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Abstract

The propagation of linear acoustic waves in isotropic media in which mechanical relaxation
phenomena occur are investigated. The irreversible mechanical processes in the medium
due to viscosity and to changes in a tensorial internal variable are analysed with the aid of
non-equilibrium thermodynamics. In particular, in this paper, a wave solution applying
the method of Laplace transform is proposed. Moreover, the corresponding solutions in
Poynting-Thomson, Maxwell, Kelvin—Voigt, Hooke and Newton media are calculated.
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1. Introduction

In some previous papers [1-13, 17-21] a theory has been developed for me-
chanical phenomena in continuous media based on non-equilibrium ther-
modynamics. Some authors have introduced the following flow laws for
shear phenomena in isotropic media

d (1) @ (1) L0) d

dtces = il (1)
~ Ut d
Tc(:é) =n§0’1) (1) + {0 et (1.2)

The scalars ngi’j ) (1,7 = 0,1) which occur in (1.1) and (1.2) are usually

called phenomenological coefficient. The quantities egg y Eaf 7'(’") and T(I)

are deviators of the partial inelastic strain tensor 6( ) , of the strain tensor

€q3, of the viscous stress tensor 7 ﬁ), and of the aﬂimty stress tensor T({g)

The flow laws (also called phenomenological equations) may be derived
with the aid of non-equilibrium thermodynamics. See, for instance, ref.

1 This work is supported by the M.U.R.S.T. (40% funds).
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[14] or the first 6 sections of ref. [7]). The phenomenological coefficients

n§°’1) and n§1’°) satisfy the Onsager—Casimir reciprocal relation

" = {0

The deviator Jlaﬂ and the scalar part A of an arbitrary tensor field Ayg
are defined by:

3
1 Z
AC!,@ =AQ,B - 360[@ A’y'y, (1-3)
r=1

1 3
=1

Hence,

Aaﬁ = Aa‘g -+ A‘(ng (1.4)

and
3 i .
Z Ay =0.
=1

In (1.3) 6qp is the unit tensor. If A, is symmetric ;1&3 is also symmetric
and reversely. Within the usual procedures of non-equilibrium thermo-
dynamics the following flow laws were obtained for mechanical relaxation
phenomena in isotropic media [7-11]:

2

£

oo d _ &) . € d _ € a:
REdgo Tafs + —Tad = Rgd))o Eap + R( ) —€ag + R< ) €ad> (15)

7 (@)1 gz (d)2 42
where
Ry =a) g, (1.6)
R%o =000 (g(11) _ 400y (1) (1.7)
REZ)N —a0(1 4 270D 4 o) [ngo,m CBY +(n§0,1))2]’
(1.8)
R =" 19

In these expression al®% and oY are scalar constants (thermodynamic
parameters) which occur in the equations of state. A detailed derivation of
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(1.5)-(1.9) is given in section 3 of ref. [6]. The following inequalities were
proposed from stability considerations

and from the positive definite character of the entropy production

%9 >0, oY >0

hence, from the preceding inequalities, one may derive the following corre-

lations:

(r) (e) (¢)
Rgo 20, Rige20, Ry >

() () ple
R — Rigo Rian 20,
() plr) ()
Rian Bray ~ Biap 2 0-
For a detalied discussion see section 5 of ref. [6], section 8 of ref. [7] or
section 13 of ref. [14].

Let us denote the tensor of the total strain by €,4. In this paper, we
shall assume that the strain is small from a geometrical point of view, i.e.,

€af = %(é—igua + %u ) , (1.10)
where 11, u9, and u3 are the components of the displacement field.
Moreover, we shall assume that the deformations are small from a
physical point of view, i.e., the stress tensors 7'( °q) W)
tions of the strain tensors and of the temperature We shall denote the
mechanical stress tensor by 7,3. This tensor occurs in the equations of
motion and in the first law of thermodynamics. The viscous stress tensor

( ) is defined by:

and 7, are linear func-

) = 1g — 7). (1.11)
In this paper we shall assume that

r = —P, (1.12)

where T is the scalar part of the stress tensor and Fy is the hydrostatic
pressure. We assume that it is constant and uniform. Finally, we consider
the equation for the conservation of mass

d 8 d
dtp+pza 7 Uy =0 (1.13)
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and the equation of motion

3
o
pdtz = z:: By + e Fe (1.14)

where Fy is the a-component of the force for the unit of mass.

