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Abstract

Using symmetry relations of a new theory published recently (“Thermokinetics”) new
thermodynamical functions are introduced called “Entropy Dissipation Functions™. The three
quantities are close related, Ds=D{+DE and two of them (Di and —Df) are Legendre-
transformed of each other. The linear phenomenological coefficients of Onsager are showed to be
second derivatives of the appropriate Entropy Dissipation (Df), and the Entropy Production is
interpreted as second differential of both Df and D. Usefulness of the concept thermodynamic
force is demonstrated in strongly nonlinear cases. Position of the Entropy Dissipation Functions
in the unified system of thermodynamic concepts is shown.

1. Introduction

In any sphere of physics some fundamental functions play important
roles. In the classical mechanics the Hamilton and Lagrange functions, the
kinetic energy, in the thermostatics the entropy, in the thermodynamics the
entropy production, ® and ¥ functions [ 1] may have similar roles. Using these
functions most of the general features of material systems can be formulated in
a Very concise way.

Some mathematical preliminaries [2].

Let a system be characterized by a set of quantities

X; (i=1.2.....n)
and let another set of quantities (y;) be given as invertable functions of the x;’s:

yi=f;'(x1,.x2, . 'sxn)
and

Xi=gi(y1: V2. - s Va)
If the symmetry relations

<G—y->=<5y—> (ij=1.2....n) (1)
0x; 0x;
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(f)ﬁ):(éxj) (is_i: 1-,29 .. "n)' (2)
Gyj oYy

In such cases one may introduce the functions

S*x) and  S*(y)

as* os?

dS“‘:Zyi ~dx; and ds’ =Z x; dy; @

hold then

so that

and

are exact differentials.

In this sense S* and S¥ are potential functions and are unique apart from
and additive constant.
S* and §¥ are Legendre transforms of each other:

S¥(y)=S(x(y),y)—S*(x) (3)
where
SCe 1) =3 % Vi (6)
consequently
S=8"+8§ and dS=dS*+dS*. (7
Second differentials:
, 8%S* ‘
d‘-SX(X):ZZ =~ = dx,dXJ=Zd)‘,dx, (8)
T 7 \CX; f.\’j T
i 02S¥ N
d"Sy(}‘):ZZ<~C P )'d}’id}’j’—‘z dx;-dy; (=d°§%(x)) 9)
T 7 \0Y; ‘Vj [
d?S(x, y)=0. (10)

Examples
a. Linear relationship between x; and y;:

yx':;Kij'xj- (11)

If the matrix K is nonsingular then
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where L is the inverse matrix of K.

In this case

S*=1/2-YY K, xx; and  §=1/2-YY L vy (13)
[ [

S=2-5=2-§* (14)
[ i J
[ i
(see: [2]).
b. y; ’s are homogeneous first order functions of x;’s [4]:
vilkx kx,, L kx) =kyi(xy, X, 00, X,). (17

The relationship is not invertable now:

That means the quantities y; are not independent of each other.
In this case,
szzuv,-x,-zS. (19)
i
This example is realized in the thermostatics.

Here
X,=E; (extensities)

v;=F; (entropic intensities)

S*=S (entropy)
SZZ F[" Ei

cF

@S=33 <GEJ>‘dE,-dEjSO.

(The matrix of (¢F /¢E) is negative semidefinit.) Now y;’s are not independent:

Z-‘Cid}’i‘_‘ZEi’dFizo (20)

which is the familiar Gibbs-Duhem relation.
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c. The Lagrangian mechanical system with general coordinates
q; (i=1,...,n).

Here,
x;=4¢; (velocities)
S*=L (the Lagrangian)
v;=p;=0CL/¢q; (the momenta)
S= Z pi4;
and

S}‘:‘H(plv . ‘1pn)-

2. Thermokinetics, partial fluxes

Considering a system consisting of two homogeneous subsystems

1

(denoted by system (') and system ("), respectively), as known, thermodynamic
forces (X;) are regarded as differences of the appropriate potentials (F):

X,=F/ —F|=AF,. (21)

‘Thermokinetics’ is a theory based on the assumption that there exist partial
fluxes j and j” so that the thermodynamic net fluxes J; are given as differences
as well:

Ji=ji—ji=—4j (22)
System(’) -:2 System(”)
J

It was proven [5-7] that the partial fluxes vary only with their own potentials:
Ji=jiF{,Fy, .. F)) (i=1,2,....n)
Ji=ji(F{, Fy, ..., F)) (i=12,...,n).
The permeability properties of the wall separating system(’) and system("') are
characterized by constant parameters of the j(F) canonical rate equations.

