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I - The one-dimensional model with p1l1g flow 

The equations describing non-isothermal, non-adiabatic steady state 
operation are well known for a single reaction A -+ B they may be written: 
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The integration of this system of ordinary differential equations is 
generally non feasible by analytical methods. Numerical integration on digital 
computers presents no special difficulty. Besides, the analog computer is 
eminently suited for integration of such systems. 

One particularly important aspect of the design of such reactors, especi
ally encountered with exothermic reactions, is the so-called "stability" or 
bctter "parametric sensitivity". Indeed, with exothermic reactions the tubular 
reactor generally presents a "hot spot", a temperature peak. The problem is 
to choose the steady state inlet values of the parameters in such a way that the 
hot spot does not become excessive, even when these inlet values are subject 
to perturbations. 

This sensitivity problem was first tackled by BlLOUS & Al\IUNDSON [1] 
in an analytical way. They considered the transient continuity and energy 
equations for the reactor, linearized them around the steady state values in 
each point and studied the effect of a sinusoidal input perturbation. Predictions 
on the sensitivity are possible, provided one steady state profile has been cal
culated. This annihilates much of the benefit of the approach: once the com
puter program has been written in order to calculate one steady state profile 

* Lecture held at the Department of Chemical Technology, Technical University of 
Budapest, October 3, 1969. 

5* 



220 G. F. FRO.MEl\"T 

it is much easier to investigate the sensitivity by running the program a num
ber of times for a set of values of the inlet parameters. 

This is what BARKELEW has done for the single reaction A -+ B, with 
the aim of establishing a criterion for the parametric sensitivity [2]. The results 
are shown 11l Fig. 1. 
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Fig, 1. Barkelew-diagram 

lV/S is the ratio of the rate of heat transfer per unit volume at -r: = 1, 
E 

where -r: = RT~ (T T s) to the rate uf heat generation per unit volume at 

-r: 0 and zero conversion i.e. at the entrance. <maxiS is the l'atio of the dimen
sionless maximum temperature to the adiabatic temperature rise above the 
coolant temperature. A set of curves is obtained, with S as parameter. It is 
seen ho·w the curves have an envelope which occurs very near to the knee of 
any individual curve. Ahoye the tangent to the envelope <max changes rapidly 
with iVI S, helow not. 

The criterion BARKELE,y deriyed empirically says the reactor is stable 
with respect to small fluctuations if its maximum temperature is below the 
value at the tangent to the envelope. 

Reccntly YAC\" WELSE:,\AERE &: FRo:\lE:,\T [3] tackled the problem in a 
different way. Fl'om an inspection of the tempel'ature and partial pressure 
profiles in a fixed hed reactor they concluded extreme parametric sensith-ity 
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and runa,\-ay have to be feared when the hot spot exceeds a certain value and 
when the temperature profile develops inflexion points before the maximum. 
They transposed the peak temperature and the inflexion points into the 
P -- T plane. The loci of the maximum temperatures, called the "maxima
curve" and the loci of the inflexion points before the hot spot are sho'wn in 

Fig. 2 as pm and (Pi)l' respectively. (Pi)2 represents the locus of the inflexion 
point beyond the hot spot which is of no further interest in this analysis. 
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Fig. 2. P - T phase plane, showing trajectories, maxima-curve, loci of inflexion points and 
"simplified" curvc Ps 

Two criteria were derived from this. The first states that runaway will 
occur when a traj ectory the P T relation in the reactor -- intersects 
the maxima curve beyond its maximum. The second criterion states runaway 
",-ill occur when a trajectory intersects the locus of inflexion points before the 
maximum. A more convenient version of this criterion is hased OIl an approxi
mation for this locus, represented hy Ps in Fig. 2. Representation of the tra
jectories in the P -- T plane requires numerical integration but the critical 
points inyolved in the criteria are easily located. Two simple extrapolations 
from these points to the reactor inlet lead to upper and lower limits for inlet 
partial pressures and temperatures above which runaway will certainly occur 
and under which safe operation is guaranteed. Fig. 3 shows some results for 
a specific reaction. They are compared with those obtained from Barkelew's 
.. h' I . l' 1 h h 0 0 d 0 0 cntenon, w IC 1 IS more comp Icatec to use, t oug ,pz, 1; Pm 1 an pz, 2; pu, 2 

are upper and lower limits based upon the first and second criterion, resp.; 

