculture depends 
heavily on a reliable source of ammonia. In fact, 70% 
of the produced ammonia is used as fertilizers. It is the 
most energy and emission-intensive chemical industry. 
The global average energy intensity is about 46.2 GJ/t 
(the best available technology is approximately 28 GJ/t), 
and the emission intensity is nearly 24 t CO2/t. In compar-
ison, the corresponding values for steel and cement pro-
duction are 19.4 GJ/t, 2.4 GJ/t, and 1.4 t CO2/t, 0.6 t CO2/t, 
respectively. The magnitude of the ammonia industry can 
also be quantified by its natural gas consumption: more 
than 20% of the unearthed methane is used for feedstock 
(methane steam reforming for hydrogen). Thus, any seri-
ous policy that attempts to reach net-zero emission by 
2050 needs to address the issue of "Green Ammonia".

Today, ammonia is produced by the more than a hun-
dred-year-old technology called the Haber-Bosch pro-
cess [2–4]. It requires high temperature (500 °C) and 
pressure (400 bar), which makes the process and the nec-
essary equipment expensive and dangerous. The hydrogen 
(obtained from methane or from the electrolysis of water) 
and the nitrogen (obtained by air separation) are reacted 
catalytically. The process is difficult. High temperature is 
needed to increase the reaction rate to an acceptable level. 
However, the equilibrium for ammonia favors low tem-
peratures. Therefore, to increase the equilibrium concen-
tration of ammonia, high pressure is a requirement.

The present study focuses on an alternative way of pro-
ducing ammonia from bubbles containing nitrogen and 
hydrogen. The underlying physical phenomenon is the 
extreme dynamics of microbubbles observed in the sci-
entific field of cavitation [5, 6]. In a fluid flow system, 
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such bubbles in a liquid domain, e.g., in water, exhibit 
expansion in low-pressure regions (for instance, due to 
high velocity or in the rarefaction phase of ultrasound). 
The expansion (maximum bubble radius) can be an order 
of magnitude higher than the equilibrium size of the bub-
ble. If the bubble travels into a high-pressure region, it 
starts to compress very rapidly, called bubble collapse. 
Due to the possibly high compression ratio, the tempera-
ture inside the bubble can reach several thousands of 
degrees of Kelvin inducing chemical reactions [7–15]. 
In this regard, the bubbles can be considered as micron-
sized chemical reactors. Because of the large energy-fo-
cusing mechanism that occurs during a bubble collapse, 
the high activation energy of N2 dissociation, caused 
by the triple bond of nitrogen molecule, can easily be 
reached. Moreover, the high compression ratio means 
extremely high internal pressure (usually in the order of 
thousands of atmospheres), which is a favorable environ-
ment for high ammonia equilibrium concentration.

There are two widely employed ways to generate and/or  
excite bubbles: hydrodynamic [16] and acoustic cavita-
tion [6]. Although in both techniques, bubbles appear as 
clusters, which have complex dynamics [17, 18], the present 
paper focuses on the single spherical bubble that can be con-
sidered as a building block of a more complex cavitational 
reactor. One of the reasons is the reported low energy effi-
ciency of ammonia production by cavitation [19]: approx-
imately 882353 GJ/t, which is several orders of magnitude 
larger than that of the Haber—Bosch process. In the pres-
ent study, the authors show that the experiment mentioned 
was highly suboptimal and that the energy efficiency can 
be as low as 265 GJ/t. Although this value is still approx-
imately six times higher than the Haber—Bosch process, 
it is a significant step to make ammonia production by bub-
bles an energetically viable alternative.

The key aspect of our approach is that the input energy 
and the chemical yield of a single freely oscillating bub-
ble are connected consistently. More precisely, the energy 
required to expand a bubble is obtained by calculating 
its potential energy at the maximum radius (sum of the 
work done by the internal gas, the work done on the liq-
uid domain, and by expanding the bubble area against the 
surface tension); and the chemical yield is computed by 
numerical simulation of the governing equations includ-
ing chemical kinetics.