Egs. (1.13), (1.14), (1.5), (1.12), and (1.10) form a set of 16 equations
for the mass density p, the three components of the displacement field u,
the 6 independent components of the symmetric strain tensor and the 6
independent components of the symmetric stress tensor. We find a solution
of the system of equations by applying the method of Laplace Transform.
Moreover, we shall consider some special cases of (1.5) in order to find
the solution of transverse waves in Poynting—Thomson, Jeffreys, Maxwell,
Kelvin—Voigt, Hooke and Newton media.

A detalied discussion of the propagation of sound waves in fluids with
volume viscosity and a scalar internal variable is given by De Groot and
Mazur. (See sections 3, 4, and 5 of chapter 12 of ref. [16].)

2. Transverse Waves

It is the purpose of this paper to find solutions of the equations discussed
in the last paragraph. We consider plane waves which propagate in the
direction of the z1-axis, while u has the direction of the z3-axis. Hence, we
deal with transverse acoustic waves. In particular we suppose that

u = u(z1,t) = uz(ezi, t)es, (2.1)

where e3 is the unit vector in the direction of the positive x3-axis.
It follows from the last assertions that

ui(z1,t) = ua(zy, t) = 0. (2.2)

From the definition (1.10) for ¢,3 and the assumption (2.2) for the dis-
placement field u, we obtain

0 0 Lo
2 8:51
€af = g 0 0 (2.3)
10u
5@33- 0 O

since g“" vanishes unless o« = 3 and 8 = 1. Since, in our case the trace of

€ vanishes, we have
éozﬁ = €ag - (24)
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We shall limit ourselves to linear waves. Hence, we assume that

d o
prialirre (2.5)
we shall look for solutions for the stress field 7,3 which are of the form
-P 0 T13
Tap = 0 -PF 0 ’ (2.6)
731 0 =P

where Py is the constant hydrostatic pressure. Hence, from (2.6) and (1.3),

one has
0 0 73
Tap = 0 0 0 ]. (2.7

7337 0 O
In (2.6) and (2.7), we have
T13 = T31 = 31 (2.8)
by virtue of the symmetry of the stress tensor and its deviator.
Furthermore, we shall assume that F' vanishes (no volume forces).
Hence, the equation of motion (1.14) becomes

8 2
PHate = " Bes = Taf s (2.9)

where we also used (2.5). It follows from (2.2) and (2.6) that both 51des of
(2.9) vanish for @ =1 and @ = 2. For a = 3, (2.9) becomes
62
p'é't—iua = 5—51“7'13,
since Py is constant. Using (2.2) and (2.5), it follows that the mass conser-
vation law (1.13) becomes

(2.10)

Op
=0 2.11
5t (2.11)
and this equation is satisfied if we assume that
p = po, (2.12)

where pg is constant. Again, using (2.5), the stress—strain relation (1.5)
becomes

2
(7) 9 . (<) = () O () O
R(d)o 'T'c:H ”]" a TQB R(d)O af + R(d)l até'ag -+ R(d)2 atz 60/9 (213)
Fora =1 and 8 = 3, it becomes

(7) 8 . (e) () 0 o 0.
R(d) T13 + ot 7'13 = R(d)() €13 + R(d)l at&'l{s -+ R(d)Q 512 £13. (214)
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3. Wave Solution

We obtain solutions for the problem given by relations (2.10), (2.12), and
(2.14) in the case of specific boundary conditions, using the method of
Laplace Transform. The displacement field and the deviator of the stress
tensor are taken zero at each point at the initial time and this condition is
given by

u3(0,21) = 0, (aatug(t o), (3.1)
and 5
T13 (0,3:1) =0, (é—tﬁ:;(t,:m))t:o. (3.2)

We use the following notations to denote the Laplace transform of the func-
tions considered with respect to the variable ¢; the transformation variable
is s,

us(s,z1) = Llus(t, z1)], (3.3)
:7:13(8,:231) = ﬁ[ﬁg(t,ml)]. (3.4)