P~m 1 and p~, 2 are their mean values; P~r, 1 and P~n 2 are values obtained by 
numerical back integration from the critical points defined by the 1st and :2nd 
criterion onwards and in which the extrapolation is not involved. 
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The reaction considered here has pseudo first order kinetics and a heat 
effect suggested hy gas-phase hydrocarbon oxidation. For a specific set of 
conditions the first criterion limits the hot spot to 31.6 "C, with Ph 1 = 1.35 
mole % and PU'l = 1.97 mole %, the second criterion limits T to 29.6 QC 
while pi, ~ = 1.42 and pu, 2 = 1.95 mole %. By numerical integration of the 
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Fig. 3. Upper and lower limits, mean and exact critical value for the inlet partial pressure. 
Values derived from Barkelew's criterion are marked ® 

system of differential equations "what could he called "complete" runa"way is 

ohtained with Po = 1.83 mole %. 
The ahove criteria are therefore believed to he of great help in first 

stages of design since they permit a rapid and accurate selection of operating 
conditions, prior to any work on the computer. They are, however, limited to 
single reactions. Nothing like this is available for a complex reaction system, 
with its large number of parameters. Complex cases will probably always be 
handled individually. 

In the preceeding the parametric sensith-ity was investigated by consid
ering the steady state only. LIU & A;\IUNDSON focused their attention more 
upon the stability, sensu stricto [32]. They were more concerned with the 
question if the profiles in an adiabatic reactor return to the original steady 
state or not after removal of a perturbation. Therefore they integrated the 
transient equations describing the state of both the fluid and solid numerically 
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along the characteristics. The stability was shown to depend upon the state 
of the indiyidual particles. Indeed, for a certain range of the variables more 
than one steady state is possible. With each particle having only one steady 
state unique temperature and conversion profiles are obtained. These profiles 
are stable: after remoyal of a perturbation the system returns to its original 
state. With particles having multiple steady states the concentration and tem
perature profiles are non-unique, and dependent upon the initial state of the 
bed. Large perturbations, after removal, may leaye the reactor in an entirely 
different state. LIU, ARIS & A:VIUNDsoN also considered the non-adiabatic 

reactor [32]. 
It has been proposed to refine the one-dimensional model by adding 

a term taking mixing in axial direction into account. This leads to a second 
order differential equation. The most complete investigation of this model was 
cal'l'ied out by CARBERRY & W-ENDEL for the reaction A ~ B -~ C [31]. 
Inter- and intraparticle heat and mass transfer was also considered. The effect 
of axial mixing was found to be negligible unless one is dealing with extremely 
shallow beds. The gradients within the particle are of great importance. 

There are several objections which may be formulated against the one

dimensional model. 
The first concerns the veloeity profile, which is not flat, as was shown 

e.g. by SCHWARTZ & S;mTH [4,5]. The second - and most serious - coneel'llS 
the radial temperature profile. Indeed, the temperature in a cross-seetion of 
the reactor can only be uniform when the resistance to radial heat transfer is 
zero. This condition is evidently not fulfilled, owing to the poor conductivity 
of catalyst supports, so that radial gradients are ineyitable in non isothermal, 
non-adiabatic catalytic reactors. Whenever it is to be feared that important 
oyertemperatures in the axis may haye detrimental effeets on the process 
selectiyity or catalyst activity there is a need for design models which permit 
the prediction of the detailed temperature and conyersion patterns in the 
reactor. Such design models are of t"wo-dimensional nature. Depending upon 
the underlying concept they can he classified in two hroad categories: 

1. Those based upon the effective transport concept, in which all trans
port, except that by the overall flow, is treated as a diffusion or conduc
tion like phenomenon. This is the approach used by BARON [34], S:mTH [35], 
BEEK [36], lHICKLEY & LETTs [37] and FRO:MENT [33]. 

2. Those based upon the mixing cell concept, in 'which all transport, 
except that hy the overall flow, is considered as resulting from a sequence of 
mixing eYents taking place in a two-dimensionalnet"work of cells with complete 
mixing. Whereas the first approach leads to a boundary value problem, the 
second leads to an initial value prohlem. The mixing cell model "was first 
applied to the two-dimensional easeby DEANS & LAPIDUS, who mainly described 
the computational aspects [38]. It was further used by J\ICGUIRE & LAPIDUS 
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who studied in detail the stability of the two-dimensional case, to which they 
extended SHEAN-LIN LIU &: Ai\IUNDSON's 'work [39]. They focused their atten
tion exclusively upon the rather special situation in which multiple steady 
states are possible for the particles. MCGUIRE &: LAPIDus distinguished 
between the gas and solid temperature and took gradients within the particles 
into account. As they had to deal with the transient equations the computa
tional effort almost became prohibitive. AGNEW &: POTTER extended the 
BARKELE'VI' criterion for so-called stability to the two-dimensional model, 
using the mixing cell concept [44]. In what follo'ws an effective transport 
model is set up and its application to a realistic case inYoh-ing yield problems 
is discussed. Particular attention is giYen to the problem of parametric sensi
tiYity. Simultaneously some insight will be gained into the reliability of the 
one-dimensional model described above. Before this can be done, howeyer, 
it may be useful to reyiew briefly some aspects of heat and mass transfer in 
packed heds. 