It is important to stress that we focus on theoretical 
energy considerations based on an idealized test case. 
The technique of the generation of microbubbles, their 

spherical stability [20, 21], the effect of mass transfer at 
the bubble interface (e.g. evaporation/condensation) and 
the effect of bubble-bubble interactions [22] are out of the 
scope of the present study. Instead, we focus on optimiz-
ing the most important parameters that occur in the single 
bubble system: initial (equilibrium) bubble size, expansion 
ratio, ambient pressure, and initial composition. Although 
the simplifications mentioned above can have a significant 
influence and should be take into account in a more detailed 
investigation in the future, the more than three orders of 
magnitude increase in energy efficiency (882353 GJ/t vs. 
265 GJ/t) is still a valuable result of the present study. 
After presenting the results, a possible reason for the poor 
experimental outcome in [19] is also discussed.

2 The governing equations
We can separate the mathematical model of a sonochem-
ical bubble into two main parts: physical and chemical 
models. The physical model describes the radial pulsation 
of the bubble and the fluctuation of the temperature and 
pressure inside the bubble, while the chemical model deals 
with the chemical reactions in the bubble interior.

The equation system involves a large number of con-
stants for the description of the reaction mechanism (taken 
from [23]) and for the NASA polynomials to compute the 
material properties. In order to avoid the inclusion of these 
data as large tables in the main paper, they are provided 
as an OpenSMOKE++ reaction mechanism file in the 
Supporting Information.

2.1 General description of the reaction mechanism
In general, we can write a chemical reaction in the form 
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where νki are the stoichiometric coefficients and χk is the 
chemical symbol of the kth species. There are K types of 
species in the system; that is, k = 1, …, K. The index of the 
reactions is i = 1, …, I, where I is the number of the reac-
tions. The upper index f means forward; the upper index b 
means backward reactions. In reaction kinetics, the reac-
tion rates are calculated as 
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where k fi  is the ith forward, kbi  is the ith backward reaction 
rate coefficients, and ck is the concentration of the kth spe-
cies. The production rate of each species is 
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where � � �ki ki
b

ki
f� � . The ith forward rate coefficient is gen-

erally calculated from the extended Arrhenius-equation 
written as 
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where Ai is the pre-exponential factor, bi is the temperature 
exponent, Ei is the activation energy, and Rg is the univer-
sal gas constant. The backward rate constants kbi  are cal-
culated from the equilibrium constants defined as 
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The equilibrium constants have the form of
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where Patm is the atmospheric pressure, and Kpi
 is calcu-

lated via
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In Eq. (7), ∆Si and ∆Hi are 
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respectively. Here, Sk and Hk are the molar entropy and 
molar enthalpy of formation of species k at temperature T. 
The notation ∆ means the total change in a forward reac-
tion (from reactants to products).

There are other types of reaction rates that cannot be 
described accurately enough by the Arrhenius equation. 
The first type is of three-body reactions, which are often 
dissociation or recombination reactions. This type of reac-
tion needs a third molecule which removes the excess 
energy of the energetically excited reaction intermediate. 
Every molecule present can be a third body, but the larger 
molecules are more effective. We can take the efficiency 
into account in a third-body collision efficiency factor via 
the modification of the reaction rates as

� � �� �q q Mi i , (10)

where 
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is the effective total concentration of the third-body spe-
cies, and αki is the matrix of the third-body efficiencies.

