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Abstract
In case of seismic design the deformability of the soil should 
be considered, which can be performed in several ways. Most 
of the methods do not take into account the finite dimensions 
of the soil, which results significantly different behavior than 
the spring-dashpot systems. For an infinite medium, which 
is used in many cases, there are no eigenmodes, however in 
practical applications the soft soil is always bounded by rocks. 
For these cases the soil has eigenmodes and the resonance 
may influence considerably the response of the system. This 
question was investigated numerically by FE calculations, 
and it was found that in certain cases the resonance, which 
is neglected in the common design process, may significantly 
enhance the earthquake loads. In this paper this phenomenon 
is investigated and the parameter range is defined when this 
effect must be taken into account. 

Keywords
soil-structure interaction, resonance, impedance, direct 
approach

1 Introduction
In case of static design fixed foundation can be assumed, 

however in case of earthquake resistant design the effect of the 
soil must be taken into account. The soil influences the response 
of the structure in different ways. The seismic event in the 
absence of the structure causes a free-field motion in the soil, 
which is different from the case when the structure is present 
(kinematic and inertial interaction [1]). In case of infinite soil 
layer the phenomenon of radiation damping occurs, due to the 
fact that the strain and kinetic energies are dissipated through 
wave propagation towards infinity [2]. The dynamic loading of 
a finite soil layer can cause resonance, which may significantly 
change the response of the structure. Neglecting these different 
effects may result in significant errors in the analysis.

Fig. 1 Levels of modeling the effect of soil: a) fixed support, b) elastic sup-
port, c) substructure approach, d) direct approach

Soil-structure interaction can be taken into account in 
different ways (Fig. 1). The deformability of the soil can be 
considered by using elastic support (Fig. 1b). There are sev-
eral formulas in the literature for the stiffness characteristics 
of an infinite half-space [3], and the stiffness of a finite soil 
layer can be calculated by static finite element method. A 
more sophisticated method is the substructure approach [1], 
where the response of the structure is calculated by super-
position. First the excitation on the free soil surface is deter-
mined from the excitation on the bed rock, then the impedance 
of the soil-structure system is calculated. The soil-structure 

a) b)

c) d)
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interaction is obtained by superposition; and hence the method 
is (directly) applicable for linear systems only. In this case the 
radiation damping is represented by dashpot elements (Fig. 
1c). Finally, the most accurate approach is the direct method 
(Fig. 1d), where the soil and the structure are modeled together. 
In this case nonlinearities can also be considered, however it 
requires significant computational effort.

The simplified spring-dashpot models are derived from the 
impedance function of soil with a weightless foundation [1], 
where the foundation is excited by a harmonic force (Fig. 2). 
The ratio of this force and the displacement of the foundation 
is the impedance function, which depends on the excitation 
frequency. This function consists of an amplitude and a phase 
angle (the shift of the force and displacement). These can be 
interpreted as a spring stiffness and a damping value, but these 
parameters depend on the excitation frequency. As a simpli-
fied method, these functions are often approximated by con-
stant values (usually the initial values) [3].

Fig. 2 a) Half-space under concentrated harmonic force, b) half-space with 
foundation loaded by vertical harmonic force, c) half-space with foundation 
loaded by horizontal harmonic force, d) half-space with foundation loaded 

by harmonic rocking moment 
(F, Q0 is the amplitude of the harmonic force, M0 is the amplitude of the 

harmonic rocking excitation, ω is the frequency of excitation, r0 is the radius 
of foundation, E is the elastic modulus, ν is the Poisson’s ratio and ρ is the 

density of soil)

The impedance function of the soil half-space for vertical 
translational force was investigated by Lamb [4]. He gave a 
complex analytical function as a solution. Reissner [5] ana-
lyzed a soil half-space with a circular foundation, and also 
gave a complex function as the impedance, he denoted the real 
part by F1 and the complex part by F2:

where Q is the harmonic force, u is the vertical displace-
ment, G is the shear modulus of the soil and r0 is the radius of 
the foundation.

Sung [6] investigated different stress distributions under 
the foundation. Hsieh [7] derived frequency dependent spring 
stiffness and damping values from the complex impedance 

functions. These frequency dependent stiffness and damping 
values are approximated by constant values by Lysmer and 
Richart [8] for vertical excitation and by Bycroft [9] for hor-
izontal and rocking motion. Shah [10] analyzed both circular 
and strip foundations for translational and rocking motions. 
Appriximate values for spring stiffnesses and damping values 
are summarized in [11] and [12] for different motions, founda-
tion shapes for both half-space and finite soil layers.