II - The two-dimensional model for heat and mass transfer in packed beds 

ILA. - :.l1ass transfer in packed beds 

The hydrodynamics of packed beds are so complex that it is practically 
impossible to describe them rigorously. Even if it 'were possible, the resulting 
equations would be so complex as to defy practical application. Faced with 
such a situation the chemical engineer uses mathematical models to simulate 
the real behayiour. The model generally used to day superposes upon the 
transfer by the oyerall flow an additional transfer, the formulation of 'which is 
hased upon the ohservation that the travel of a fluid element betv .. -eell two 
points in a packed bed is built up of a large number of random steps, due to 
the random orientation of the passages between the packing. 

The flux duc to such a process may be described by a formula completely 
analogous to Fick's 1st law of diffusion. In the case of a packed bed the pro
portionality constant in this law is called the effective diffusivity. It is a func
tion of hoth the flow conditions' and the properties of the fluid. As packed heds 
are not isotropic for this effective diffusion, two components, one in axial and 
one in radial direction, have been considered. 

When the fluxes due to effective diffusion are superposed upon the flux 
due to the overall flow the following continuity equation is obtained for a com
ponent flo'wing in the steady state through a cylindrical packed bed, in the 
absence of reaction 

( ') 8e _ 8 [D' ( ') 8e J' 1 8 [D' (") 8e J ur -, ---, L l' --, ~-, --, R 1 -, 
8z 8z 8z r 81' 8r 
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an equation which is generally further simplified into 

Sc 82 C I DR 
u-=DL --,--oz' 8Z'2 Tt 

8 (' 8c 1 
8r
,T a;;, 

where DR is nothing but the mean of D'R(r'), but where DL differs from the 
mean of DIL(r') because of the effect of the velocity profile [43]. The major 
part of the data available in the literature pertain to the class DR and DL , 

We 'will not discuss the methods for obtaining DR and DL from residence time 
distribution data, but we will briefly review the results which are of interest 
to the design of chemical reactors. 

II.A.l. - Radial effective diffusivity, DR 

The available data are brought together in a PemR vs Re-diagram 
shown as Fig. 4. 

Owing to wall effects, the importance of which grows with increasing 

dp/d l , it is found that PemR also depends on dp/dt. The data of DORRWEILER 
& FAHIEN [8] and FAHIEN & S;VUTH [6] obtained at several dp/dt are corre-

lated empirically by using as an ordinate PemR [ 1 -'-- 19,4 (~~)] , rather than 

PemR itself. 
It is to be noted that HIBY'S experiments, free of wall effects, lead to 

higher PemR [10]. 
In the laminar flo'w range the contribution of molecular diffusion is 

significant and PemR depends on the properties of the fluid, expressed by the 
Schmidt number. In the turbulent flow range, however, DR has been found 
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Fig. 4. Radial effective diffusivity data. 1. - FAHIEN & SMITH [6]. 2. - BER.'<ARD & WIL
BEL)! [7]. 3. - DORRWEILER & FAHIEN [8]. 4. PLAUTZ & JOHNSTONE [9]. 5. - HIBY [10] 
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to yary proportionally with the flow velocity so that PemR becomes independ
ent of Re. 

For practical applications we will note that PemR is lying between 8 
and 11. 

II.A.2. - Axial effective diffusivity 

The available data are shown in Fig. 5, again in a Pe vs Re-diagram. 
The data obtained by McHENRY & WILHEL2\I for gases indicate that 

PemL too is independent of Re in the higher flo'w range [11]. The data for 

10~---------r----------r----------'----------'----------'----------. 
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Fig. 5. Axial effectiye diffusiyity data. 1. - }Ic HEXRY & WILHEL)I [11]. 2. EBACH & 
WHITE [12]. 3a. - CARBERRY & BRETTON [13]. h. idem . .J,a. STRAXG & GEANKOPLIS [14]. 
h. idem. 5. CAIRXS & PRAUSNITZ [15]. 6. HIEY [10].7. HIEY - without wall effect [10] 

liquids slowly tend towards those for gases. HIBY has measured D L values in 
absence of wall effects with liquids [10]. The values are considerably higher 
and close to those for gases. This would indicate that the D L values strongly 
depend on the velocity profile and short-circuiting effects. 

For design purposes PemL may be considered to lie between 1 and 2. 

II.B. - Heat transfer in packed beds 

The transfer of heat in packed beds is eyen more complicated, because 
the solid phase participates in it and radiation also has to be taken into 
account. 