Some reaction rate constants are pressure-dependent 
(besides depending on temperature). First, the high-pres-
sure limit reaction rate coefficient (k∞) and the low-pres-
sure limit reaction rate coefficient (k0) have to be calcu-
lated via Eq. (12) and Eq. (13):
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Next, the overall rate constant is given by
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where the blending function, F controls the shape of the 
k'fi – Pr curve, the reduced pressure is described as
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Here, [M] is the total concentration of the mixture 
enhanced by the third-body efficiencies, see Eq. (11). 
In Eq. (15), the effective total concentration [M] is already 
applied; consequently, it does not need to be multiplied 
again while calculating q'i in Eq. (10). There are several 
approaches to calculate F in Eq. (14). In the Lindemann 
formalism, F = 1. In the Troe formalism, F is computed 
from the following set of equations:
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where Fcent is the broadening parameter, 
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d = 0 14. , (19)

and 

RETRACTED



Kubicsek and Hegedűs
Period. Polytech. Chem. Eng., 68(2), pp. 152–161, 2024 |155

F T
T

T
T

T
Tcent � �� � � ��

�
�

�
�
� � �

��
�
�

�
�
� �

��

�
�

�

�
�1 � �exp exp exp

*** *

**

. 

(20)

Equations (16)–(20) give the following limit cases:
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In Eq. (20), the four parameters (α, T ***, T *, T **) are the 
Troe parameters, which can be different for each Troe-
form reaction. In some reactions, T** is not given; in this 
case, the last term in Eq. (20) is neglected.

The next way of defining the pressure dependence of 
a reaction rate is based on the PLOG formalism, where the 
forward reaction rate coefficients depend on the pressure 
logarithmically. Usually, several pressure levels Pj are 
given with an Arrhenius set (Aj, βj, Ej) for each reaction. 
The forward reaction rate coefficient for the jth pressure 
level is described as
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If the pressure is between Pj and Pj+1, then the natural log-
arithm of k is calculated from the logarithm of the pres-
sure levels by a linear interpolation (from here is the name 
PLOG):
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There are some reactions in which the reactants and the 
products are the same for both reactions, but the reaction 
depends on temperature in two different ways. These reac-
tions can be described with two Arrhenius sets and are 
known as duplicated reactions.

2.2 The physical model: Radial bubble dynamics
The equation system to be resolved consists of ordinary 
differential equations (ODEs). The first equation is the 
modified Keller—Miksis equation [5] that describes the 
radial oscillation of a spherical bubble:
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Here, R is the bubble radius, t is the time, cL is the liq-
uid sound speed, and ρL is the liquid density. The connec-
tion between the pressure inside and outside the bubble is 
given by
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where ρL is the liquid pressure at the bubble wall, σ is the 
surface tension, and μL is the dynamic viscosity of the liq-
uid. The far-field pressure (p∞) is constant (free oscillation):

p t P� �� � � , (26)

where P∞ is the ambient pressure. The internal pressure is 
calculated from the ideal gas low for the gas mixture:
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 is the total concentration of the mixture, 

Rg is the universal gas constant, and T is the internal 

temperature.
The temperature can be calculated via the first law of 

thermodynamics, written as
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where V = 4 ∙ R3 ∙ π/3 is the volume of the bubble, Q̇th is 
the heat transfer at the bubble interface, and C̄v is the aver-
age molar heat capacity of the gas mixture in the bubble 
at constant volume. The molar heat capacity at constant 
pressure Cp,k, the molar enthalpy of formation Hk and the 
molar entropy Sk of the chemical species are described by 
the NASA polynomials as
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where N = 5 and an,k are the NASA coefficients. There 
are two sets of coefficients for the intervals [Tlow, Tmid] and 
[Tmid, Thigh]. The connection between the molar heat capac-
ities are

C C Rv k p k g, ,� � . (32)

Some average values of the gas mixture need to be cal-
culated. The mole fraction of component k(Xk) is

X
c
Mk
k= . (33)
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The average molar weight W̄, the average molar heat 
capacity in constant pressure C̄p and in constant volume 
C̄v , and the average density ρ̄ are given by as follows:
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Here W is the molecular weight, and the bars mean aver-
aged values for the mixture.