The cone model [13], [2] also gives constant spring stiff-
nesses and damping coefficients according to the analytical 
solution of a semi-infinite cone under harmonic excitation. 
Barros and Luco [14] and J. P. Wolf [15] examined systems 
consisting of several spring stiffnesses, dashpots and masses 
by determining the different parameters by the least square 
method.

Most of the methods do not take into account the finite dimen-
sions of the soil, which results significantly different behavior 
than the spring-dashpot systems. For an infinite medium, which 
is used in many cases, there are no eigenmodes, however in 
practical applications the soft soil is always bounded by rocks. 
For these cases the soil has eigenmodes and the resonance may 
influence considerably the response of the system.

2 Problem statement
In case of practical earthquake resistant design the applica-

bility of frequency dependent impedance function is very lim-
ited, because its complexity. Rather, engineers are applying 
constant spring stiffnesses and damping values according to 
one of the formulas in the literature [11] which are based on the 
impedance function of a soil half-space, or to calculate a con-
stant spring stiffness by static finite element analysis. None 
of these are taking into account the possible resonance which 
may occur in case of the dynamic loading of a finite soil layer.

The goal of this paper is to investigate the significance of 
the effect of resonance, and to determine the maximum error, 
which can occur neglecting it in the design process. 

3 Approach
A finite soil layer with a rigid foundation (Fig. 3a and b) and 

the simplified (spring-dashpot) models (Fig. 3c) are analyzed 
numerically to determine the effect the resonance. The analy-
ses are limited to horizontal and rocking motion of the foun-
dation. The numerical analysis was performed by the ANSYS 
computer code. Harmonic and time-history analyses were 
excecuted, and different signals were investigated (harmonic 
excitation, real and artificial earthquake records).

4 Modelling of SSI
As it was stated in the Introduction the modelling of 

soil-structure interaction can be achieved by different meth-
ods. In the following sections the direct approach and different 
simplified models are discussed.
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Fig. 3 a) Finite soil layer with thickness h and rigid foundation, b) finite soil 
layer with side-boundaries, c) simplified model with constant spring  

stiffness and dashpot element 

4.1 Direct approach
In the direct approach the structure and the soil have to be 

modelled together (Fig. 1d) and analyzed in a single step with a 
numerical method such as the finite element method. 2D mod-
els were built to analyze soil layers with strip foundations with 
the aid of the 14.5 release of ANSYS Mechanical APDL.

4.2 Simplified models
In the literature there are several solutions for the imped-

ance functions of a half space with circular or strip foundation 
[9], [10]. As it was mentioned in the Introduction, the imped-
ance can be given by a complex function. In case of the inverse 
impedance (Z = u(t)/Q(t) = 1/Gr0[ f1 + f2] ) f1 represents the real 
part and f2 the complex part of the function. These can be also 
given as an amplitude and a phase angle:

Furthermore, the function can also be given as frequency 
dependent spring stiffness and damping [7]:

In the simplified model, these frequency dependent func-
tions are approximated by constant values (Fig. 4). 

Fig. 4 Approximation of the spring stiffness and damping with constant 
values [16]

The constant spring stiffness and damping values for strip 
foundation in case of horizontal excitation are [11]:

where G is the shear modulus, ν is the Poisson’s ratio of the 
soil and r0 is the half width of the strip foundation.

The approximate constant spring stiffness and damping 
values for rocking excitation [11]:

where I0 is the moment of inertia of the structure.

5 Effect of resonance of the finite soil layer
In this section the horizontal and rocking motion of a finite 

soil layer (Fig. 3a) is investigated. In case of soil-structure inter-
action the impedance function is the ratio of the harmonic force 
excitation of the weightless foundation and the steady-state 
solution of the displacement for different excitation frequen-
cies. Therefore, the peaks of the function show the resonant 
points, i.e. the eigenfrequencies of the soil layer. To determine 
the impedance function of a finite soil layer, harmonic analysis 
is performed. For this the mode superposition method of the 
harmonic analysis in ANSYS is used. The frequency step is 
set to 10–4 1/s and the solution is clustered about the system’s 
natural frequency to accurately tracing the response curve. The 
material damping is ξ = 0.05 in every analysis.