The transfer is split into 2 main categories: on one hand convection by 
plug flow, on the other hand all the other effects. In order to describe the latter 
without complicating the design equations prohibitively, the bed consisting 
of fluid and solid is considered as a homogeneous hody, through which heat is 
transferred by effective conduction. This effective conduction is superposed 
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upon the overall convection, supposed to be of the plug flow type. A heat 
balance on a differential element in the steady state and in the absence of 
reaction then takes a form completely analogous to that of the continuity 
equation: 

loR ---- - +loL---GC --= 0 . [02 t 1 ot] . 02 t 0/ 
or'2 r' or' OZ'2 p OZ' 

when the bed is considered to be anisotropic for "effective" conduction and 
;'R, hand G are independent of the radial position. Yet, upon measuring )'R 

experimentally it is observed that it decreases considerably in the vicinity 
of the wall, probably hecause of variations in packing density - it is as if 
a supplementary resistance is experienced near the ·wall. Two attitudes may 
he taken: either use a mean ;'R or consider i'R as being constant at the value 
n the central core and introduce a wall heat transfer coefficient XlV, defined by: 

Generally the second approach IS preferred. 

II.B.1. Radical effective thermal conductivity 

Fig. 6 sho'ws the most reliable data obtained until now for i.R • It is seen 
how ;'R varies linearly with Re. The line representing K WOl'iG & S:'\IITU'S data 
gives an idea of the influence of the conductivity of the solid itself, in this case 
steel [19]. 

Strictly speaking these results are restricted to tIll' conditions under 
which they were obtained. They do not provide any means for extrapolation 
to other conditions -- this requires a model for heat transfer in packed beds. 

The most elaborate model available to day is due to YAGI & KUNII [21] 
and KUNII & S:'\IITH [20], but it goes back to pioneering work hy SINGER & 
WILHEL:.\I [22]. The model considers the heat flux hy effective conduction as 
resulting from 2 contributions, one static, the other dynamic. The static contri
bution, measured in the ahsence of flo'w, considers heat transferred in the fluid 
and the solid hy conduction and radiation. 

The dynamic contrihution may he predicted on the basis of data on 
effective radial diffusivity. The straight line numhcred 5 in Fig. 6 is calculated 
on the basis of this theoretical model for the mean conditions of the reported 
experiments. The agreement is quite satisfactory. 
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Fig. 6. Effective thermal conductivity data. 1. - COBERLY & l\IARsHALL [16]. 2. CA:YIPBELL 
& HU;:-;TI;:-;GTO;:-; [17]. 3. CALDERBAKK & POGORSKY [18]. 4. - KWOXG & S}lITH [191. 

5. - KU;:-;II & S}lITH [20] 

II.B.2. - Wall heat transfer coefficient 

The available data are reviewed in Fig. 7 which shows considerable 
spread. 

x d 
Early correlations of the form ~ = mRe ll are only valid from a certain 

)'a 

Re upwards, as they "would predict a ze~o value for Xw at Re = 0, 'which is not 
correct. Therefore, Y AGI & K UNII proposed an equation of the type 

IXI~dp " P R --- -'-lP r e I.
g 

, 

where X~, may he calculated on the hasis of a model analogous to the one pro
posed for the static contrihution to I.R [26]. It should he pointed out here that 
xl!' is fundamentally different from the so-called ;'overall" heat transfer coeffici
ents measured hy COLBURN [30], LEVA [27], lVIAEDA [29] and VERSCHOOR & 
SCHUIT [28J e.g. which are hased on mean temperatures in the hed, as if there 
were no radial gradients, in other words, as if there "were no resistance to heat 
transfer in the central core. 
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We will not enter into details about }'L, the effective thermal conductivity 
III axial direction. In industrial reactors the flux due to axial effective con
duction may be neglected compared to that due to the overall flow [31]. 

60 

6 

100 200 400 600 1000 

Fig. 7. Wall heat transfer data. 1. COBERLY & MARSHALL [16]. 2. - HANRATTY (cylinders) 
[23]. 3 .. -HANRATTY (spheres) [23]. 4. YAGI & WAKAO [24].5. - YAGI, Ku,,"!I & WAKAO [25] 

III - Design of fixed bed catalytic reactors based 
on effective transport models 

So far a two-dimensional model for predicting temperature and concen
tration gradients in packed beds was established and the experimental data, 
required for its application, were reviewed. The treatment can easily be extend
ed to the fixed bed catalytic reactor hy completing the continuity and energy 
equations ·with terms accounting for the reaction. This leads to a system of 
non-linear second order partial differential equations, the integration of which 
is non feasible by analytical methods. 

