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A previous paper [6] presented a linear thermodynamic theory, of
deformation and flow. The Onsager theory of non-equilibrium processes was
shown to suit describing processes recorded as typical non-linear ones in me-
chanics. The method worked out there is rather abstract, and igneres the
microstructure of the bodies studied. Essentials of the method will be illustrated
on an example of some practical importance where the internal variable have
an evident meaning. This problem is the flow of globular colloids. For the
sake of simplicity, the body is supposed to be fluid, and to have two phases.
The continuous phase is a Newtonian fluid, while the dispersed one consists
of elastic spheres of uniform size. Because of their practical importance,
only isochoric (i.e. steady-volume) motions will be concerned with. The con-
dition of homodispersity facilitates the calculations nevertheless the final
statements can be generalized for any dispersity.

The equilibrium states of the medium outlined above are characterized
by the specific internal energy. If the medium is out of equilibrium the defor-
mation of the particles has to be taken into consideration. During motion the
spheres are deformed while a part of the internal energy is stored as restoring
energy. As soon as the body isreturned to equilibrium state the particles recov-
er their original shape and the elastic energy stored in them is dissipated.

In accordance with what was said above, the specific internal energy
and the deformation tensor of the particles are needed as state variables for
describing any momentary state. All the other properties are given as functions
of these, among others, the specific entropy:

s = s(u, €) (1)

According to the presumption upon the structure of the body, the entropy
depends on the undissipated part of the internal energy alone, and the form
of the function is the same both in and out of equilibrium:

s———s{u-—?—)g-e:e] (2
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Here s stands for the specific entropy, u for the specific internal energy
o is the density, ¢ means the volume fraction of the dispersed phase, while u
is the shear modulus of the spheres. The strain temsor e of the particles, is
symmetric and has zero trace. Moreover €, equals zero in any equilibrium
state, i.e. in any case where the particles are real spheres.

For the sake of thermodynamic treatment, let us determine the actual
form of the entropy production. Substituting the material time derivative
of function (2) into the general form of the entropy balance equation:

. J o {. Z2ou ) 1., = = 1
=p§ +divile =g — T—¢:e| +=divJ, + d— 3
o5 == p§ +div 7T (u . €€ T ivJ, g gra 7 (3)
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Here o, is the entropy production density, T is the temperature, jq is the
heat flux density.
Making use of the balance of internal energy:

Ql;v—]‘-divjq:t:(’l (4)

where t is the deviatoric part of the Cauchy stress tensor and d is the symmetric
part of the velocity gradient tensor, the entropy production gets

Gsz.}_t:&_g%e:é_jqw
T T2

()

A still more expedient from of the entropy production can be obtained by
multiplying (5) by the temperature T

grad T

To,—t:d — 2pue:e —J, (6)

At a first glance the constitutive equations seem to result from here,
making use of Onsager’s law. It would be so, if any of the time derivatives ir
Eq. (6) ment the velocity of some material process. This is so in the case of
d and jq but not for . Namely, € can be non-zero even if nothing happens
to the body but the frame of reference rotates.

The disturbances will be eliminated by some kinematical considerations.
Denote by Ra position which identifies a given material point of the body. Let
T represent a position fixed in space, then for the place of any particular material
point R of the body

r=7®R 1) (1)

The deformation gradient is defined as a linear transformation operator X
mapping the material point from r onto R:

dr = XdR (8)
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According to the polar decomposition theorem of linear algebra, the tensor
X can be uniquely decomposed into the product of two tensors, namely

X=0Q-D 9)

where Q is an orthogonal tensor, and D is a positive definite tensor, i.e. D
is symmetric D = D* and has positive eigenvalues. Introduce a local frame
marked by *, that the relationships

dr* =Q7dr and X*=Q'X=Q7QD =D (10)

hold in. This local frame of reference corotates with the neighbourhood of the
material point in consideration. The strain tensor of the colloid particles with
respect to this new frame is given by

¢* = Q7eQ (11)

The changes of €* join real deformations, and the time derivative of e* deseri-
bes a real material process:

& = Q7(c + Q0" — QQ79)Q (12)
The quantity in parentheses — let it be denoted by € —
€ =€ + ew — we (13)
has quite a clear physical meaning [8]. Here the notation
w='QQ" (14)
has been introduced for the spin tensor w, which is antisymmetric:
w=—w’ (15)
in accordance with the identities
QQ" =0 and QQ"=-QQ". (16)

The spin tensor w equals the antisymmetric part of the velocity gradient if
the present configuration is used as a reference one. In this case, the time
derivative of Eq. (8) is

&5 = Xdr = (Q + D) dr (17)

which proves the statement above.
Making use of (13), we get

grad T

Tas=t:d—2gv,ue:€—jq T

(18)
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This is the form of the entropy source strength that canbe applied for getting the
constitutive equations [1, 2, 3]. Onsager’s linear laws result in the following
equations:

°

d = Lt — 2puL,,¢ (19)
€ = Lot — 2puLiy0e (20)
= d7T

Jo= —Lg garT (21)

The last one is Fourier’s law, which becomes obvious by introducing
the notation

2= %z (22)

As the body is isotropic,the equation concerning heat conduction is independ-
ent of the others. Hence we confine ourselves to isothermal motions and
omit the heat conduction. The Eqs (19) and (20) give a good account of the
colloid particles influencing macroscopic motions.

Two special applications will be treated of next. The first of them concerns
small amplitude oscillations.

Let the velocity of the medium be

37, 1) = 5o(7)e” (23)

where p is the complex frequency. The tensor ¢ and the velocity are supposed
to be small, hence the higher powers in (13) can be neglected.

€ ~ € = pe (24)

Making use of (24) and eliminating e from Egs (19) and (20) results in the
relationships between the speed of deformation and the stress tensor:

. 2
§—[r,— —2orlie |, (25)
p + 2puL,,
Hence, the complex viscosity is:
2puLi,
7 b — _ 2puli, (26)
27 p + 2ppLy,
The body displays a viscoelastic behaviour and the mechanical model custo-
mary in rheology contains a spring and two dashpots. The two equivalent
versions are seen in Figs 1 and 2. The values of the phenomenological coeffi-
cients are determined by comparing the complex viscosity given above with
the formula derived by Oldroyd for the same model of globular colloids [7].
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The Oldroyd formula is explicit for the shear modulus:
243 +3(1 —
sy 230 ' ( . ®) o 27)
2(1 = @)u + (3 + 29)po

where u*, u and p, are the shear moduli referring to the colloid, the dispersed
material and the continuous phase, respectively. Introducing complex vis-
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cosity, (27) turns to

2 4+ 3p)u + 3(1 —
W:ﬁoi Pl (' ) 7oP (28)
2(1 — @)u + (3 +2¢)mop

Hence, phenomenological coefficients are:

34+2
Ly=—1t%
6(1 —@)mo
Ly,= _2+3p (29)
6p (L — )7,
Ly, = >
6(1 — g)n,

Remind that the sign of L;, was determined from Eq. (20).

Next, let us consider viscometric functions. According to the general
theory of viscometric flows [4, 5], steady laminar shear flows will be dealt with.
The velocity v be of the form

ve=2ny, v,=0, v,=0 (30)

It is simple to calculate the components of the velocity gradient tensor.

0 =2 0
[Grad v] = [O 0 O] (31)
0 0 o0

For the tensors d and w we find

. . 0 1 0 y" 0 1 0
[d]=~25-[1 0 0} and [w] 2‘2‘{ -1 90 01 (32)
0 0 0 0 0 0

Now let us link the specification of the flow field to the constitutive equations.
Keeping the stationarity in mind, we get

dij = Lyjtij — 2puLy,e;; (33)
gixyj — Wier; = Lyoti; — 2puLgse;; (34)

First of all the value of g5; will be determined by using (32), (33) and (34),
Jeading to the system of equations

0 = Lytgs — 2pulygeq,
0 = Listyy — 20ulypeqs (35)
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hence 43 = 3, = 0. The equations for £;, and ¢,, are similar:

0 = Lyty3 — 2puLyses
%
£1j0jg — W1jEjz = — 5 S = Loyitis — 2puly0e;

“~

0 = Lytoy — 20ulyse0, (36)

®
Egjlljz — WyjEjy = 5 13 = Lystoy — 2pulose0y

This system of linear equations is also homogeneous with non-zero determi-
nant, thus g3 = gy = 15 = to3 = 0.