These parameters do not depend on the direction of the partial process.
The Law of Detailed Balancing claims that in equilibria

Fi=F! (i=1,2,...,n)
and
Ji=Ji (i=1,2,...,n)

must be fulfilled simultaneously.
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Consistently with the Law of D.B. one can conclude that
JilF s S F)=ji(Fy, .. F,) (23)

for every F. Therefore, the canonical constitutive functions must be the same
for the two subsystems and we may omit " and ” when we write the symbols of
these functions.

In non-equilibrium values of j* and j may differ from each other:

Ji=JdFiFs, .. F)
J=3FY Y, F),

An important example is the mass transport through an energy barrier E:

Jm=const- T"-exp(— E/RT)-exp(u/RT)

or in isothermal systems (denoting the entropic chemical potential (—u/T) by
F):

Jw=Jim(T)exp(—F/R) (24)
(See Figure 1).
Let us consider a small neighborhood of a given state (F) in which the
constitutive functions j(F) can be regarded as linear.
Then

Aji=2<aji> AF,=—J,. (25)
Q

T \CF,

njm

0 -
0 F/R

Fig. 1. A typical mass flux versus entropic chemical potential plot

4 Periodica Polytechnica Ch. 33/2
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Superscripts * and ” are by virtue of (23) omitted. (25) shows that the linear
phenomenological laws

Ji=zLik'Xk (26)
k
are now valid and the phenomenological coefficients can be interpreted as
di;
L, =2, 27
ik <6Fk )O ( )

In thermokinetics, Onsager’s reciprocity relations are reformulated as

CANED
(7#)-(F) o

Here we must stress that j’s mean here partial and not net fluxes (J). Similarly,
F’s are potentials and not forces (X)! j’s and F’s equalize but do not vanish in
equilibria, in contrast with J’s and X’s. (27) is one of the fundamental relations
of the Thermokinetics. From our example (24) follows:

L=—(¢j/oF)=j/R (29)

which shows the interesting feature that L is proportional to j.

3. The Entropy Dissipation
The symmetry relations (28) of Thermokinetics allow to introduce new

fundamental quantities called Entropy Dissipation Functions Ds, D, Di.
The function Dy is defined as

Ds(. F)=)_j;* F; (30)
Its differential is
dDg=) j;*dF;+) F;-dj; (31)

where both sums on the right side are exact differentials of two quantities D

and Di, respectively.
eDE ,
<€F—S'> =Ji (32)

<OD§> _F, (33)

j;
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and
é*DE
— 4
<6F15Fk> le (3 )
0% D}, )
" T = ‘—‘Li_l (35)
(afialk -
where L; ! denote the elements of the inverse matrix of L. Note that relations
ji(Fy, ..., F,) are, in general, nonlinear.
In the simple case of {24) {see Fig. 2)
j=j° exp(—F/R);, F=—R-In <Ji0> (36)
and
dj:——%-dF; dF=—R-dlnj (37)

the differentials of the Entropy Dissipation Functions are:

dDf= —R-dj (38)

dDi=—R-In (J%) -dj. (39)

dj dDL=-Rdj| j d?0l=d’0f=dj.dF
\_ ___________ AN
i
i
|
D¢ D \'{\ F
s s -
H
|
Lo
-R 0 F F

Fig. 2. Entropy Dissipation Functions and their differentials at a given value of F calculated from
rate equation
j=j’exp(—F/R)

4%
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Their integrals, assuming that D= D{=0if j=0, are the following (see Fig. 3):

Df=—R-j (40.a.)
Di=j-(R+F) (40.b.)
dDg=R-Inj%-dj—R-d(j Inj) 41
Ds=j-(¥°—R"inj) (42)
where
YO=R-Inj° (43)

v

Fig. 3. Entropy Dissipation Functions versus entropic chemical potential

which reminds us to the k’th “chemical potential-term” of the entropy:
xp (— /D= —x, (4 /T+R-Inx,)

where x, denotes the k’th mole fraction.
The second differentials are, by virtue of (9) and (10)

and
d?Dg=0. 45)
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We postulate—temporarily—that the second differentials in (44) are non-
positive

d*DE=d?Di<0 (46)
for example
ji ) Fis 0 (47)