There exists a graphical procedure for intcgration of the system with the 
true rate equation proposed by SCH;\IIDT and applied by R\'RO~ [33] but it is 
not sufficicntly precise and very tedious. Even for the digital computer the 
numerical integration of a system of non-linear, second-order, partial differ
ential equations is a serious problem, for reasons of mathematieal stability 
of the solution. BEEE: discussed this integration and carried it out for a reaction 
A -. B and a set of typieal values of the parameters [36]. JIICKLEY & LETTS 
[37] used an implicit difference formulation but with explicit {~valuation of 
nonliuear terms. They applied it to the reaction A --.. B -+ C and calculated 
the influcnce of radial gradients on thc yield. 

In Gent the implicit Crank-:\icolson procedure has been adopted [33]. 
The details of it have heen discusscd [41]. The program was tried out in 1961 
and has been applied since to several eases. 
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The case considered here is of a rather complex nature, namely 

A 
'>", k:; 
air "-

""C 

This reaction model is fairly representative of the gas phase air oxidation 
of o-xylene into phthalic anhydride on V20 5 catalysts. A represents o-xylene, 
B phthalic anhydride and C the final oxidation products CO and CO2, 

Air is used in very large excess: the o-xylene mole fraction is generally 
kept below 1 %, so as to stay under the explosion limit. One way of carrying 
out this very exothermic process is to use a multitubular reactor, consisting 
e.g. of 2500 tubes of 2.5 cm diameter, 2.5 to 3 m long, packed with catalyst 
and cooled hy a salt bath that transfers the heat of reaction to a steam gener
ator. O·wing to the very large excess of oxygen the rate equations may be 
considered in first approximation to be of the pseudo 1st order type; so that 
at atmospheric pressure: 

·with y = x + 10 

27,000 
In kl = - + 19,837 

1,98 (t To) 

31,400 
In kz = - ------

1,98 (t + To) 
20,86 

28,600 ------ + 18,97 
1,98 (t + To) 

V/hen use is made of the following dimensionless variables 

z' 
z==-

dp 

, 
r 

r=-· 
dp 

R 
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the steady state continuity and energy equations may be written in cylindrical 
coordinates 

ax (a2 x 1 ax) a -- - - +bIrB az 1 8r2 r ar 
aw ( a2 w 1 aw) (1) a -- - -- +b1re 8z 1 ar:! r ar 
at ( a2 

t 1 at) I b3 re a·o -- - - T b2 rB 
az - ar2 r ar 

Note that the term for axial effective transport was dropped in these 
equations. At the high flow- rates used in practice the contribution of this 
mechanism may indeed be neglected. 

The constants in these equations have the following meaning: 

DRo· 1 
aI 

__ ~_J = ___ 
Gidp PemR 

f'R 1 
a2.= 

GCpdp PehR 

The boundary conditions are as follows: 

~x = 0 
ar 

t = 0 

w=O 

aw 
-=0 
ar 

at 

xl 

€EdfJ1VI~ bI = 
G(N."Jo 

b2 

Qb dp (- .:1H1 ) 

GoCp 

b
3 

= Qb dp ( l1H3 ) 

GCp 

z=O 

z = 0 

r=O 

In the last boundary condition the resistance of the tube wall itself nllt! 
the outside wall resistance are neglected. 
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Bulk mean values are obtained by 

The following typical data were used in the calculations: 
(N A)o =0.00924 - 'which corresponds to 44 g/Nm3 ; (Nox)o = 0.208; 

L1Hl = -307 Kcaljgmole; a single value of LlH3 = -1.090 Kcal/gmole for 

6r---------------------------------------------------, 

300 

.2 20° 
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100 200 ]00 !roe z 
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Fig. 8. Radial mean conversions and temperature as a function of bed length 

the formation of CO and CO2 ; d! = 0.025 m; do = 0.003 m; Qb = 1300 kg/m3 ; 

Go = 4.684 kg/m2.llr. It follows that Re = 121. From KL:.'iII &. SMITH'S 
equation [20] }'R = 0.67 Kcalim.hr.oC, from YAGI &. WAKAO'S equation [24] 
XlV = 134 Kcaljm2.lu.oC, so that PehR = 5.25, whereas PemR = 10. In all 
cases the feed inlet temperature equalled that of the salt bath. 

Fig. 8 shows the 1'esult obtained for an inlet temperature of 357 cC. 
The bulk mean conversions and temperatures are plotted as a function of 
reaeto1' length. The conycrsion to phthalie anhydride tends to a maximum, 
which is not shown on the figlue and 'which is typical for consecutive reaction 
systems. 

Typical also for exothermie systems is the "hot spot", where t m equals 
about 30°C. Even for this case, "which is not particularly drastic, the radial 
temperature gradients are severe, as may be seen on Fig. 9. The temperature 
in the axis is 'well above the mean. So much for the inlet temperature of 
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357 cC, wh.ere a length of 3 m is insufficient to come to the maximum in phthalic 
anhydride concentration. What happens when the temperature is raised by 
only 3 QC to overcome this, is shown in Fig. 10. 