For the heat transfer between the fluid and the bubble 
interior, the Toegel model is used [24]. In this model, there 
is a thin thermal boundary layer in which the tempera-
ture changes linearly from the bubble mean temperature T 
to the ambient liquid temperature T0 . The amount of heat 
transfer is approximated as
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where A is the area of the bubble surface, λ̄ is the aver-
age thermal conductivity of the gas mixture, and lth is the 
thickness of the thermal boundary layer, which is approx-
imated as
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where χ̄ is the averaged thermal diffusivity of the mixture:

�
�
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The reaction enthalpies are taken into consideration in 
the changing of the internal energy, which is why the heat 
transfer is composed only of heat conduction:

 Q Qth� � . (41)

The parameters and material properties of the physi-
cal model are summarized in Table 1. We assume that the 
bubble is placed in water, and its constant material proper-
ties are calculated at ambient temperature T∞ (also given in 
Table 1). Since the ambient pressure P∞ is a control param-
eter, see Section 3, its value is not specified.

2.3 Structure of the governing equations
The governing equations are a set of ordinary differen-
tial equations (ODEs), which have the following structure. 
The Keller—Miksis equation describes the radial pulsa-
tion of the bubble and provides the evolution of the bubble 
radius R and bubble wall velocity Ṙ as a function of time. 
This equation accounts for the inertia of the liquid domain 
and is responsible for the proper modeling of the compres-
sion mechanism of the gas content.

Via the first law of thermodynamics, the temperature T 
inside the bubble can be calculated. It takes into account 
the work done by the compression, the reaction enthalpies, 
and the heat transfer across the bubble interface.

With the help of the reaction mechanism described in 
Section 2.1, the following set of ODEs can be obtained 
for the concentrations of the chemical species inside 
the bubble:

 



c c V
Vk k k� � �� . (42)

Assuming that the bubble initially contains only nitro-
gen and hydrogen and that the evaporation of the water 
is negligible (oxygen is excluded), only reactions involv-
ing elements N and H are necessary. This means alto-
gether 36 chemical reactions and K = 14 chemical species. 
The file of the mechanism in the Supporting Information 
originally contained all the reactions for the complete 
N-H-O system; therefore, the reactions involving the ele-
ment O are commented out.

Altogether there are K + 3 governing equations: two 
first-order systems from the Keller—Miksis equation (sec-
ond-order ODE), a first-order system for the internal tem-
perature, and K ODEs for the change of concentrations.

To close the equation system, the ideal gas law is 
employed for the gas mixture of the bubble content. This 
creates a relationship between volume, temperature, and 
pressure. Since the volume is calculated from R and the 

Table 1 Parameters and material properties of the numerical simulations

parameter notation value units

liquid sound speed cL 1483 m/s

liquid density ρL 998.2 kg/m3

surface tension σ 0.07197 N/m

dynamic viscosity μL 0.001 Pa ∙ s

ambient pressure P∞ Pa

ambient temperature T∞ 293.15 K

universal gas constant Rg 8.31446 J/(mol ∙ K)

RETRACTED



Kubicsek and Hegedűs
Period. Polytech. Chem. Eng., 68(2), pp. 152–161, 2024 |157

temperature is obtained from the first law of thermody-
namics, the ideal gas law is employed to calculate the 
internal pressure.

3 Control parameters and the numerical technique
The major parameters in a freely oscillating spherical bub-
ble system are the equilibrium size of the bubble RE ; the 
expansion ratio R0 / RE , where R0 is the initial size of the 
bubble during the simulations (also the maximum bub-
ble radius); the ambient pressure P∞; and finally the initial 
composition of the bubble in terms of the percentage of 
hydrogen. Table 2 summarizes the employed values of the 
control parameters for a quick scan of the optimal param-
eter combination. The atmospheric pressure is denoted by 
patm = 101.3 kPa. The total number of parameter combi-
nations is 7 ∙ 7 ∙ 13 ∙ 3 = 1911. Due to the stiff nature of 
the governing equations, only a small number of param-
eter combinations can be simulated within a reasonable 
time with the MATLAB built-in stiff solver (ode15s). It is 
shown in Section 5 that the optimum value often lies on 
one of the upper or lower limits of the specified parame-
ters. In such cases, additional simulations are run to seek 
the optimum parameter combination.

