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Abstract
The motion of elements is classified from a topological aspect. We separate three different, disordered, collective and patterned
motion forms of media. We will reveal what concrete shapes the different type media take. In case of a limited number of particles, a
discrete description is suitable for tracking the mechanic behavior of the medium. In case of the large of a number of particles we apply
in some sense continuous mathematical model according to the motion occurring in the medium instead of a discrete description.
We postulate a statistical distribution to the disordered motion; we "distribute" the particles for the collective motion in the physical
space and apply a differential geometric description. We assign continuous flow lines to the regular patterned motion of the medium
with free particles while we assign energy dissipation to the flow image an irregular patterned motion. In the case of deformable solid
body built by periodically arranged rigid bodies the state functions with discrete domain of definition are represented by functions
with continuous domain of definition. Granular conglomerations seem to be the only such medium, which allow tracking of the state
of all granules.
Disordered motion leads to thermodynamic - statistical description. The collective motion of free particles leads to the description of
the laminar flow of particles, the collective motion of fixed particles leads to the classical continuum. The patterned motion of free
particles leads to the description of vortex or turbulent flow, the patterned motion of fixed particles leads to grid continua.
Keywords
disordered, collective and patterned motion, discrete and continuous mechanical models

1 Introduction
Due to the high number of elements (more than 1023) constituting the medium, we cannot describe the mechanical
behavior of medium by tracking of the independent motion
of its each and every element. Therefore, instead of the
individual analysis of each and every elements, we examine the domain occupied by the medium in the Euclidean
space. Although, in the Euclidean space, we extend our
examinations to a continuum number of many "particles"
(points constituting the Euclidean space) during the examination of its domain, but by using the characteristics of
continuity fundamentally as many equations have to be
set up for domain as in the case of one particle. The difference is the following. In the case of equilibrium, instead of
system of algebraic equation a boundary value problem for
partial differential equations according to the space coordinates, and in the case of motion, instead of initial value

problem for a system of ordinary differential equation an
initial and boundary value problem for a system of partial differential equations according to the space and time
coordinates have to be set up and solved.
Thus, formally the "task" is to switch to functions with
continuous domain of definitions from functions with
discrete domain of definition [1]. It is obvious, based on
previous research, that either we handle the arising problem as a numerical method [2–4], or we take a geometric view instead of a discrete locus and we reinterpret the
Newtonian mechanics on a continuum (see e.g. [1]). The
latter method, which primarily applies the tools of differential geometry [5, 6], can be applied not only to elasticity,
see e.g. [7, 8], but to the flow of liquids, see e.g. [9, 10], and
also generally to the continuous description of the physical
behavior of media [11].
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The physical behavior of solid matter is diversified
(see e.g. [12]). The continual approach in case of different
"continuous" material behavior makes various description
through material constants [13, 14] possible. However continuous description mode allows the modelling of some
non-continuous behavior by means of discontinuity surfaces. The principle is applied primarily to the flow of liquids/gases (see e.g. [9, 10, 15]), but the mechanical behavior of stone mass "weakened" by discontinuities caused by
fractures [16], or the "average" behavior of the structurally
changing (degrading, crushing) grain set can be modelled
by continuous description method [17] too. Continuous
modeling provides discussion different material behaviors
(elastic, thermal expansion, plastic and rheological processes) through a unified view of the metric tensor [18].
At the same time we believe that many material behaviors
can be traced back to a few simple "general" motion forms.
Therefore we seek those steps of modelling, where these
simple "general" motion forms can still be detected.
The aim of the modelling is to forecast the phenomenon.
The numerical method from this aspect plays a significant
role in the theory. However, it is known from astronomy
and celestial mechanics that although a numerical method
in itself (the orbit of planet consist of movements on a few
circles; the planet moves on a circle, the center of the circle
moves on another circle, and so on) can provide an arbitrarily accurate forecast for some kinematic questions, but
this will not reveal the cause of the motion. In fact, it will
not even visibly reflect the nature of the trajectory of the
actually occurring motion (see e.g. [19], or [20]). Keeping
this in mind, we believe that in case of switching from a
set of discrete particles (points) to a domain of the continuum, the characteristics of the motion of discrete particles
have to be considered and such description has to be chosen which is not in contradiction with the nature of the
motion of particles. This latter view determines the scope
of this study and the order of the examinations:
• characteristics of particle motions within a body,
• models of bodies based on the motion of particles
constituting the body,
• possibilities of describing disordered, collective and
patterned motions.
The material is interpreted as a combination of corpuscles and interactions between them [21]. Material point,
rigid and deformable solid body models are well suited for
modeling corpuscles. The force fields between the bodies,
in classical physics, can be well approached as force by
Newton's 3rd Law [21]. This approach is used in the study.