5.1 Harmonic analysis for horizontal motion
The nth resonant frequency of a free soil layer can be approx-

imated by the nth resonant frequency of a sheared beam [17]:

where cs is the shear wave velocity in the soil, h is the thick-
ness of the soil layer. The shear wave velocity of the soil rep-
resents the stiffness of the soil (G = ρcs

2)[18].
The natural frequency of a soil layer with a weightless foun-

dation will be different, since this formula is based on a 1D 
model, but in the case of a rigid (strip) foundation the displace-
ments will be 2D and in case of a circular foundation 3D. 

In Fig. 5, Fig. 6 and Fig. 7 the inverse of the impedance 
functions of soil layers with different parameters are pre-
sented. The inverse of the impedance functions calculated for 
a finite soil layer (Fig. 3a) by FE are given on two diagrams  
(Z = u(t)/Q(t)), the first one shows the amplitude, the second 
one shows the phase angle, which is the shift between the force 
and displacement. (This shift represents the energy dissipation 
of the system, e.g. when only a mass-dashpot system is consid-
ered, the phase angle in the impedance function is 90°, while 
for zero shift the energy dissipation is zero.) 

Fig. 5 shows the impedance function for different soil layer 
thicknesses (h). As it can be seen the bigger the value of h is, 
the smaller the first natural frequency is (as in Eq. (6)). This 
means that the effect of the resonance for the amplitude of the 
displacement will be smaller for thicker soil layers. The curves 
are overlapping with each other, if on the horizontal axis the 
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frequency is multiplied with the thickness of the soil layer (h) 
and the amplitude is normalized with the static stiffness. The 
normalized diagram is showed for different r0/h values in Fig. 9.

Fig. 5 Horizontal inverse impedance function of soil layer for different soil 
thicknesses (h) 

(cs = 100 m/s, ν = 0.3, ρ = 1800 kg/m3, ξ = 0.05, r0 = 5 m)

In Fig. 6 the effect of the shear wave velocity (i.e. stiffness of 
the soil) is shown. The diagram of the amplitude shows that in 
case of soft soils (small cs) the effect of the resonance is much 
more dominant than in case of stiffer soils. Similarly to the 
previous case, the curves are overlapping, if the horizontal axis 
is divided by the shear wave velocity (cs) and the vertical axis is 
normalized with the initial value of the amplitude (1/kstatic). The 
normalized diagram is given in Fig. 9.

Fig. 6 Horizontal inverse impedance function of soil layer for different shear 
wave velocities (cs) 

(h = 40 m, ν = 0.3, ρ = 1800 kg/m3, ξ = 0.05, r0 = 5 m)

Fig. 7 shows the impedance for different Poisson ratios. In this 
case the curves for the amplitude and phase angle are almost on 
the top of each other, for smaller ν, the amplitude is slightly bigger.

Fig. 7 Horizontal inverse impedance function of soil layer for different  
Poisson ratios (ν) 

(cs = 100 m/s, h = 40 m, ρ = 1800 kg/m3, ξ = 0.05, r0 = 5 m)

The inverse impedance function of a spring-dashpot system 
(in case of unit force) as an amplitude and phase angle are 
given in Fig. 8:

If we compare the functions in Fig. 5, Fig. 6 and Fig. 7 to 
the function in Fig. 8, the difference between the amplitude 
is extremely high, and the phase angle is also different in this 
frequency range. 

A common method in practical earthquake resistant design 
is to consider the effect of the soil by calculating a constant 
spring stiffness (kstatic) with the aid of a static finite element 
calculation. In that case the amplitude of the inverse imped-
ance function is 1/ kstatic (2.32 · 10–8 m/N for the same param-
eters as in Fig. 8).

Fig. 8 Horizontal inverse impedance function of spring-dashpot system 
calculated by Eq. (4) and Eq. (7) (cs = 100 m/s, ρ = 1800 kg/m3, r0 = 5 m)

The inverse impedance function of a finite soil layer with 
strip foundation (Fig. 3a) is summarized in Fig. 9. The ampli-
tude is normalized with the initial (static) value of the ampli-
tude (1/kstatic), and it is given in the function of a dimensionless 
frequency parameter ( fh/cs) for different r0/h ratios, where r0 is 
the half width of the foundation.