The reason behind the parameter selection is as follows. 
The equilibrium bubble size describes how much is the 
amount of nitrogen and hydrogen gas inside the bubble. 
The larger the equilibrium size of the bubble, the more 
substance participates in the reactions. The expansion ratio 
describes the potential energy of the bubble; see Section 4 
for more details. This is the energy that can be focused 
during the first collapse of the bubble and create extreme 
conditions. In the long term, all the potential energy is 

dissipated by viscous forces. The ambient pressure is an 
important parameter from the input energy point of view. 
A large portion of the input energy is spent to displace 
the volume of the surrounding liquid. The lower the ambi-
ent pressure, the less energy is needed for such displace-
ment. From stoichiometric considerations, the optimal ini-
tial composition of the bubble would be 75% hydrogen and 
25% nitrogen. However, due to the triple bond of nitrogen 
and due to the short time scale of the extreme conditions, 
the internal composition of the bubble can be short of dis-
sociated nitrogen. Thus, tuning the initial composition of 
the mixture might result in higher energy efficiency.

4 Energetic considerations of a freely oscillating bubble 
and the definition of the chemical yield
Fig. 1 shows a typical example of the dynamics and the 
chemical history of a freely oscillating bubble. In the 
upper panel, the bubble radius vs. time curve (blue) and 
the temporal evolution of the internal temperature (red) 
is depicted. The equilibrium bubble size is 50 μm, which 
is expanded to 400 μm representing an 8-fold expansion 
ratio. In the initial stage of the dynamics, the bubble starts 
to shrink since it is out of equilibrium. In later stages, due 
to the inertia of the surrounding liquid, the bubble radius 
swings through its equilibrium value, and a large com-
pression ratio is realized with a peak temperature as high 
as about 6000 K. After the first collapse, the bubble loses 
most of its energy via shock wave (acoustic emission [25]) 

Table 2 Summary of the control parameters and their employed values

R0 / RE [–] RE [μm] P∞ [Pa] P∞ / patm [%] % H2 [%]

8.0 5.0 5066.25 5 65

9.0 7.5 10132.5 10 75

10.0 10.0 15198.75 15 85

11.0 12.5 20265 20 –

12.5 15.0 30397.5 30 –

15.0 20.0 40530 40 –

17.5 50.0 50662.5 50 –

– – 60795 60 –

– – 70927.5 70 –

– – 81060 80 –

– – 91192.5 90 –

– – 101325 100 –

– – 111457.5 110 –

(a)

(b)

Fig. 1 A typical example of the dynamics of a freely oscillating 
microbubble: (a) bubble radius and internal temperature as a function 

of time, (b) temporal evolution of the chemical species in moles 
(only nitrogen, hydrogen and ammonia are labelled)
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indicated by the much smaller local maximum during the 
first rebound. In the subsequent dynamics, the oscillations 
are less rapid, the temperature peaks are less pronounced, 
and the long-term behavior of the bubble is the conver-
gence to its equilibrium state.

The lower panel of Fig. 1 represents the temporal evolu-
tion of the chemical species inside the bubble in moles ( nk ). 
Initially, the bubble contains only nitrogen and hydrogen. 
Next, during the first collapse, around the minimum bub-
ble radius, some of the nitrogen and hydrogen dissociates 
and other chemical species are produced. Observe that 
a large portion of the nitrogen (dashed-dot red curve) and 
hydrogen (solid red curve) do not dissociate; however, the 
main product of atomic N and H is ammonia (blue curve). 
The rest of the chemical species involved in the reaction 
mechanism have orders of magnitude lower concentration. 
The chemical yield of a bubble is defined as the amount of 
ammonia nNH3

 presented inside the bubble after chemical 
equilibrium is reached, which is the final time instant of 
the simulation denoted by the black dot in the lower panel 
on the blue curve.