When examining the state of the material, the movements
of the particles within the material, the existence of the
atom-electron internal structure is not taken into account,
and the atoms are "imagined" as rigid (or may be deformable) balls. However, the question of what the atoms
hold together in liquid or solid state, and how the atoms
"behave" in gas during collisions, is not explored.
2 Description of particle motions within a body
2.1 Separating bodies based on state of matter
2.1.1 Separation of states based on the stability of shape
and volume, and the ratio of bond to kinetic energy
A material made up of physically and chemically identical particles is called a body. Bodies are classified into
three groups based on their states of matter: gaseous, liquid and solid (see e.g. [21] or [22]). In order to distinguish
between the three states, the classification is primarily
based on the aspect of the shape/volume conservation/
change; see the first two columns of Table 1.
Classification of states can be done on the basis of the
ratio of the bond and the kinetic energy dependent on the
heat movement (see e.g. [21]), the two classifications lead to
essentially the same result; see the last column of Table 1.
The classification is complete, i.e., no further state can be
separated according to these two aspects. Regardless of
this, in physics, the fourth (plasma; see e.g. [21] or [22]) is
sometimes distinguished. Plasma status is separated from
the gaseous state by the appearance of electrically charged
particles (see, for example, [21] or [22]).
Liquid, gaseous, and plasma states are commonly
referred to as liquid states. In this grouping, the separation from the solids is based on the fact that, in the case of
the continuous effect of a shear "force" in the liquid state,
the body changes its shape continuously (see e.g. [22], [23]
and [10]). Although page [22] also includes the plastic flow
state solid bodies, the latter is in principle another material
behavior: the plastic flow occurs only if the plastic flow
condition exists (see e.g. [24] or [25]), until fluid flow is
only triggered by shear "force".
2.1.2 Separation of states based on the contact and the
movement of the particles forming the body
In the three different states of body, the particles that
form the body come into contact with each other, as well
as move in different ways. Contact and movement can be
considered as a possible classification criterion (see for
example [26]). The three states can have different characteristics; see Table 2.
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Table 1 Traditional aspects of classification of states
form

volume

Eb ↔ E k

solid

unchanged

unchanged

Eb > E k

liquid

changing

unchanged

Eb ≈ E k

gaseous

changing

changing

Eb < E k

Table 2 Aspects of classification of states: contact, internal order and
movement
Contact

Internal order

Movement

exists constantly

exists constantly

in fixed cell heat
movement

granular

exists constantly

is rearranged by
forces; exists in
balance

no movement in
balance

liquid

exists constantly

does not exist

sliding over each
other

does not exist,
there are
collisions

is not
interpretable

inertial motion
between two
collisions

solid

gaseous

Another body can be interpreted based on mechanical
behavior: the ensemble of granules or a granular (or
heaped) body. This is a collection of solid bodies in contact. Characteristics of the granular body are given in the
second row of Table 2.
2.2 Movement of the particles forming the medium and
their relative arrangement
The motion forms of the particles forming various medium
are well-known in principle see e.g. [27], [21] or [22]. We
will briefly summarize the various typical forms of motion
and arrangement of particles to describe the conclusions.
2.2.1 Gaseous body
Gaseous body is characterized by not having its own
shape, a closed container must be used to designate the
amount required for "separating" the gaseous body that we
wish to examine. A gaseous body exerts pressure on the
wall of the container as a result of motion by the particles
constituting the gas. The mechanical state of the gaseous
body in equilibrium is characterized by the changes of its
volume and pressure.
Particles constituting the gas move freely (within the
gas) and occasionally collide. The motion of a particle is
"inertial" between two collisions. The motion within gas
"in a state of rest" is disordered: particles constituting the
gas "scatter" on each other upon collision, order cannot
be observed in the motion. Moreover, there is no "position" of particles relative to each other, because the relative to each other positions of particles change after every