(46) means that the canonical rate equations have the properties as follows: the
Ji partial fluxes are monotonic decreasing functions of the F,’s (see Fig. 2). For
example, the mass partial flux j increases if F= —pu/T decreases, ie. the
concentration increases.
Calculating with (24) and (36)
d2pf=d2pj= —R'Y

<0. (48)

4. Entropy Dissipation and Entropy Production

Up to this point we have dealt mainly with equilibrium systems. As usual,
in nonequilibrium open systems the rate of change of the entropy (S) can be
written as sum of an external (S,,,) and of an internal (S,,,) part [8-97]:

S= S'ext + Sim {open system) {49)

where S,,, is the entropy flux due to processes between the system and its
surroundings. Considering an isolated system S.,, vanishes and the entropy
change reduces to the internal one:

S=5,,=Ps>0  (closed system). (50)
This part of the change is called “Entropy Production™ (Pg), an important
thermodynamic quantity being always positive in non-equilibrium systems
and equal to zero only in equilibria. Regarding the most simple non-

equilibrium system consisting of two subsystems System(’) and System(”),
separated with a permeable wall and denoting the i’th extensity by E,

S()=Y Ei-Fi=—=YJ;"F;
S()=YE{-Fi'= YJ;F/ (51)

We have taken the fluxes J, positive in the direction System(’)— System(").
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The Entropy Production is the sum of the internal entropy gains

Ps=S()+5(") )=3 i (F/ = F)=YJ; X, (52)
System(') |  System(")
—F'J J F"J

8() ——=== S()

Taking into account that the net fluxes can be regarded as differences (see eqn.
22),the Entropy Production can be written as a sum of four contributions of the
overall entropy change each of them being an Entropy Dissipation.

Sim=Ps= Zo —ji) ZAJ, AF;.

The physical meanings of these dissipation terms are the rate of change of the
entropy:

F/l / (53)

YJiFi=Ds(/,F)=—=S8;;  (inSystem’ duetoj’)

i Fi'=Ds(j,F")=S,,  (inSystem” dueto}’)

Z]ﬁ"F{:Ds(j”,F’)=S'21 (in System’ due to ")

Z]” F!'=Dg(j",F")= —S,, (inSystem” due to;")
System’ ‘ System”
DY A2
ZJ// F/ (l__ _Z]H F//

The two terms in (52) can be interpreted as

Z_FE'JFZF{'UE-JE'):

== de}—Du F')—D4(j . F")= — 43D}

Y J =0 F (=)=

i . . .
e j’ dD'] :Dé(j/,F,,)—DéU,,,F,,)Z
b

Ps=A'Dj—

A} Dj= — Ap(4;D%).

~ 44

(54)
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The four contributions can be arranged in another way. In the extreme case if j;’

can be neglected beside j; (e.g. “initial” rate of a chemical process), the “forward
initial” entropy production is given as

Zjﬁ'Xf=Zj§'(F£’—F{)=
= 4D =DE(.") = DE(,")= 47 DF
The “backward initial” entropy production is in a similar way
ZJ}‘"XZ-=ZJ'E"(F{’—F{)=
— JdDE=DE(", ')~ DE(",") = 44 D%,

The overall entropy production is equal to the difference of the differences
above:

Pg= Ay DE— 43D = — 4,(4,DE). (55)
In the near-equilibrium limiting case,
F'=F
F'=F+dF
j=i
J=i+d

the relations between the Entropy Production and the Entropy Dissipation
Functions are

PS:_Zdjl_.d[:iz_dngz—-dZD§20 (56)

which means that inequality (46) is consistent with the positivity of the Entropy
Production.

The situations are visualized on Fig. 4. From the non-linear character of
the canonical rate equations j(F,,...,F,) one may draw and important
conclusion. As in Fig. 4 it is demonstrated, in strongly non-linear cases the net
rates (J;= —4j;) are not unambiguous functions of the forces (X;,=4F)).
Consequently, in such cases the concept “force” may be used only cautiously or
is to be abandoned. Thus we recommend to calculate with F and j terms of
Thermokinetics instead of X'’s and J’s.