The mass of the produced ammonia is calculated as

m n M
NH NH NH3 3 3

� � , (43)

where MNH3
 is the molar mass of the ammonia.

The potential energy 

W W W WP G A L� � �  (44)

of the expanded bubble is composed of the work done by 
the internal gas during isothermal expansion (assuming 
that the expansion is slow)

W N R T
R
RG t g E
E

� � � � �
�

�
�

�

�
�,

maxln
0

3

3
, (45)

the work needed to enlarge the surface of the bubble 
against the surface tension

W R RA E� � � � �� �� �4 2 2

max
, (46)

and the work required to expand the bubble against the 
liquid domain

W P R RL E� �
�

� �� ��

4

3

3 3�
max

; (47)

that is the work needs to displace the volume of the liquid 
against the ambient pressure. The potential energy of the 
bubble can be considered as the required energy to expand 
the bubble from its equilibrium state RE to its initial max-
imum size R0 .

It is important to take into account the energy to pro-
duce the hydrogen content. Assuming that the hydrogen is 
produced via electrolysis, the energy requirement of the 
hydrogen content can be calculated as

w m M
M

WEH H NH

H

NH

2 3

3

=
/

, (48)

where mH/NH3
 is the mass fraction of atomic hydrogen of 

ammonia molecule (its unit is t H/t NH3), MH is the molar 
mass of hydrogen, and WE = 180 GJ/t H is the energy 
requirement of electrolysis of water.

The total input energy of the bubble system is com-
posed of two components; namely, the energy required to 
expand the bubble and the energy to produce the hydrogen 
content (in units of GJ/t) is 

w W
m

wTB
P� �
NH

H

3

2

. (49)

This value highly depends on the system parame-
ters. The energy requirement of the Haber—Bosch pro-
cess if the hydrogen is also produced via electrolysis is 
wHB = 39.1 GJ/t. During the parameter optimization, this is 
the baseline value with which the energy efficiency of the 
ammonia production by bubbles is compared.

5 Parameter optimization
In this section, the energy intensity as a function of the 
control parameters defined in Section 3 is explored based 
on the quantities introduced in Section 4.

Fig. 2 shows the energy intensity as a function of the 
equilibrium bubble size at different expansion ratios (col-
or-coded curves). The ambient pressure and the initial 

Fig. 2 Energy intensity of the ammonia production as a function of the 
equilibrium bubble size at different initial expansion ratios

RETRACTED
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composition of the bubble were atmospheric pressure 
(patm = 101.3 kPa) and the stoichiometric ratio of the hydro-
gen in ammonia (75% H), respectively. The energy inten-
sity of the Haber—Bosch process is denoted by the hori-
zontal black line. The optimum parameter combination is 
at RE = 20 μm and at R0 / RE = 8. In this case, the energy 
intensity is 2455 GJ/t, which is approximately 62.8 times 
higher than the Haber—Bosch process.

In our experience, the major contribution of the poten-
tial energy is related to the liquid side via WL. Therefore, 
reducing the ambient pressure can significantly decrease 
the required input energy to expand the bubble. Out of 
the 13 investigated ambient pressure values, Fig. 3 sum-
marises the results of only two cases: 100% (dashed 
curves) and 5% (solid curves) of atmospheric pressure. 
Only three expansion ratios are depicted to avoid the over-
crowding of Fig. 3. It is to be stressed that for simplicity, 
the energy required to produce a vacuum is not taken into 
account. This energy requirement is distributed amongst 
all the bubbles presented in a reactor. However, Eq. (49) is 
specified on a single bubble basis. Therefore, without the 
knowledge of the reactor design and the number density of 
the bubbles, the aforementioned energy requirement can-
not be appropriately incorporated into Eq. (49).

By decreasing the ambient pressure, the energy inten-
sity of the ammonia production drops significantly 
to 382 GJ/t, which is only 9.8 times higher than the 
Haber—Bosch process. However, the optimum bubble 
size is increased to the upper limit of the corresponding 

parameter ranges, namely, to RE = 50 μm. Therefore, after 
examining the effect of the initial bubble composition, 
a broader range of equilibrium bubble sizes are examined 
at the end of this section.