collision. Ordered motion of particles constituting the gas
can be observed when the whole of the gaseous body flows,
or flow occurs in one part of the gaseous body. Order with
good approximation corresponds with the unchanged order
of particles, constituting the gas, relative to each other.
In reality, this is only the case with good approximation,
because there is transverse diffusion beside the flow as
well as the change of the diameter of cross section forces
the particles to change their orders relative to each other.
2.2.2 Liquid body
Liquid body is characterized by not having its own shape;
in order to examine, it is required to "separate" the amount
using a container with an open top or perhaps a closed one
we wish to examine as a liquid body. A liquid body exerts
pressure on the bottom and side walls of the container as
a result of its weight. The pressure distribution in a liquid
body in a state of equilibrium is determined by the height
of the liquid column.
The particles constituting the liquid body move freely
(within the liquid body) with one condition: all particles
are in contact with particles in their close environment at
all times. That is to say that, particles constituting the liquid in a "state of rest" are in contact, but their orders are
not fixed but also change continuously. On account of continuous contact, we do not speak of liquid particle collision (although the Brownian-motion of solid particles in
the liquid is created by exactly the collision of liquid particles). The motion on liquid in a "state of rest" is disordered. The relative position of particles constituting the
liquid is no fixed, the positions are continuously changing. Ordered motion of particles constituting the liquid
can only be observed when the whole liquid body flows, or
flow occurs in one part of the liquid body. Order with good
approximation corresponds with when the relative order of
particles constituting the liquid is unchanged. In reality,
this is only the case with good approximation, see the note
made in case of the gaseous body.
2.2.3 Granular body
Granular body is characterized by not having its own
shape; in order to examine, it is required to "separate" the
amount using a container with an open top or perhaps a
closed one we wish to examine as a granular body. A granular body exerts pressure on the bottom and side walls of
the container as a result of its weight. The internal distribution of forces in a granular body is not primarily determined by the shape of the granular body but by the shape
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of the granules and the relative arrangement of granules
(and of course of the weight of the particles), see e.g. [28].
Formally, a granular body is similar to liquid, but the
motion of particles constituting the body and the nature
of their connection is different in case of a granular body.
The granular body, unlike liquid, is not flow in all direction on a horizontal surface but creates a heap.
Particles constituting the granular body do not move
(within the granular body) in equilibrium: all granules are
in contact with granules in their immediate environment
at all times. That is to say that, granules constituting the
granular body are in contact, and their orders are fixed.
Therefore, the granular body "in the state of rest" is without motion. The motion of particles constituting the granular body can only be observed either if external force acts
upon the granular body and granules shift and/or rotate in
the "cell" set by granules constituting their environment,
or the set of granules or one part of it becomes rearranged.
Motion in a granular body, that is to say rearrangement, is
ordered if the granular body flows or flow occurs in one
part of the granular body. Order with good approximation
corresponds with when the relative order of particles constituting the granular body is unchanged. In reality, this
is only the case with good approximation; we can argue
similarly as in the case of gases and/or liquids (see e.g.
emptying of a silo).
2.2.4 Solid body
The solid body is characterized by having its individual
shape, it is required to "separate" the amount from the matter (has to be cut, or sawn) we wish to examine as a solid
body. A solid body only exerts pressure on the container
wall fitting to it "from below" and "from sides" (the body is
thought to be bricked body), if pressure acts upon the solid
body from the open "upper" surface (and balancing pressure occurs on the lower surface). The mechanical state of
the solid body is characterized by the change of its shape.
Particles constituting the solid body do not move (within
the solid body) from a practical aspect: all particles are in
"contact" with particles in their immediate environment
at all times. That is to say that, particles constituting the
solid body "are in contact" and their orders are fixed. On
account of continuous contact, we do not speak of particle's collision. A disordered motion can be interpreted
in a solid body "in the state of rest": particles constituting the solid body perform a disordered motion, thermal
motion in a "cell" set by particles constituting their environment. The relative position of particles constituting the