Fig. 9 Normalized inverse impedance function for horizontal motion and for 
different r0/h ratios

Fig. 10 shows the ratio of the inverse horizontal impedance 
function for different r0/h ratios, when the function is big-
ger than 1 the approximation is not conservative, when it is 
smaller than 1 it is conservative. It can be seen that r0/h = 10 
the amplitude in case of the soil layer can be 7 times bigger 
than the amplitude of the spring-dashpot model, because of 
the firs natural frequency of the soil layer, while for small r0/h 
value the ratio of the amplitudes is around 2. The right dia-
gram of Fig. 10 shows the ratios of the phase angle. In case of 
small r0/h = 1/10 the ratio of the phase angles is around 1, while 
for bigger r0/h ratios the phase angle of the soil layer can be 5 
times smaller than in case of the spring-dashpot model.
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Fig. 10 Ratio of the inverse, horizontal impedance function of the soil layer 
(Fig. 3a) and the simplified spring-dashpot model (Fig. 3c) (deviation from 

unity shows the error of the simplified model)

5.2 Harmonic analysis for rocking motion
For rocking excitation similar inverse impedance functions 

can be calculated by FE for a finite soil layer (Fig. 3a). The effect 
of the different soil parameters are shown in Fig. 11 and Fig. 12.

Fig. 11 shows the amplitude and phase angle of the rock-
ing inverse impedance function for different soil layer thick-
nesses. It can be observed, that in case of rocking motion not 
only the value of the natural frequencies are different in case 
of the different h values, but the amplitude is also changing. 
For larger soil layer thicknesses the peaks are disappearing.

Fig. 11 Rocking inverse impedance function of soil layer for different soil 
thicknesses (h) (cs = 100 m/s, ν = 0.3, ρ = 1800 kg/m3, ξ = 0.05, r0 = 20 m)

The effect of the soil stiffnes to the impedance function can 
be observed in Fig. 12. Similarly to the horizontal motion, the 
effect of resonance is much more significant in case of soft soils. 
For stiffer soils (cs = 600m/s) the peaks are smaller in both the 
amplitude and phase angle curves. 

Fig. 12 Rocking inverse impedance function of soil layer for different shear 
wave velocities (cs) (h = 40 m, ν = 0.3, ρ = 1800 kg/m3, ξ = 0.05, r0 = 20 m)

Similarly to the horizontal case, the curves of Fig. 11 and 
Fig. 12 are overlapping when the horizontal axis is multiplied 
by the thickness of the soil layer (h), divided by the shear wave 
velocity (cs) and the vertical axis is normalized by the static 
stiffness. In this case one curve belongs to all of the h and 

cs values, but different curves belong to different r0/h ratios 
(because this normalization does not include the effect of the 
width of the foundation). The normalized diagrams are showed 
in Fig. 13. For high r0/h ratios the peaks are significant, while 
for small r0/h ratios the peaks are disappearing.

Fig. 13 Normalized inverse impedance function for rocking motion and for 
different r0/h ratios

To evaluate the difference between the rocking of a weight-
less strip foundation on a soil layer (Fig. 3a) and the simpli-
fied spring dashpot model (Fig. 3c), the ratios of the amplitude 
and phase angle of the rocking inverse impedances are given 
in Fig. 14. The ratios show that for big r0/h ratio the rocking 
in case of the soil layer can be 3 times bigger than in case of 
the spring-dashpot model. For small r0/h values the ratio of the 
amplitudes and phase angle of the two models are close to one, 
which means the simplified model gives a good approximation.

Fig. 14 Ratio of the inverse, rocking impedance function of the soil layer 
(Fig. 3a) and the simplified spring-dashpot model (Fig. 3c) (deviation from 

unity shows the error of the simplified model)

6 Effect of the eigenfrequency of the soil-structure 
system

The effect of the resonance of the soil-structure system is 
also investigated. A rigid structure with mass M on a finite soil 
layer is considered. First harmonic analyses are performed, then 
the horizontal displacement of the foundation is calculated from 
base excitation (Fig. 15). The base excitation is ug(t), the hor-
izontal displacement of the structure is udirect(t) in case of the 
analysis of the finite soil layer (Fig. 15a) and usimplified(t) for the 
simplified model (Fig. 15b).