Theoretically, the optimum initial composition of the 
bubble is 75% hydrogen and 25% nitrogen, assuming that 
all molecules dissociate and participate in the formation 
of ammonia. As is already depicted in Fig. 1, this is not 
the case, and a large portion of nitrogen and hydrogen 
molecules remain "intact". Since the energy to dissociate 
nitrogen is higher than that required for the hydrogen (due 
to the triple bond), it might seem feasible to shift the ini-
tial concentration towards nitrogen. For a 65% hydrogen 
content, the results are presented in Fig. 4 (solid curves). 
The ambient pressure is kept the same as in the case of the 
optimal one shown in Fig. 3. The corresponding results 
for the 75% hydrogen content are also represented by the 
dashed curves in Fig. 4. Albeit marginally, the energy 
intensity is further decreased to 351 GJ/t.

The final step of the optimization procedure is to exam-
ine the effect of the equilibrium bubble size on a wider 
range, see Fig. 5. The expansion ratio was a secondary 
parameter, while the ambient pressure and the initial 
hydrogen concentration were kept constant: 5066.25 Pa 
and 65%, respectively. The optimum equilibrium bub-
ble size is increased to 165 μm, and the optimum expan-
sion ratio is decreased to R0 / RE = 6. The energy inten-
sity is decreased to 265.1 GJ/t. Therefore, compared to the 
Haber—Bosch process, this means a 6.78-fold difference.

Fig. 3 The effect of the ambient pressure on the energy intensity of 
the ammonia production. Dashed curves represent the results for 
atmospheric pressure; see Fig. 2. The solid line corresponds to a 

significantly lower ambient pressure value.

Fig. 4 Effect of the variation of the initial composition of the 
microbubble. Dashed curves are solutions taken from Fig. 3. Solid 
curves represent energy intensities at a reduced hydrogen content.
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6 Discussion and summary
The main aim of the present study was to investigate the 
theoretical energy efficiency of ammonia production via 
a freely oscillating bubble initially containing nitrogen 
and hydrogen. The input work is computed as the poten-
tial energy of the initially expanded bubble and the energy 
required to produce hydrogen by the electrolysis of water. 
The chemical yield is obtained via numerical simulations 
of the chemical history of the bubble. The control parame-
ters were the equilibrium size of the bubble, initial expan-
sion ratio, ambient pressure, and initial hydrogen concen-
tration. At the best parameter combination, the energy 
intensity of ammonia production was 265.1 GJ/t. In com-
parison, the energy requirement of the Haber—Bosch pro-
cess is 39.1 GJ/t (BAT with water electrolysis) or 46.2 GJ/t 
(global average).

Although the energy intensity of the ammonia produc-
tion by bubbles is approximately 6.78 times higher than 
the BAT Haber—Bosch process, it is still several orders 

of magnitude better than the available data in the litera-
ture [19]: 882353 GJ/t. Such a huge difference needs a the-
oretical explanation. In the experimental study of [19], the 
bubbles are generated via bubbling air throughout a ves-
sel, and the bubble collapses are achieved by a 900 kHz 
ultrasonic irradiation. In some of our previous publica-
tions [7, 14], where the chemical computations are carried 
out for ultrasound excited bubbles, it turned out that sig-
nificant chemical activity takes place only in the first few 
acoustic cycles. Afterwards, a dynamic equilibrium of the 
bubble content is settled. That is, the concentrations are 
continuously changing in time; however, their averaged 
values remain the same. In this regard, sonicating the same 
bubble for several minutes (millions of acoustic cycles) has 
a very little effect on the chemical yield, while continu-
ously dissipating the input energy [26–28]. Therefore, the 
present theoretical work showed that ammonia production 
via microbubbles can still be a viable option; however, the 
operation strategy of such systems must be reconsidered.
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