solid body is fixed. Ordered motion of particles constituting the solid body can only be observed when the whole
solid body "flows" (e.g. it shifts and/or rotates like a rigid
body), or well-specified layers (e.g. planes of atoms in a
crystal structure) perform independent motion (e.g. optical vibrations in the crystal structure) relative to other layers (atomic planes parallel to the planes of selected atoms)
and finally if the motion of particles constituting the solid
body is collective, continuous (for example tension-compression, bending).
2.3 Classification of motions
Motions of the particles forming the body are classified
into two main groups: disordered and ordered (collective).
We refer to both disordered and ordered motion either to a
group of particles or to all the particles (forming the body).
We speak of disordered motion if a group of particles
or all particles constituting the body can be selected for
which the motion of particles cannot be described by topological tools: the motion of particles constituting the group
changes from particle to particle, and there is no topological (that is to say continuity) relationship in this change:
the motion of particles in the small environment of a particle with a specific motion essentially differs from the
motion (in direction and magnitude) of the specific particle. The position of particles can be variable, or it can
be fixed. The position of particles is variable for example
in gas and in liquid "in equilibrium", or in the case of a
granular body in the development of the equilibrium state
accompanied by process of the rearrangement of granules.
The position of particles is fixed for example in a crystal structure during the disordered vibration of atoms, or
in a granular body in the development of the equilibrium
state which process is not accompanied by the arrangement of granules but rather by the changes of granule positions in the cell set by granules constituting their environment. The disordered motion will be referred to as discrete
motion hereinafter.
We speak of ordered (that is collective) motion if a
group of particles constituting the body can be selected for
which the motion of particles can be described by topological tools: the motion of particles in the selected group, in
a topological sense, is continuous. In general, the motion
of the whole body is ordered if all selectable groups of the
particles constituting the body (in topological terms: all
environments of all particles) performs an ordered (that is
to say continuous in topological terms) motion. The relative position of particles can only be fixed fundamentally,
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as in a solid body, or in the flowing gas, liquid and granular body. The "statement" applying to the relative position
of particles in case of flowing particles (i.e., the motion
is ordered, that is to say continuous) is only valid for one
type of motion: the description provides the motion of particles on a continuous streamline. In reality the motion of
particles comprises of ordered motion and motion perpendicular to that on the streamline (see e.g. [15]). At the same
time, the existence of a velocity component perpendicular to the tangent of the streamline is not included in the
theory (ibid). (Elastic) Deformation and (elastic) vibration
occurring in the whole solid body will be referred to as
continuous motion, while the laminar motion of flowing
bodies will be referred to as quasi-continuous motion.
The motion connected to the cells is such a motion that
a) periodically arranged cells (e.g. blocks, prisms with
square basement, layers between two planes), b) movement of the elements in the cells can be attached to geometrical formation (e.g. the whole cell moves or rotate as
a rigid body, the form of the motion of the element in the
cell can be regarded as elongation, shear, bending, torsion
etc. – these form give elements of the geometrical formation), c) the motion in the every cells of the whole body
can be attached to the same geometrical formation. The
motion connected to the cells is called patterned motion.
The patterned motion can be discrete (in the neighboring
cells the patterns are the same but in one cell the left, in
the other one the right variations appear), or continuous
(in the neighboring cells the patterns are almost the same,
the difference exists in metric, the value of it is small).
For example the disintegration of laminar flow into vortex
and turbulent flow, or "the third" layer of atoms performs
a vibrating motion between the two not moving layers of
atoms in the solid body consisting of periodically arranged
particles (see e.g. the optical vibrations of the crystal structure, or the different forms of deformations and oscillation
of the rigid body built by complex cells [2, 3]). In this latter case, the position of particles constituting the body can
only be fundamentally fixed, as in the solid body. In the
case of flow, the requirement for the fixed position of particles is only met on average; see the condition formulated
for the collective motion of flow. The pattern of movement
is usually regular in case of crystal structures, but in case
of vortex flow the pattern is normally not completely regular, transitional zones can be observed between the individual vortices; the "pattern" is irregular rather than regular in case of turbulent flow. The vortex and turbulent flow
will be referred to as quasi-patterned motion collectively.

