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Introduction

Predietion of Newtonian turbulent flow properties in the developing region
of a pipe has heen dealt with by many authors [1], [6]. While such predictions
for conditions of drag reduction seem not to be available, extensive studies
have been published on the fully developed flow properties [2], [4]. In a trial
to predict the effect of drag reduction conditions on the developing flow prop-
erties, a model for maximum drag reduction is adopted in the following
analysis. The mathematical treatment followed in [1] is also adopted with the
previous model of maximum drag reduction [2].

Analysis

The momentum integral method for predicting the developing region of a
circular pipe is the following:

Consider the model of boundary layer development shown in Fig. 1.
Take a force balance in the longitudinal direction across an element of length
dx of the boundary layer of thickness 9.

Thus:
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Fig. 1, Descriptive sketch of analysis symbols
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with dP = —oUgxdU; in the core, substltutmﬁ and rearran«nng gives: !
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In dimensionless form, using the notations p. 91, integrating from 0 to x:
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Where the limits “a” and *“b”” represent the variables of the second integral at
both the entrance and X.

To evaluate the integrals in Eq. (3); D+ is required to be known in terms of
0+ and ut in terms of r+.

D+ — §+ relation:

Continuity requires the average velocity Uy, to remain the same along the
pipe; thus:
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or, in dimensionless form:
8 [ Us
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Velocity profile model ( Fig. 2).

The model of dimensionless velocity profile suggested by Virk [2] for fully
developed turbulent flow at maximum drag reduction is adopted here. This
model assumes a viscous sublayer and an elastic layer completely filling the
pipe. Thus this model is represented by the line OA3 in Fig. 2b. However,
concerning the velocity profiles in the developing zone, the following asump-
tions are stated:

I At the entrance the velocity dlstnbutlon is uniform.

II The contributions by the viscous sublayer to the integrals in Eqs (3) and

(4) are negligible compared to those by the elastic layer.
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IIT The turbulent elastic layer begins to develop at the entrance with zero
thickness until full development with thickness of half the pipe diameter.
Thus, at any section there is an elastic layer of thickness § and a core
of uniform velocity Ug (section 2 in Fig 2a and line OA2 in Fig 2b).
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Fig. 2, Suggested velocity profiles

IV The dimensionless velocity profile in the developing layer ¢, normalized
by its local shear velocity, is similar to that prevailing in the fully developed
flow (line OA in Fig. 2b).

Accordingly, the velocity profile at any section will be:

For maximum drag reduction:

ut = 11.7lay+ — 17 0<y+<o+ (5.a)
ut = U =11.7Indé+ — 17 o<y+<R+ | .

For Newtonian fluids, the well-known logarithmic velocity profile:

5.5 0Ly <o~ (5. b)
ut = 25Iné+ 4 5.5 ot<y+<IR+ |.

Friction factor correlation:
Since the Reynolds number is:

UyD .
Re:——‘”vi—z Ui D+. (6)

Defining the local friction factor C, as:

C; = 7,/0,5 U3y
Using Eq. (6) yields:

C2= D+%R2. (7
Procedure of calculation:
Substituting Eq. (6) on the L. H. S. of Eq. (4) yields:
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Fig. 4. Contd. (maximum drag reduction)

Thus the friction factor C, can be evaluated as a function of the distance
from entrance X/D. At a certain Reynolds number Re for a certain value of
6+, Eq. (8) gives the corresponding D+ value.

These values are used to evaluate the local frietion factor C;, Eq (7), and the
elements of the integrals in Eq. (3). Integrations were carried out numerically
and the results are shown in Fig. 3 for Newtonian flow and in Fig. 4 for maxi-
mum drag reduction.

Prediction of the dimensionless static pressure distribution in the entrance region:

In the core, the momentum balance gives:
dP = —oUgdUg;
which upon integration, in dimensionless form gives:
=| Pg—P [(UsDt)?
AP}_O,SQUid—( R, — 1. 9
X/D XID
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The calculation results are shown in Figs 8, 9 and 10.

Prediction of the enirance length Xe/D:

Assuming fully developed velocity profile, where D+ is twice 0%, Eq. (8) is
used to determine this value of 6+. Then. the corresponding Xe/D is obtained.
The results are shown in Fig. 6.

Prediction of the incremental entrance pressure drop factor K:

Using the definition, in [3],

K = AP,j0,500%,
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Thus, at any point in the fully developed flow region, X/D>>Xe/D the relation-
ship .
AP gD = 4C;; X/D + K, X/D>X,D (10)
X
holds.
At X/D = Xe/D, both Eqs (9) and (10) hold, and then K is calculated from:

K= Xe

U D7 J 1. (11)

R,

XD

¢

The calculation results are shown in Fig. 7.

