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Abstract

In the paper, batch cooling crystallization of plate-like crystals
is investigated by numerical experimentation. The population
balance approach is used to describe a seeded crystallization
process, developing a bivariate morphological population bal-
ance model including nucleation and size dependent crystal
growth. The population balance equation is reduced to a sys-
tem of equations for the bivariate mixed moments of internal
variables, which are solved by means of the quadrature method
of moments. A sensitivity analyses is carried out to investigate
the effects of the process parameters on dynamic evolution of
particulate properties including the characteristic mean parti-
cle size and shape.
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1 Introduction

From practical point of view, crystal shape and size define
properties like specific surface area and dissolution rate. They
affect also some biological properties and have major influence
on the downstream operations during the manufacturing like fil-
tering, washing or drying. As a consequence, one of the recent
challenges in particulate science is the simultaneous shape and
size manipulation of the crystals during the crystallization pro-
cess [1]. The shape often differs from the simple geometries
like cube or sphere because of the different growth rates of spe-
cific crystal faces [2]. The growth rate in each direction can
be an individual function of temperature, supersaturation and
even the size of the growing face. In this context, the shape and
size of an individual crystal is continuously changing during
the crystallization process. Moreover, nucleation occurs simul-
taneously with the crystal growth that beside of the material
specific properties depend on the temperature, supersaturation,
concentrations, surface of the existing particles, and even on
the stirring energy [3]. The time evolution of crystal size dis-
tribution is sensitive to the initial supersaturation, temperature
and the seed properties, i.e. to the quantity and size distribution
of seeds. Although some advanced techniques exist for in situ
measurement of the particulate properties which undoubtedly
cases the data gathering and the development of on-line con-
trol strategies [4], currently these would be too expensive for a
detailed system investigation. Therefore, mathematical model-
ling appears to be a useful tool for analysing these processes.

In the last decade, the population balances were extended
to multivariate cases, making possible to model not only the
size but the shape evolution in time of the crystal populations.
These types of population balances are the so called morpho-
logical population balances and are typically able to recon-
struct the particle shape at each moment of simulation. They
are useful for kinetic estimations followed by solving shape
optimization and/or control problems and are especially hand-
ful for the investigation of the crystallization process itself.

The morphological population balances were often applied
to model and simulate crystallization of rod-like or needle-
shape crystals [4,5], but only several studies were reported
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related to simulation of crystallization of plate-like crystals
[2,3], despite that crystals of such shape can also be play sig-
nificant role in crystallization practice [6-8].

The aim of the current work is to develop a 2D population
balance model for seeded batch crystallization of plate-like
crystals, and to present and analyse the results of numerical
experimentation carried out for investigating the effects of
process parameters on the system behaviour and the product
properties.

2 2D population balance model

The simulated experiments were carried out as follows: a
hot temperature (7,) saturated solution was obtained which was
carefully cooled until a given temperature at which the seed
crystals were added (7). In order to avoid the intensive primary
nucleation the seeding temperature was kept in metastable zone,
however, the crystal surface induced secondary nucleation may
appear in these conditions also. The seed crystals are added with
well specified quantity and quality conditions, i.e. with size dis-
tribution. After seeding, the solution was cooled with a constant
cooling rate (cr) until reaching the final temperature (T ») which
was the end of the experiment. Evolution of the concentration of
solute and of the solubility as a function of temperature is shown
in Fig. 1, where the temperature of solution was varied linearly
in time from 35 °C to 25 °C. It is seen that the supersaturation is
very small during the course of the process.
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Fig. 1 Solute concentration and solubility as a function of temperature in a
batch seeded cooling crystallization

The plate-like shape can be approximated as a body which
has two dimensions of significantly higher size than the third one
as it is shown in Fig. 2. For the sake of simplicity, the thickness
of the plate is considered that remains constant. In these condi-
tions, the crystal shape can be specified by two dimensions:
length (L,) and width (L,). The crystal population is described
by the 2D population density function (L ,L,.t)—n(L ,L,t) by
means of which n(L ,L,,t)dL dL, expresses the number of crys-
tals from the size domain (L,,L, +dL ) % (L,,L,+dL,) in a unit
volume of suspension at time ¢.

j L,=const.