Consequently, we separated three forms of motion
based on the interpretation:
• the motion is disordered, or discrete,
• the motion is ordered (collective), that is topologically continuous, or quasi-continuous,
• in the periodically arranged cells, the motion is characterized by beforehand determined formation, that
is patterned, or quasi-patterned, both can be discrete
and continuous.
3 Models of the bodies based on motions of particles
constituting the body
3.1 The body
Interpretation of the body: The body is a collection of more
particles in which the particles retain their physical and
chemical sameness, move collectively acting upon each
other, although the comparative arrangement (i.e., order)
of individual particles can change. In general, the body fills
a closed domain of the Euclidean space, and the domain
is usually associated with various mechanical characteristics, primarily with mass distribution and the ability to
resist the specific effect. At the same time, the mechanical
effect does not necessarily have to be interpreted as the
continuous mapping of a closed domain of the Euclidean
space from a mathematical aspect.
According to the interpretation above, gaseous, liquid,
granular and solid matters are bodies.
We will give the position of a body made up of a great
many particles by providing the position of all points (continuous position vector) of the closed domain modelling it.
At the same time, this model does not possess information
on where the (physically existing) particles constituting
the body are located within the closed domain modelling
the body at that moment and what forces act upon them
and what their velocity or acceleration is.
3.2 Models of bodies
3.2.1 Introduction
Body models - solid and rigid bodies, material points, liquids
and gases - are commonly known (see, for example, [21] or
[22], [27]). Models of bodies can be "redefined" from the
point of view of a topological approach [26]. At the same
time, it can be specified the type of point set that reflects the
character of the body (i.e., the set of points with which the
models of the bodies are constructed from a geometric point
of view), and can be separated mathematical mappings for
which the model is invariant (i.e., the model retains its interpretative properties under the effects on the body).
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3.2.2 Models of solid bodies
Interpretation of the solid body: A body is regarded solid,
if the relative arrangement (or order) of any two particles
remains the same under (mechanical) effect upon the body
(and even after its cessation). Geometric model of solid
body: In general, solid body is interpreted (modelled) as a
closed domain of the Euclidean space. The invariant map
from a solid body point of view: the result of (mechanical) effect on the body can be interpreted as the continuous (topological) mapping of a closed domain of Euclidean
space for its another closed domain.
Notes:
1. The fact that the topological arrangement remains
allows the application of continuous mapping, see
e.g. [1, 4].
2. Disordered (thermal) motion also exists during the
motion of a solid body, but this is restricted to the
cells selected by the surrounding particles (atoms) in
case of all particles (atom), and the particles (atoms)
do not rearrange.
3. The deformable solid body, according to its definition, is such a body in which the order of particles
(atoms) constituting the body is fixed, and this fixed
order does not change neither during uploading and
downloading. Accordingly, only the elastic solid
body is the deformable solid body. Rearrangement of
the order of particles (atoms) constituting the body
is a flow-like deformation. Deformation can occur in
case of the prescribed combination of internal forces
(the plastic change of shape), and can occur under
any external effect (the viscous change of shape).
4. While keeping the topological order in the solid bodies, some particles, such as, e.g. vacancy, substitutional larger or smaller atoms, and dislocations can
move inside the deformable body. In general, various
topological defects in the solid body interpret different dislocations and different subclasses of solid
bodies, which have different mechanical and physical behaviors (see, for example, [29–31]).
According to the interpretation above solid states of
matter are solid bodies.
The position of the solid body is given by the set of continuous position vector of all points of the closed domain.
Interpretation of the deformable solid body: A solid body
is considered deformable if the distance between any two
particles constituting the body (any two points of the Euclidean space) changes as a result of (mechanical) effect acting
upon the body then as a result of the cessation of this effect.