Matrix G may be regarded as second differential of the entropy and
matrices —L and — L™"' as second differentials of the Entropy Dissipation
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J(F)

-~ -R 0 v F
FF X F*

Fig. 4. Entropy production of a nonlinear system being far from equilibrium. A j—F plot

Functions D% and DI, respectively. Such as the existence of the entropy is
consistent with Maxwell’s symmetry relations, the existence of the Entropy
Dissipation Functions are consistent with the symmetry relations of the
Thermokinetics. Because of the lack of symmetry of matrix D no third kind of
dissipation function can be found. (See the next page for matrix D.)

Both matrices are negative definite, consequently, the two analogous
second differentials have to be nonpositive ones:

d>S=Y dF;dE,<0

dZDJ'—-—dlDFzszldF,SO

If differential operator “d” means differentiation with respect to time (d/d¢) the
inequalities above take the form

dzstngi'EiSO
dle EzlelSO

vanishing in steady states.
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5. Entropy Dissipation in the Unified System
of thermodynamical quantities

The Unified System which involves the fundamental quantities of the
three thermodynamic disciplines—thermostatics, thermokinetics and non-
equilibrium thermodynamics—can be set up on three set of quantities:

the extensities (or densities) (E;),
the potentials (F;) and

the “traffics” (partial fluxes) (j,).

Three set of constitutive relationships exist between them:

FE,; (state eqns of thermostatics)
JjieF; (“canonical” rate eqns)
jiE; (non-canonical rate eqns)

(See Figs 5 and 6, upper part).
The differentials of these quantities (Figure 5, lower part) form three sets

Entropy Entropy-dissipation

LE;F, £Fi;

E;

’/ Non-linear \/ Non-linear
state egns rate eqns
d d d{ Equil.
Symmetry Symmetry
4 Gik = Gy Lig = Ly :
dEi\ i i /d‘é i i ‘/d‘;

LdE;dF;

LdFidj;

<0 <0
(Second differentials)

Fig. 5. Unified system of thermodynamic quantities and their differentials
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Entropy Entropy-dissipation

Partial
fluxes

A A Al Non-equil,

Net fluxes

<0 (-Pg)

(Entropy - production)

Fig. 6. Unified system of thermodynamic quantities and their differences

of perfect ditterentials:
dF,= ;Gi,;dEk Gu= Gy (Maxwell)
dj,= —EL“‘ -dF, — L= — L;; (Onsager—Olah)
dj;= D Dy dE,

where k D=-L"G.

In non-equilibria, instead of differentials, differences can be introduced
between properties of two phases (see Fig. 6, lower part).
These differences mean

AE;: deviations from equilibria,
X;=A4F;: *forces”
—J;=4j;: “net” fluxes

A*S=) AF;- AE;<0

AZDSEzAj"AFlSO-
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Close to equilibria (Onsager’s linear theory) 4—d and the relationships to

the differences are the same as the appropriate relationships to the differentials.

Far from equilibria both forces and net fluxes may be defined though no

unique relationship exists between them. In this case the Entropy Production
cannot be expressed as a function of the forces alone (or of the net fluxes alone),
but only with potentials and partial fluxes in the sense of (53), using quantities
of Thermokinetics instead of ones of the classical non-equilibrium
thermodynamics.

o 38}

~3 O~

References

. GYARMAT]I, 1., Non-Equilibrium Thermodynamics, Engineering Science Library, p. 8§8-92

Springer, Berlin-Heidelberg-New York, 1970

. Korn, G. A. and Korn, T. M., Mathematical Handbook for Scientists and Engineers, 2nd

edition Chapter 4.5.3., Mc.Graw-Hill Book Company

. GyarMATl, [, cited above, p 119
. CaLLeN, H. B, Thermodynamics, John Wiley & Sons, Inc.,, New York-London-Sidney, 1960
. OLAH, K., BME. Phys. Chem. Jubilee Edition. Budapest, 1976. Termosztatika, Termodina-

mika és Termokinetika

. OLAH, K., Thermokinetics. An Introduction, Acta Periodica, 3/, (1987) 19.
. OLAH, K., Thermostatics, Thermodynamics and Thermokinetics. Acta Chimica Hungarica,

125, 117. (1988)

. PRIGOGINE, ., Introduction to Thermodynamics of Irreversible Processes John Wiley & Sons,

New York, 1961

. Nicouss, G., PRIGOGINE, 1., Self-Organization in Nonequilibrium Systems. Chapter 3. John

Wiley and Sons, Inc. New York-London-Sidney, (1977)

Dr. Karoly OLAH
Dr. Henrik FARKAS H-1521, Budapest
Janos BoDIss