Fig. 2 Plate-like crystal shape

As being a seeded crystallization, the secondary nuclea-
tion mechanism is considered which depends both on stirring
energy and specific surface of existing crystals [3]

(M

where ¢ denotes the absolute supersaturation, ¢ = (c-c)/c, = §

B(o,&)=kgew, c"

- 1, ¢ is the concentration of solute, ¢ the saturation concentra-
tion and ¢ is the stirring power in a unit mass of slurry. x4, is one
of mixed moments of internal coordinates

o

Llen(Ll, L-z, t)dleLz
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The crystal growth rate is size and supersaturation dependent:

3

Note that the temperature effect on the kinetics is taken into

G,(0.L,,T)=ko (1+y,Ly), d =12

consideration indirectly through the temperature dependency
of saturation concentration.

The breakage and agglomeration of crystals are considered
negligible but the working volume and the suspension density
are considered constant. Under the presented conditions the
population balance equation governing the temporal evolution
of crystal size distribution takes the form:

0, (L, Ly,1) . o[ Gn(L,Ly.1)]

ot oL, @)
0| Gyn(L,,L,,t
N [ 2”( 154 )] -B
oL,
with the appropriate initial and boundary conditions:

n(l‘bLQat:O):nO(l‘laL?) (5)
1in%[G1”l(L1,Lz,t)+Gzn(Ll,L2,t)]= 0 (6)
P
l!lp'olc n(LlaLzat) =0 (7)

Ly—oo

Note that the initial condition n,(L ,L,) for Eq. (4) is the seed
distribution.
The mass balance for the solute:
dc

—=-Ryp.

dt ()
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where R, denotes the rate of change of the total volume of crys-
tals and p_ is the crystal density. The R, can be expressed as

0
©)

+[ G Lin(Ly, L, t)dlesz
0

Note that the initial condition for Eq. (8) is the saturation
concentration computed at temperature 7.
The linear cooling is described as follows

L o (10)
where the cr is expressed in °C/s. Note that the initial condition
for the Eq. (10) is the T.

The temperature dependency of the solubility concentration
is described by the Apelblat model [9]:

= 1000 exp|a: + 9+ a In(7)]

(11)

where c_denotes the saturation concentration on temperature T’
expressed in kg/m’. The parameters a, were obtained by fitting
the model (11) to the experimental data existing in literature [3].

3 Solution of the model equations
The population balance Eq. (4) describes the time evolution
of the crystal size distribution which is a state-space equation
having two internal coordinates (L, and L,), the simultaneous
solution with the mass balance Eq. (8) and temperature Eq. (10)
is quite complicated. However, some numerical techniques
exist but those generally are computationally expensive. The
moment method seems to be an attractive alternative which
permits the calculation of the mixed moments of the internal
size variables and is defined as:
()= [ [ LLn(L, L, 0)dLdL,, k,m=0,12.. (12)
00
Applying the moment transformation (12) on the popula-
tion balance (4), the infinite hierarchy of moment equation
system can be generated:

d
ths _ (13)
dy,,,
T]; = kGl(G) . (:uk—l,m + yl:uk—Ha,,m)
+mG,(0) (Mg + Vol oria,)  Km=0,12.., k+m>0
(14)

It is obvious that the moment equation system can be closed
and solved only if o, = (0, 1). In practice, the size dependency
of growth rate is rarely linear so the moment equation system
can be applied only in special situations.

In order to avoid the problem of system closure, the quad-
rature approximation can be used, numerically evaluating the

crystal density function as [10].

i=1
(L, Lyyt)=> W (L~ L,)5 (L, — Ly,)

i=1

(15)
And the quadrature moments:

pen(1)= [[ LiLsn(L,, Lo, t)dL.dLs
o (16)
= > wi(t)L5(t)Lu(¢t), km=0,1,2...

i=1

Applying the quadrature approximation and the moment
transformation on the population balance Eq. (4) the quadrature
moment equation system is obtained

Wl 1S (01 (0250

kS (OO OG, (0L (1) +

duk m
dt

(17)
+miwi(t)L ()L (G, (0, L,(1))
+A1Ek, m)+ A, (k,m)

where 4 ,(k,m) + A (k,m)= Bif k = 0 and m = 0 and 0 else. The
set of quadrature moment equations (17) with the mass balance
Eq. (8) and the temperature Eq. (10) forms a closed system
which describes the dynamics of the cooling batch crystalliza-
tion of plate-like crystals.

4 Simulation results and discussions

Computations were carried out in the MatLab environment
solving the resulted differential algebraic equation system
using the odel5s function of the program which uses back-
ward differentiation formulas.

The basic values of the kinetic and process parameters are
listed in Table 1.

The parameters were chosen based on the paper of Oullion
[3] so they show observable effects on process. Each parameter
which differs from those presented above is specified. For the
sake of a more realistic system investigation, in the sensitivity
analysis only the process parameters are varied.