It is seen how thc tcmperature rise goes out of control a nice example 
of "parametric sensitivity" 

!=T-To 
TO = 357°C 

40 
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Fig. 9. Radial profiles of temperatures at several bed lengths 

It should he remarked here that the upper part of curve 1 may be con
siderably in error, hecause heat transfer between gas and solid may become 
rate-controlling. To take this phenomenon into account ·would require the 
addition of equations to the system (1) the effective transport concept does 
not distinguish hetween the gas and solid temperatures. There can he no 
douht, however, ahout the existence of critical conditions for a feed tempera
ture of 360°C. The "hot spot" experienced under these conditions, even less 
dramatic than shown in Fig. 9, may he detrimental for the catalyst. Even if 
it were not, important "hot spots" would he unacceptable for reasons of selec
tivity. Indeed, the kinetic equations are such that the side reactions are 
favored hy increasing the temperature. Just how detrimental the influence 
of the hot spot on the selectivity or yield is can he seen on Fig. 11, in which 
the yield is plotted as a function of total conversion for several inlet tempera
tures. A few percentages more in yield, due to judicious design and operation, 
are important in high tonnage productions. 

6 Periodic..l Polytechnica Ch. xv;:~. 
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The inlet temperature is not the only parameter determining the runaway 
temperature. The influence of the hydrocarbon inlet concentration is shown 
III Fig. 11 which summarizes Fig. 9 obtained with 44 gjNm3 and two more 

I = (T-ToJm 
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Fig, 10. Radial meau temperature as a function of bed length for several inlet temperatures 

.9 

Curve 1: To = 360°C 
2· 357 

3· 355 

.8 

o .5 Wy 

Fig. 11. Outlet selectivity as a fnnction of total conversion for several inlet temperatures 

diagrams like Fig. 9, but obtained with 38 and 32 g/Nm3 • Fig. 12 sho·ws how 
the runaway limit rises with decreasing hydrocarbon inlet concentration. Thc 
other curves given in the diagram show the inlet temperatures which lead to 
hot spots of 43 and 30 cC. 

It follo"ws from the calculations leading to Figs 7 and 9 that with 44 
g/Nm3 an inlet temperature of 357°C is insufficient to realize the desired 
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Fig. 12. Effect of inlet concentration on runaway limit 

con"version in the given length of 2.5 to 3 m, while an inlet temperature of 
360 QC causes runaway. Obviously, nobody would take the risk of running 
the reactor within such narrow temperature limits. If it is impossible to 
increase the bed length the calculations show that for the range of inlet con
centrations considered the hot spot has to exceed 30 QC. Fig. 11 reveals opera
tion within the region of extreme sensitivity is inevitable. No gain in safety 
margin is to be expected from a decrease in inlet concentration. :Moreover, 
such a measure would decrease the production capacity and influence un-
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Fig. 13. Effect of diluting the catalyst by means of inert packing material. Two-dimensional 
model 
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favorably the economics of the plant. With the given length there seems to be 
only one way out, that is to realize an entirely different type of temperature 
profile, showing no real hot spot, but leading altogether to a higher average 
temperature. An appropriate dilution of the catalyst with inert packing in the 
early sections of the bed would make this possible. 

This can be realized in practice by suitable dilution of the catalyst with 
inert material, as is illustrated in Fig. 13. The curves of this figure were cal
culated for an inlet concentration of 32 gjNm3 , 'which leads to runaway with 
an inlet and wall temperature of 374 QC. Replacing one third of the catalyst 
by inert material in the entrance zone allows operation under these conditions 
without risking runaway. 

IV - Comparison of the results based on the one- and two-dimensional models 

For the one-dimensional model with plug flow the system of equations (1) 
reduces to: 

dx 
-- = bITE 
dz 

dlt' 
- = bl Te 
dz 

dt 

dz 

The coefficient U is an "oyerall" heat transfer coefficient obtained under 
the assumption that the resistance to heat transfer is localized in a thin film 
near the 'wall [27, 29, 30]. 