Using the initial condition (3.1), (3.2), relation (1.10), and Eg¢. (2.10), and
doing the Laplace transform, Egs. (2.12) and (2.14) take the following
forms:

d
po(s°Ts) = E;*m, (3.5)

d d
%Od u3+R 1(5 ug)—i—R%Z%z(s ug)] (3.6)

By solving the system of Egs (3.5) and (3.6), we obtain the following ordi-
nary differential equation

Bgs))o Fi3+sT13 = {Rgd

d? ({7 +9)
d—mz‘.ﬁ'B - 2/)052 o) (d()f)) =0 (37)
1 (R(d)o + sR(d)1 + s2R! d)z)
We use the following notation
R 4+
12(s) = 2pos? Fiao +5) (3.8)

() ()
(R(d)o + sR(d)1 +s R(d)z)

Hence, we obtain the following general solution of the differential equation
(3.7
Uz = (:1(2—,1(5):51 + Czeh(s)zl. (3.9)
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If we restrict our examination to bounded values of u3(t,z1) for 21 —
then, in consequence, @3(s, ;) is bounded and the constant ¢y should be
zero. The other constant is specified by the following boundary condition:

us(t,0) = A7, (3.10)
hence

_ A7

us(s,z1) = o (3.11)

For the last condition and (3.11), the solution becomes:

A" ho (3.12)

U3(s,z1) = —e

We perform inverse transformation by expansion of the function e *(5)%1

into series in the following form:
82n+1(R(7‘) + s)n—}-—%

= 1 2p0 \"t+3 )0
1 2n+1 £0 2$2n+1 (d)
’;)« ) (2n + 1)! (R%z) 1 (s + a)“’*'%(s + b)n-!—%

2 (g) n
0 g () et e o)
(2n)!\ R, (s+a) (s + o)/’

FOG
where —a and —b are the roots of the equation s? + 3—1—2%—1- + R—gd—;ﬂ = 0.
(d)2 ()2
Since the series is convergent, the Laplace transformation can be ap-
plied term by term. By applying the convolution theorem [15] and making
use of the fact that for positive integer values of n we have T"(’iT) = 0, we

obtain the following final result:

t

it = 5 [ 2] ()

Tl:() 0
(a+b) s _
e >In((—‘_1—2-lﬁ(t —7))dr, (3.13)
where
* n+ 1 \/7—‘: 2po ntg 2n+1
An = A7(—1)*"T1 ( ) z
! €

BT D 1)

and I ((—%'ﬂ(t - T)) denote the n-order modified Bessel function.
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4. Inelastic Media with Memory
(Poynting-Thomson Media or Standard Linear Solids)

The stress—strain relation for shear phenomena in inelastic media with
memory and for the media which we shall consider in the remaining sec-
tions of the present paper may be regarded as special cases of (1.5). Viscous
shear effects do not occur in inelastic media with memory, i.e., #Hvi) yan.
ishes. Hence, in this case we have

™ =l =0 (1)
and consequently (1.8) and (1.9) become
R, =Y, (4.2)
2
R{S, =0, (4.3)

while (1.6) and (1.7) remain unaltered. Hence, in the stress-strain relation
(1.5) the term with the second derivative of the deviator of the strain tensor
vanishes, i.e., (1.5) reduces to the Poynting-Thomson equation. By virtue
of (1.6), (1.7), (4.2), and (4.3), equality (3.8) takes the following form

200 s*(s+a)

K (s) = A (4.4)

(e ’
R, (s+8)
where

R(E)

a=RE  and b= -9 (4.5)
()0 R
(d)1

By applying the same method as in the last section, we obtain the following
final result

where

_ arp_ g2l 1 1 2p0 \"*3 2n+1
Bo= AT (2n+1)!f‘<n+%—))f‘(—n——%)( )
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5. Viscoinelastic Media without Memory (Jeffrey Media)
If a viscoinelastic medium has no memory, we have (see section 4 of ref. [4]
-and section 17 of ref. [6])
otV = o(00), (5.1)
From (1.7), one has
(&) _
R(d)0 =0, (5.2)
while V) may be replaced by a(®? in (1.6) and (1.8). Hence, the term
with £,3 vanishes in the stress—strain relation (1.5), i.e., (1.5) reduces to