Now, Egs (33) and (34) will be put down in matrix notation.

#x[01 —0, T — &4y €
— =1L Y —20ul 22 "1 37
2[1 0] 11{ . o‘y} P 12[ ] (37)

&12 fap
_‘4_[—-822 812][ 01]_3 Ol][-—agg 812}__
2 813 €99 J1—1 0 21—-10 815 €32
_—_i’:[-em *822] :Lm[“% 4 ]—-zpyL%[S“ 812} (38)
2] —egy &9 T Oy €12 Eo2

The third rows and columns containing only zeros have been omitted.
The matrices in (37) and (38) are defined uniquely by their second columns,
hence the equations can be reformulated:

i[l ]: Ly [ i } —Q‘P”'le[em] (39)
210 oy, Ea9

[ 812—; = %[ —622] = L12[ i :l —2quL,, [812} (40)
€29 1 E12 oy €99

Note the similarity to the complex numbers. Taking the first and second
components of the matrices as the real and imaginary parts of complex num-
bers, respectively, the matrix equations are reduced the complex form

% =Lyt — 2puLye (41)

ine = Lot — 2puL 458 (42)
Eliminating the complex number & and introducing the notation p = ix:

2
—(p, — —erli |,

*
— (43)
2 ! p + 2puLy,
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The formal analogy to (25) is complete, the complex viscosity being:

2
l-__ =L, — 2|§DML12 (44)
21 P + 2guLoy,
The complex stress is given by
t= 1 (45)

where the complex viscosity is the same function of the variable p as in the
case of small-amplitude oscillations, the physical meaning of the complex
variable p is, however, different. The real part of the complex stress means the
shear stress

7= Renx (46)
the imaginary part means normal stress difference
oy = —0x = Imy .2 47)

The general relationships may be used to calculate the actual form of the
viscometric functions. The complex viscosity is available by using (28)

2 +3 4+ 31 — i
1 =1, ( T (P)nu ‘ ( : 990)770 : (48)
2(1 —@)u + (3 + 29)noxi
For the sake of shortness, introduece the notations
2(1 — 2 -3 3(1 —
zoz“‘”(“r‘ﬂi; My = 1o ot 3 77f=no-————~( ) (49)
(3 + 29)mo 2(1—¢q) 3+ 2p
where 7, and 7; mean the limit viscosities for slow and fast motions, re-
spectively.
Lo H
Ns T ;—
% .
n=—-"o (50)
1 +i=
%o

Hence, the viscometric functions are

T =[?7f+—is~——gz—2—] P (51)
1+ -*-]

Oy = =0y = —#o(ns — M) =5 (52)
o
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These viscometric functions given by the linear Onsager theory describe the
non-Newtonian features of colloid systems. Their non-linearity is not due to
the non-linearity of constitutive equations but to rotations appearing during
motions.

Finally,we mention that all the considerations above can be extended
over emulsions. In that case, the effect of interface tension is taken into account
by considering the stored energy and defining an apparent modulus of elas-
ticity. Formulae become simple if the viscosity of the dispersed material is
negligible e.g. in the case of foams.

In this case the apparent shear modulus is:

p=a (53)
5r
where y is the interface tension and r the radius of the drops or bubbles. Its
value depends on the size of the colloid particles, hence the heterodispersity
causes some difficulty, to be overcome by defining several internal degrees
of freedom.

Summary

On the ground of Onsagerian thermodynamics, the non-Newtonian behaviour of globular
colloids is dealt with. The viscometric functions are established. In the case of emulsions, the
effect of interface tension is taken into account.
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