If the predictions based on the one-dimensional model are to be compared 
with those based on the two-dimensional model it is necessary to use the same 
heat transfer data in both models. In other words it is necessary to build up 
U from }.R and XlV' 

This can be done in the following way [32,45]. 
The temperature in a packed bed heat exchanger in which there IS no 

reaction may be written, when the gradients are not accounted for: 

where if 

K 

T 

To - Ts 

4U 

GCpdt 
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but when the gradients are accounted for: 

co 

t'(r, z) = 2xR 2: 

1 
i.n are the positive roots of 

xR 

n=O 

e - ~i.;,= J
O 

(i.n i) 
(I,~ + x2 R2) Jo (I·n) 

Jo (i'n) 

i'nJ1 (I'n) 
and x 
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If t' is to match as close as possible t'rn, the parameter K has to be such that 
the exponential function t'(z) matches a sum of exponential functions. The 
value of K achieving this in the best possible way may be obtained from the 
condition that the moments of zero order of both equations be equaL This 
£leads to: 

rom which [32]: 

or finally 

1 4x2 R2 1 

K .,:E ,4('2...L 2R2) a- n=O "n /"n I X 

K = 2az . 4x 
R R+4 

1 1 R' 

U ~+ 4i'R 

Using the }'R and IX", correlations of KUNII & Sl\IITH [20] and YAGI & 
W AKAO [24] used in the two-dimensional calculations it becomes possible to 
calculate U. It is found to be 82.7 Kcal/m2.hr.oC. This value is used in the 
one-dimensional calculations shown in Fig. 14·, which is to be compared with 
Fig. 10. The two-dimensional model predicts a runaway of the reactor for an 
inlet temperature of 360 QC. 

The one-dimensional model predicts a temperature rise of only 40 QC 
at an inlet temperature of 362°, a rise of 48° at an inlet temperature of 363°. 
The runaway temperature is now found to be 365 DC. The discrepancy between 
the predictions of the one- and two-dimensional models grows as the hot spot 
increases in magnitude. Some conclusions seem justified at this point. 
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By its very essence the one-dimensional model cannot provide any 
information about the detailed temperature and conversion pattern in the 
reactor. It was shown that, except for "mild" conditions, it may also fail to 
predict the mean temperatures and that the predicted values are always low 
for exothermic reactions. 

Yet, for practical purposes, the prediction of the runaway limit within 
a five degrees agreement with the two-dimensional model has to be considered 

60r-----------------T7~~----------------------------------, 

(T- !a}m 

50 
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362 

40 

30 358.5 
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~~----------~----------~------------~----------~ 
100 200 300 400 z 

o .25 .50 75 1.2 z'(m! 

Fig. 14. One-dimensional model. Temperature profiles for various inlet temperatures 

as excellent. Being much more tractable, the one-dimensional model will 
continue to be used for exploratory purposes and transient studies. The final 
calculations may be carried out on the basis of the two-dimensional model, 
particularly where considerable overtemperatures in the axis are to be feared 
for reasons of catalyst stability, process selectivity or simply safe operation. 
To date the computer possibilities are such that the use of the two-dimensional 
model presents no difficulties when applied to the steady state. 

There remains the question how reliable our calculations, even those 
based on the most elaborate model, can be today. Their reliability depends, 
of course, on the value of the model itself and on the experimental parameters 
used in it. The next paragraph throws some light on the latter point. 

v -- Influence of some of the parameters of the models 

The calculations for the two-dimensional model were repeated for several 
situations, drastic or not, but 'with PemR = 8 instead of 10. The influence on 
the temperature and conversion profiles was completely negligible. It ·would 
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therefore seem our mixing data need not be refined any further, at least for 
the usual situations. In order to get a feeling for the importance of the he at 
transfer parameters, calculations were performed with values of ?C lV and i.e 
about 10% higher than those used in the calculations reported in Fig. 10. 

Fig. 15 shows the temperature profile obtained for an inlet temperature 
of 360 cC, but with J.e = 0.75 Kcal/m.hr.oC, instead of 0.67 and with an 
unchanged valuc for ?cw of 134· Kcal/m2.hr. cC. 
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Fig. 15. Influence of varying the effective thermal conductivity on the radial mean temper 
ature profile 

The resulting overall coefficient U amounts to 86 Kcal/m2.hr.c C,instead 
of 82.7 for the reference curve "360" of Fig. 9. The maximum mean over
temperature is now reduced to about 35 cC. 

Fig. 16 shows the temperature profile obtained for the inlet temperature 
of 3600 again, but 'with?Cw = 150 Kcal/m2.hr.°C instead of 134 and an unchanged 
J. R of 0.67 Kcal/m2.hr.oC. The corresponding overall coefficient is 88 KcalJ 
m 2.hr.oC. Again the radial mean temperature rise is reduced to about 35 cC. 
Fig. 14 also compared the curves obtained for a feed tempcrature of 357 cC. 
The influence of ?cw is less pronounced, of course, for this mildcr situation. 