Jeffrey’s equation.
By virtue of Egs. (1.6), (1.8), (5.2), and (1.9), we obtain

s+

R (s) = 2pos~—(-£)—~a—)—— (5.3)

R(d)g(s +b)

from (3.8), where
R(f) .

a= R(d>0 and b= -i:—)l (5.4)

(d) RE)

(d)2

In this case, we obtain the following solution

t .__
3(t,21) ch/[ d S (7T E) e - )R,

n—1L
3 dr"7 2

where

* n+ 1 1 2p0 \"T3 on+1
= AT (=1)2*! , ( ) 2 g2l
! (=)
@r+ir(n+1))0(-n - §) ‘R,
6. Inelastic Media without Memory (Maxwell Media)
If a Jeffreys medium has no viscosity, we have (see section 4 of ref. [4])

7Y =7 =0 (6.1)
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and from (1.6), (1.8), and (1.9) — moreover, since aV) = (%% — one has

R, =a®Op{D, (6.2)
R, =0, (6.3)
RS, =a®, (6.4)
R, =0. (6.5)

Hence, the term on the right-hand side of the stress—strain relation (1.5)
with the deviator of the strain tensor €,3 and the second time derivative
of this tensor vanish; i.e., (1.5) reduces to the equation of Maxwell media.
Using (6.2)—(6.5), we obtam

R (s) = b5 + 2000 s (6.6)

from (3.8), and using the relation

fls)=—

Eg. (3.12) will have the following final solution

L ;0 b
u(t,z1) =€ @ 1f / (t=r)e 52 Jo(;x/m% —a27'2)d7'y

o~

where

a = = s
V2 V2R
) :77§0=0) a(0.0)

and Jo (g—\/:c% — a272) is the 0-order Bessel function.

7. Viscoelastic Media (Kelvin—Voigt Media)

If no inelastic phenomena occur in a Jeffrey medium, one has (see section

4 of ref. [4])
it =V =0, (7.1)
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and, hence, by virtue of (1.6), (1.8), and (1.9), we have

() _

0,0
i, =
() _. (00
Rl =",

Using (7.2)—(7.5), expression (3.8) becomes

2pos2

(0,0)5°

K2 (s) =
(@9 + sn5™7)

hence, the final solution is

o d* [/ poaei o i T
ws(ty1) = 3 Do (747 75) 4+ 3 P g (777,
where
* 1 1 2p0 \"t3 2n41
Dn = A*(—1)"1! d
(2n +1)! F(n+ %) (a(0,0)>
and

. A*(_1)2n 1 1 2P0 " 2n
n=AT(-1) (2n)!(n——1)!<a(°’0)> T

8. Elastic Media (Hooke Media)

If no viscous effects occur in a Kelvin medium, one has

7" =g =00 =0

and from (1.6)—(1.9), we have

")
R, =0,

9 _
R, =0,

() _ (00
R, =a®?,

83

(7.2)
(7.3)
(7.4)
(7.5)

(7.6)

(8.1)

(8.2)
(8.3)
(8.4)
(8.5)
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In this case we obtain

2, y_ 2P0 2
h*(s) = 00 ° (8.6)
and
us(t,z1) = AU (¢t — B),
where

[ 2po_
B= 2(0.0) 1

and U (¢t — B) is the unit step function, i.e., it is0if t < B and 1 if t > B.

9. Fluids (Newtonian Media)

If, for a Kelvin—Voigt medium, the quantity a0 vanishes, we have
a(l,l) — a(0,0) — T’gl,l) — 7720,1) =0. (91)

From (1.6)—(1.9) and using (9.1), one has

Ry, =0, (9:2)
R, =0, (9.3)
R, =0, (9.4)
R, =nl"". (9.5)

Consequently, expression (3.8) and the final result of the inverse Laplace
transformation become

K2 (s) = _2(5%3, (9.6)
Ms )

uz(t,z1) = A*erfc—-B—

et (9.7)

where

2po
B =, 00y %1

and er fc is the complementary of the error integral; it is defined as

er fe(t) \/_/ =y

Then one sees that the solution does not depend on the internal variables
but only on the shear viscosity.
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