Approximate representation of the static pressure disiribution along the pipe:

Using the previous predictions of both K and Xe/D with the fully deve-
loped coefficient of friction Cf, ;4, the dimensionless static pressure distribution
along the pipe can be determined. Thus, the straight line represented by Eq.
(10) determines the pressure distribution in the fully developed region X/D >
> Xe/D. The pressure distribution in the entrance zone is then the curve pas-
sing through the origin and having the previous straight line as a tangent at

X/D = Xe/D (Figs 8, 9 and 10).
Discussion
Predictions of the local coefficient of friction and static pressure distribu-

tions aleng the pipe, the entrance length and the incremental entrance pressure
drop for turbulent flow with maximum drag reduction are presented. Similar
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predictions for the Newtonian case are presented and comparison is made. The
caleulation results for different Reynolds numbers are shown in Figs 3 to 10.
The figures show that:

1:

11:

I11:

Local coefficient of friction C;

For both Newtonian and maximum drag reduction flow conditions, "
the local coefficient of friction distribution along the pipe has the same

trend (Figs 3 and 4).

As the Reynolds number increases, the local coefficient of friction de-

creases (Figs 3 and 4).

For the same Reynolds number, at any section X/D, the local coefficient

of friction is less in case of maximum drag reduction than of Newtonian

flow (Fig. 5.).

The dimensionless static pressure distribution AP: For both Newtonian

and maximum drag reduction conditions, AP decreases with the increase

of the Reynolds number (Figs. 8, 9 and 10).

In case of drag reduction for the same Re, at any section X/D, AP is less

than that for Newtonian flow. (Figs. 8, 9 and 10).

The entrance length Xe/D (Fig 6).

For the same Reynolds number, Xe/D is higher under conditions of
maximum drag reduction than of Newtonian flow.

The figure also shows that as the Reynolds number increases Xe/D has

a steeper ascent in the case of max. drag reduction.

: The incremental entrance pressure drop factor K (Fig. 7).

For the same Reynolds number K appears from the figure to be higher
under conditions of maximum drag reduction.

The figure also shows that as Reynolds number increases K decreases
with a steeper slope in case of max. drag reduction.

Physical interpretation

Since under the conditions of drag reduction Ug/Uy, is higher than that

in the Newtonian case, this qualitatively requires a longer length X, to fully
develop. Also the incremental entrance pressure drop due to integrated excess
local shear stresses and flow acceleration in the entrance zone is qualitatively
higher in the case of drag reduction. This is because — although the excess
local shear stresses are less than Newtonian, — the limit of integration X, is
higher. Besides the flow acceleration is higher than Newtonian. Thus the quan-
titative predictions presented here have been physically supported.
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Conclusions

I. At a certain Reynolds number, the local coefficient of friction, and the
static pressure distribution along the pipe have the same trend for both
Newtonian and maximum drag reduction flows.

I1.

At a certain Reynolds number, at any section along the pipe, both the

local coefficient of friction and the pressure drop are less under condi-
tions of maximum drag reduction than those under Newtonian flow
conditions. Thus the drag reduction exists both at the entrance and the
fully developed flow regions.

III1.

In case of flow with maximum drag reduction for a certain Reynolds

number both the entrance length and the incremental entrance pressure
drop are higher than those for Newtonian flow.

Cy:
ot

K: .
P, 4P, AP:

r, R:

R,: -

u, u¥ = VT/Q

Ug, Ug, Upp:
L] e

y = R~—r

§:

v

R

Notations

friction factor defined in Eq. (7);

pipe diameter;

incremental entrance pressure drop factor defined in Eq. (10);
pressure, incremental pressure drop due to entrance effects, nondimensional
pressure drop, respectively;

radial distance, pipe radius;

Reynolds number defined in Eq. (6);

axial velocity, local shear velocity;

velocities at the entrance; outside the boundary layer, mean, resp.:
axial coordinate, entrance length:

distance from the pipe wall;

boundary layer thickness;

kinematic viscosity of Newtonian fluid or of solvent in case of drag reduction;
mass density:

shear stress;

Velocity superseript -+ implies: velocity/u®.

Length superscript -+ implies: length - u*/p

Subscripts:

evaluated at conditions of maximum drag reduction:

evaluated in the fully developed flow:

evaluated for Newtonian flow;

evaluated at pipe wall;

evaluated at entrance.

Summary

A theoretical analysis is given for the prediction of the mean flow propertiesin the devel-
oping region of a circular pipe for turbulent flow at maximum drag reduction. By comparison
with the Newtonian flow, the analysis points to a drag reduction in both the entrance and the
fully developed flow regions. On the other hand. the effect of drag reduction conditions is to
increase the entrance length and the incremental entrance pressure drop.
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