When computing the moments of initial (seed) distribution
a log-normal density function with 30% standard deviation
of mean values was assumed and the quadrature nodes and
weights were computed from moments using the direct optimi-
zation technique which are presented in Table 2. The seeds will
be characterized with (L » LZ) pairs which denote the mean sizes
expressed, for the sake of simplicity, in micrometres having the
upper mentioned distributions.

Figure 3 presents the dynamic evolution of the mean charac-
teristic particle sizes <L > = u,/u,, and <L > = u, /u  with dif-
ferent stirring powers. As it seems, the mean particle sizes are
monotonically increasing and the lower stirring power favours for
the production of the higher particles as it intensifies the crystal
nucleation. The initial values are the sizes of seed crystals.
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Table 1 Basic values of process and kinetic parameters

y=5-10" m? cr=8.33-10%°C s £=250 W kg'! 7=35C
L~k,=5-10°m k=3.6:10° # m>s” k=1.178107 ms™ k~=1.87410" ms"
g~1.5 =17 b=2 ¢ =240 kg m?
7,=0.05 m" 7,70.03 m"™ a,~0.8 ,=0.9
a=-69.51 a,=368.6 a=16.18 m_ =2 %ofm_
<L>=90-10°m <L>=60-10°m p,=1665 kg m” T7,=352°C
T=25C

Table 2 Initial quadrature weights and abscissas

w, [#/m"3] w,, [#/m"3] w,, [#/m"3]
1.86 x 10" 6.46 x 10" 1.281 x 10"
Ly (m] Ly [m] Ly [m]
9.74 x 107 9.80x 10° 1.138 x 10*
L, [m] L, [m] Ly, [m]
6.85x 10° 5.74 x 10° 6.05x 10°

(L Im]

—e—: = 250 Wikg
2 @5 =350 Wikg | |

o & =450 Wikg

@5 = 550 Wikg

1 1 1 1 1 1
0 2000 4000 6000 8000 10000 12000
Time [s]
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Ly m]

It is known that the seed characteristics, i.e. mass and size
have impact on the product properties. In Fig. 4 we can see the
mean crystal sizes obtained using different seeding. The finer
seeds with 2 % seed addition results the highest crystals which
can be explained with the fact that as the average seed crystal
size is decreasing, their number and specific surface increases
which favours for the crystal growth more than for the second-
ary nucleation.

The shape of crystals can be characterized by the length to
width ratio L /L,, called aspect ratio of an individual crystal,
but we can define this ratio also by using the mean length to
width <L >/<L >, termed mean aspect ratio. Figure 5 presents
the final mean aspect ratio obtained with different seeds. Gen-
erally, the increased seed quantity reduces the aspect ratio.

Figure 6 presents the effects of cooling rate and stirring power
on the product properties. It seems that the mean crystal sizes
are sensitive to both of them but the <L > shows increased sen-
sitivity to the cooling rate compared to <L >. This fact suggests
that the aspect ratio should be more sensitive to the cooling rate.

Figure 7 presents the steady-state aspect ratios obtained with
different cooling rates and stirring powers. The aspect ratio is
generally between 2 and 2.5. The interval is wider than in the
case of varying the seed properties and generally produces
higher ratios which seem to depend weakly on the stirring power.

1 —&—¢ =250 W/kg ||
&g =350 W/kg
@ ¢ =450 W/kg
@ ¢ =550 W/kg
0.5 . s s :
0 2000 4000 6000 8000 10000 12000
Time [s]
b)
Fig. 3 Time evolution of the mean crystal sizes
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Fig. 4 Variation of the mean crystal sizes with the seed properties
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Fig. 5 Variation of the mean aspect ratio as a function of the seed properties
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Fig. 6 Effects of stirring power and cooling rate on the product properties
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Fig. 7 Effects of stirring power and cooling rate on the product properties
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Fig. 9 Effects of cooling rate and seeding temperature on the aspect ratio

The seeding temperature is also significant parameter of the
seeded crystallization. As the seeding temperature decreases,
the initial supersaturation is inevitably increased. The lower
limit of the seeding temperature is metastable zone limit,
where the crystallization should always be conducted. The
Fig. 8 illustrates the steady state mean crystal sizes obtained
with different seeding temperatures and cooling rates. Both
sizes are sensitive to the variations of the seeding temperature
which has greater impact than the cooling rate.

In Fig. 9 it is seems clearly that, out of the presented analy-
ses, the variation of the mean aspect ratio is the most sensitive
to the seeding temperature. These observations are explained
later in this article.