Fig. 15 (a)  Finite soil layer with thickness of h and rigid foundation with 
mass M, (b) Simplified model
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6.1 Harmonic analysis for horizontal motion
First the two models (Fig. 15) for trigonometrical excitation 

are analyzed. Fig. 16 shows the difference between the hor-
izontal displacement of the direct and simplified model and 
also for the case, when the spring stiffness is calculated by 
static FEM. 

Fig. 16 Horizontal displacement of the foundation for harmonic excitation  
(cs = 100 m/s, ρ = 1800 kg/m3, r0 = 5 m, h = 40 m, M = 106 kg, ξ = 0.05)

The left diagram of Fig. 16 shows the steady-state solution 
for f = 0.4 Hz sine excitation, as it can be seen the maximum 
horizontal displacement of the direct model 5 times bigger 
than the displacement in case of the simplified model. The 
right diagram of Fig. 16 shows the amplitude for different 
frequencies, the difference between the models can be even 
higher for the frequencies close to the resonant point. The res-
onant frequency of the two models are also different, in this 
case f0 = 0.46 Hz for the direct model, f0 = 0.71 Hz for the 
simplified model.

6.2 Time-history analysis for earthquake record
To determine the effect of the resonance in the design pro-

cess a soil layer with a rigid strip foundation and the simplified 
model is analyzed for earthquake excitation. To investigate 
the effect of resonance the parameters are chosen in such a 
way that the dominant frequency of the record is close to the 
soil-structure system’s first natural frequency. The natural fre-
quency of the simplified model is different (as it is shown in 
Section 6.1), therefore in this way the maximum of the possible 
error is presented.

In order to be able to compare the methods with each other 
artificial records are used, the accelerograms are generated 
from Eurocode response spectra. To calculate the horizontal 
displacement of the structure resting on a soft soil layer the 
bedrock under the soil is excited, and a record generated for 
curve A of EC 8 [19] is used. Fig. 17a shows the difference 
between the horizontal displacement of the structure resting 
on a finite soil layer (Fig. 15a) and the simplified model (Fig. 
15b) for the artificial earthquake excitation generated for curve 
A. The horizontal displacement of the structure resting on a 
soil layer is 20 times larger than the horizontal displacement 
of the simplified model.

Note however that the common design process in case of 
the simplified modeling is to use the curve of the analyzed 

soil type (in this case curve D [19]), to consider the amplifica-
tion of the soil layer. In Fig. 17b the artificial record generated 
for curve A is used for the structure resting on a soil layer, 
while the record generated for curve D is used for the sim-
plified model. In this case the horizontal displacement of the 
structure on a soil layer is 10 times higher than the horizontal 
displacement of the simplified model. 

Fig. 17 Horizontal displacement of the foundation for earthquake excitation 
a) usimplified is calculated by an artificial earthquake generated for EC curve A, 
b) usimplified is calculated by an artificial earthquake generated for EC curve D 

(cs = 100 m/s, ρ = 1800 kg/m3, r0 = 20 m, h = 40 m, M = 105 kg, ξ = 0.05)

6.3 Significance of the resonance
As it is shown in Sections 6.1 and 6.2 significant error can 

be made by using the simplified model, when the dominant 
frequency of the earthquake is close to the first eigenfrequency 
of the soil-structure system. The frequency content of typical 
earthquakes (analyzing the 44 far-field record of [20]) is in the 
range of 0.45 < f < 2.82 1/s. Fig. 18 shows the resonance-sen-
sitive zones according to the dominant frequency content of 
the analyzed records of the h and cs parameters of the soil for 
different masses (M). It can be observed that in case of bigger 
masses the softer soils are not affected.

7 Effect of finite length of soil layer
In the previous sections the effect of the resonance of a soil 

layer with finite thickness, and infinite horizontal dimensions is 
investigated. In reality there also may be vertical boundaries in 
the soil, e.g. there can be stiffer soil layers near the softer one.