Variations in the values of the heat transfer coefficients of the order of 
10% are well within the spread of the experimental results. This is illustrated 
by Figs 15 -16, and for U by Fig. 17, which compares overall coefficients 
built up from J. R and (xw data of KUNII & S}IITH [20] and YAGI & W AKAO [24.] 
with these obtained by LEVA [27], l\L~EDA [29] and VERSCHOOR & SCHUIT [28 1 
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Fig. 16. Influence of varying the wall heat transfer coefficient on the radial mean temperature 
profile 
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Fig. 17. Comparison of overall heat transfer coefficient-data. 1. l\:L~EDA [29]. 2. - LEVA 
[27]. 3. - VERSCHOOR & SCHUIT [28]. 4. YAGI & KUl'HI [21,26] 
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This figure clearly illustrates our continuing need for further research 
on heat transfer in packed beds. 

Recently DE WASCH & FROMENT determined J.er, and IXw·values for 
three types of catalysts and two tube diameters [46]. Owing to the high degree 
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Fig. 18. Comparison of I'e data of DE WASCH & FROMENT with literature data 
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Fig. 19. Comparison of CXll' data of DE WASCH & FRO::lIEl\T with literature data 

of accuracy in the measurement of the temperature profile within the bed and 
to the computer optimization procedure used to determine the parameters 
excellent correlations were obtained. The correlations of IXlV vs. Reynolds are 
all linear and show a static contribution in agreement "with the theoretical 
model set up by YAGI & KUNII. The slope 'was found to depend on the ratio dtldp' 

Figs 18 and 19 compare results obtained by DE WASCH & FRO:'\IEl'iT 
for a phthalic anhydride synthesis catalyst with results of COBERLY and 
MARSHALL. It is seen how the new data are far more precise. 
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Heat transfer is not the only phenomenon which is of importance in 
the design of a chemical reactor, of course. In what preceeds no attention was 
given to the influence of the rate of reaction. It is evident that the curves of 
Fig. 10 could be shifted equally well by a slight modification of the kinetic 
coefficients of the rate equations. 

It has to be admitted the accurate prediction of critical situations like 
those encountered in the case considered requires a degree of precision in the 
measurement of the experimental parameters 'which is seldom realized. Yet, 
even then the approach illustrated in this paper at least permits fixing limits 
between which the operating conditions in the industrial reactor have to lie. 
These limits are sufficiently narrow to make the final adjustments of relatively 
minor importance, so that neither the operating principle nor the expected 
results are affected by them. 
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List of symbols 

chemical species 
constants in linearized rate equation 

reciprocal of Peclet number for effective radial mass transfer 
reciprocal of Peclet number for effe ctive heat transfer 
concentration 
specific heat 
effective diffusivities in axial and radial directions, resp. 
effective diffusivities in axial, point values, resp. 
particle diameter 
tube diameter 
mass flow velocity, superficial 
mass flow velocity. interstitial 
heat of reaction •. 
rate coefficient 
mean molecular weight 
inlet mole fraction of o-xylene and oxygen, resp. 
partial pressure of reactant 
rates of reaction 
radial co-ordinate 
reduced radial co-ordinate = r';d p 

radius 
reduced radius 
temperature difference between reacting fluid and inlet or coolant temperature 
absolute temperature 
temperature of feed and coolant, whell equal 
coolant temperature 
overall heat transfer coefficient 
linear interstitial velocity 
conversions 
axial co-ordinate 
reduced axial co-ordinate = r'jdp 
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Cl:lI'dpii'R 
wall heat transfer coefficient 
wall heat transfer coefficient under static conditions 
effective thermal conductivities in axial and radial direction. resp. 
thermal conductivity of the gas . 
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i'n set of positiye roots of the transcendental equation X J 1«:-) 
J o X) 

Cl:R where J o(X) 

K 

and J,(X) are Bessel functions of the first kind of zero and first order, resp. 
'lF 

Gcp dt 
'P a coefficient representative for the lateral mixing near the wall 
fib catalyst bulk density 
PeIzR, PemL, PemR Pedet numbers for effective transfer of heat aud mass in axial and radial 

directions 
Re 
Pr 
Nu 

Revnolds number 
Prandtl number 
::'\usselt number 

. Summary 

The design of fixed bed catalytic reactors of the tubular type has generally been based 
upon a so-called one-dimensional model. In this model it is assumed that concentration and 
temperature gradients only occur in axial direction and that the only transport mechanism 
operating in this direction is the overall flow itself, considered to be of the plug flow type. 

In many cases, however, radial temperature gradients are inevitable in such reactors. 
The model mcntioned above then only leads to average values for the temperatures and con
versions and does not provide any information concerning e.g. overtemperatures in the axis, 
which may be markedly different from the mean and unacceptable for reasons of reactor sta
bility, process selectiyity and catalyst deactivation. Tills paper reports on an investigation 
of the reliability of the above mentioned model. It is compared with a more elaborate, two
dimensional model that takes the existence of radial gradients into account. The basic data 
required by this approach are reviewed. The reaction scheme considered is of a relati vely 
complex nature and representative of commercial gas-phase hydrocarbon oxidation. 
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