Figure 10 presents the temporal evolution of the nuclea-
tion rate if different seeding temperatures are applied. Three
order of magnitude differences exist in the initial nucleation
rate and in the case of lower seeding temperatures a peak is
also observed which is followed by a strong decrease in nuclea-
tion. The presence of peak can be explained with the appear-
ance of the intensive crystal growth which increases the surface
of crystals so intensifies the nucleation. However, the crystal
growth quickly reduces the supersaturation so quickly leads to
a dramatic reduction of nucleation rate.

Nucleation rate [# m3s™]

| ‘ | \

10° 10
Time [s]

Fig. 10 Time evolution of nucleation rate with different seeding temperatures

Figure 11 presents a three dimensional projection of the 10
dimensional trajectory on the (u,, S, R ) subspace. In the case
of 35 °C seeding temperature the initial supersaturation ratio is
near to the unity while it is almost 2.5 when 29 °C seeding tem-
perature is applied which has a strong impact both on nuclea-
tion and growth rate. It is seen that the increased growth rate
decreases the supersaturation quickly and in all cases slows
down only when the supersaturation ratio reaches low levels so
the process is governed by the growth, what was expected as
being a seeded crystallization. The crystal surface is increasing
rapidly during the intensive growth.

The earlier presented anomalies can be explained as fol-
lows: based in Fig. 10 the initial supersaturation is relatively
high as a consequence the initial growth rate is also high. As
the supersaturation dependency of growth rate of characteris-
tic crystal faces differs, they are growing with quite different
rates. However, if initially a crystal face becomes higher due to
the supersaturation dependency, later is expected to grow faster
due to its size dependent character. This chain reaction inevita-
bly leads to the increased length to width ratios as presented in
Fig. 9 so to distorted crystal shapes compared to ones obtained
in any other conditions.
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Fig. 11 Time evolution of nucleation rate with different seeding temperatures

5 Conclusions

A 2D population balance model, including nucleation and
growth, is presented for modelling the seeded batch cooling
crystallization of plate-like crystals. The resulted bivariate pop-
ulation balance equation is solved with the quadrature method
of moments, computing the mixed moments of internal size
variables which permit the computation of mean values of par-
ticulate properties like the number, mean length and width of
the crystal population.

A sensitivity analysis is carried out by numerical experi-
mentation, investigating the effects of process parameters like
the seed properties, applied stirring power and cooling rate on
the particle size and shape properties. It is found that the seed
properties, seeding temperature and the cooling rate has strong
impact both on mean size and the length to width ratio, thus the
particle shape, but the stirring power have no significant impact
on the particle shape; it affect only the mean crystal sizes. It is
showed that the seeding temperature has the most significant
effect on the crystal shape properties.

Based on the presented case study, it is possible to vary the
crystal shape and size simultaneously by choosing the adequate
seed and setting up the appropriate process parameters like the
cooling rate, seeding temperature and stirring power. However,
to optimize a real crystallization process an experimental data
based model calibration is always needed. The robustness of
the model is sensitive to the quality and quantity of the experi-
mental data so real enhancement on a physical system can be
achieved only if having the necessary measurements. In this
context the presented model is not able and is not attempted to
replace the laboratory experiments.
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Nomenclature
# number of particles [-]

S
-

coefficients of the characteristic solubility expression
exponent of nucleation rate
nucleation rate # m3s’!

oy >

concentration of solute, kgm
cooling rate, °Cs’!

Q
~

saturation concentration, kgm

0

exponent of crystal growth rate
crystal growth rate, ms™!
rate coefficient of crystal growth, ms™!

T QW

rate coefficient of nucleation, # m=3s’!
volume shape factor

~

linear size of crystals, m

~ o~

A A
~
VAR,

quadrature abscissas, m
HifHgp 0

HofHop ™
population density function, # m

~

N
o,

approximated population density function, # m
overall volumetric growth rate m’s™!

<

supersaturation ratio, -

N W\ xS

temperature, °C
quadrature weights, #

z

Greek letters
a exponent of growth rate function
e stirring energy [W/kg]

(k,m)" order mixed moment

p,  crystal density, kgm”

o relative supersaturation

y,  coefficient of growth rate function

Dirac delta function

Subscripts
0 initial value
1 length coordinate of crystals, m
2 width coordinate of crystals, m
d characteristic crystal facet, 1 or 2

—

quadrature abscissa and weight indexes, 1...3
seed (temperature)
final (temperature)

= o @

hot (temperature)
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