7.1 Derivation of the natural frequency
To determine the natural frequency of a soil layer with the 

thickness h and length l (Fig. 19) the Rayleigh-Ritz method is 
used. The horizontal displacement is assumed in the following 
form:	

where ū(x) is the displacement function in the x direction, 
h is the thickness of the soil layer, ω0 is the natural circular 
frequency of the layer, A, ar and br are constants.
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Fig. 18 Parameter range (cs and h), where the natural frequency of the system 
is in the range of the dominant frequency of earthquakes,  

a) M = 10t, b) M = 1000t, c) M = 5000t

Fig. 19 Soil layer and the assumed shape of horizontal displacement with 
thickness h, length l

To obtain the natural frequency the kinetic (T) and poten-
tial energy (U) should be calculated. Fig. 7 shows that the 
effect of Poisson’s ratio on the natural frequency is negligi-
ble, therefore in the derivation ν = 0 is assumed. The kinetic 
and the potential energy can be calculated from Eq. (8) in a 
straightforward manner:

where E is the elastic modulus, h is the thickness and ρ is 
the density of the soil layer.

The total mechanical energy (sum of kinetic and potential 
energy) is constant during free vibration. When the kinetic 
energy is maximal, the potential energy is zero, and vice 
versa. Therefore, the maximum potential and kinetic energy 
are equal to each other:

where l is the length of the soil layer Fig. 19.
The natural circular frequency of the soil layer with finite 

thickness and length is obtained from Eq. (11):

It can be observed that when the length is infinite Eq. (12) 
is identical to Eq. (6). Fig. 20 shows the change in the natural 
frequency as a function of the length-thickness ratio (l/h) of 
the soil layer.

Fig. 20 Natural frequency of soil layer with thickness h, length l and shear 
wave velocity cs

Fig. 21 shows the inverse impedance function for soil layers 
with finite length and thickness for two l/h ratios (l/h = 2 and 
l/h = 20). The response is calculated by the 2D model of the 
soil layer with finite length and thickness (Fig. 3b). It can be 
observed that not only the value of the first natural frequency 
is different (as it is shown in Fig. 20), but there is also signif-
icant difference in the. Obviously, the phase angle is also dif-
ferent; when the l/h ratio is small, the phase angle around the 
first natural frequency is closer to zero, which means that the 
damping is much smaller. 

Fig. 21 Impedance of soil layer with finite thickness (h) and length (l)
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7.2 Time-history analysis for earthquake-record
In this section the effect of the resonance of a soil layer 

with finite thickness and length subjected to a real earthquake 
record is analyzed by direct method. The dominant frequency 
of the chosen record (Fig. 22) is 0.7 1/s, the first natural fre-
quency of a soil layer with h = 50m and l = 150 m is close to 
this value. Fig. 22 shows that the maximum horizontal dis-
placement of the rigid structure is 1.5 times bigger in this case 
than the cases when l = 100, or l = 1000 m. 

Fig. 22 Earthquake record (number 21 of the far-field records of [20]) and the 
horizontal displacement of a rigid structure due to the record 

(h = 50 m, cs = 100 m/s, ν = 0, ρ = 1800 kg/m3, ξ = 0.05, r0 = 10 m, M = 100t)

8 Conclusions
In this paper we investigated the possible errors due to the 

different modelling of soil structure interaction. Some of the 
applied soil models, which are extensively used in practical 
design, the soil substructure has no eigenfrequency, which 
may lead to significant error and to a not conservative design. 
For harmonic excitation the error of using the simplified model 
can be an order of magnitude (Fig. 16), and for earthquakes, 
where the eigenfrequency of the soil-structure system is close 
to the dominant frequency of the earthquakes, the predicted 
maximum displacement of the simplified model can be 10 
times smaller than that calculated with the more sophisticated 
models. Furthermore the effect of the finite length of the layer 
can also enhance the motion Fig. 22.

The numerical analyses showed that two cases have to be 
investigated to determine the effect of resonance, the natural 
frequency of the soil layer and the natural frequency of the soil 
layer – structure system. The effect of the resonance in case of 
the soil layer are shown in Fig. 10 and Fig. 14.  The difference 
between the impedances of the soil layer (Fig. 3a) and the simpli-
fied model (Fig. 3c) occurs at the first natural frequency. For big 
r0/h ratios the error is more significant than for small r0/h ratios. 

The first eigenfrequency of the system (soil layer and the 
foundation with the weight of the rigid structure), can also 
result in resonance. Fig. 17 shows that the horizontal displace-
ment of the soil-structure model (Fig. 15a) can be 10 times 

bigger than the horizontal displacement of the simplified model 
(Fig. 15b). This significant error occurs in that case, when the 
first natural frequency of the soil layer is close to the domi-
nant frequency of the earthquake. Fig. 18 shows the parameter 
range of h and cs, where these two frequencies collide.
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