The invariant map from a deformable solid body point of
view: Mapping of a closed domain of the Euclidean space
for another closed domain is continuous. Moreover, or
in line with this, to be more precise, we use the changes
in metric conditions to describe the changes in distance
between the particles, see e.g. [7, 8]. We characterize the
deformable solid body with its mass distribution, and with
the point-by-point changes of deformation (changes of
metric tensor) that occur during the deformation. Internal
forces, stresses, arise in the deformable solid body.
Physically all solid bodies are deformable ones.
Interpretation of the rigid body: The rigid body is such
a (simplified) model of the deformable solid body, in which
the distance between any two points of the body in the
model is constant. The invariant map from a rigid body
point of view: the (rigid body) motion of the Euclidean
space. The position of the rigid body occupied in the
Euclidean space is given by the position of one reference
point of body and the orientation of the body, that is to say
the directions of the axes of the reference trihedron connected to the reference point. In general, mass point is chosen as the reference point of the rigid body, and (one) trihedron assigned to the mass point belonging to the principal
inertia is chosen as reference accompanying trihedron. The
rigid body is characterized by the total weight concentrated
into its reference point, and secondary moment of the mass
distribution associated with axes of reference trihedron.
No internal force arises in a rigid body.
The kinematically determinate deformable body can
be regarded as a rigid body during all such mechanical
examinations from the aspect of body behavior, which are
not aimed at determining the deformation and the material
distribution does not essentially change during the examination. Earth can be considered as a rigid body during its
revolving around the Sun, while Earth has to be considered as a deformable solid body in order to determine its
flatness or to examine how seismic waves propagate in it.
Interpretation of material point: The material point is
such a (simplifying) model of the deformable solid (may
be any) body, in which information on the dimension and
orientation of the body is disregarded. The position of the
material point occupied in the Euclidean space is given by
the position of one reference point of the deformable solid
body. We generally choose mass point as a reference point
in case of a material point. The material point is characterized by the total weight concentrated into the reference
point of the deformable solid/rigid body. No internal force
arises in the material point.
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Interpretation of the granular body is interpreted in two
"steps":
1. Interpretation of the rigid or deformable solid granule: Commonly, a convex-shaped, rigid or deformable
solid body is referred to as rigid or deformable solid granule. We characterize the granule by the displacement of its
reference point and the rotation of the granule around its
reference point as well as deformation of its shape.
2. Interpretation of the dry (consisting of rigid or
deformable solid granules) granular body: The ensemble
of granules being in constant (in time) contact is considered as dry granular body consisting of rigid or deformable solid granules. We do not apply the continuous mapping of a closed domain of the Euclidean space for another
closed domain to kinematically describe the granular
body. The mapping of individual granules can in fact be
regarded as the continuous mapping of a closed domain
but this applies to each and every granule individually
and no to the entire domain occupied by the granules. We
characterize the granular body by the reference point's
displacement of granules, the rotations of granules around
own reference points, and change of shape of granules.
Internal forces arise in the granular body: in the contact
points of two-two granules in contact, or the contact point
of the granule and the (solid) constraint surface supporting it. Internal force does not arise in the rigid granule, but
internal force does arise in the deformable solid granule.
In this interpretation, the pebbles, sand, cement, flour put
into a pile or pumped in a pipe constitutes a granular body.
Notes:
1. To clearly define the balance of the conglomeration
of nearly the same size rigid granules, the hypothesis of the three-point support in space must exist; the
hypothesis of the two-point support is sufficient in
plane [28, 32].
2. If the granules are not in contact, e.g. pebbles lying
on the ground or solid "micro-satellites" revolve
around a planet then these granules do not form a
medium (body).
3. To define a flowing granular body, the granules need
to be in contact with each other. The ensemble of
granules, independent of each other, transported by a
carrier medium is not a medium; the medium is what
carries the granules. The carrier medium can be liquid (the water of the stream carries the sand floating
in the water, or rolls the pebble on the bed of river),
but it can also be gaseous (air carries the sand, the
dust, and the solid granules smaller than it).

4. The dry adjective refers to the fact that the surface
of the granules is not covered by liquid, for example water, or some kind of "glue". Contact force, possibly friction force arises in the dry granular body.
Complex contact forms in case of granules that are
in contact through the liquid membrane covering the
surface of the solid granule, which is not sufficiently
modelled with one force in the contact point. Dry
sand or gravel are examples of dry granular body, silt
and clay are examples of "granular body" contacting
through a liquid membrane (surface water film). It is
commonly known from soil mechanics (geotechnics),
that dry sand or gravel is medium that falls apart to
independent granules, while silt and clay are medium
that congeal into continuous materials (unless they
dry, because then they become flying dust).
5. All granules in the granular body in equilibrium
are motionless. Granules are in motion in a flowing
granular body.
6. In case of a set consisting of a great number of granules, the "stuck in" granular body can be considered as
solid body, while the set of flowing granules as liquid.
3.2.3 Models of liquid bodies
Interpretation of the liquid body: A body is considered liquid, if the particles constituting the body that can be considered as a deformable solid body are in continuous motion,
and the particles are in continuous contact with each other
during continuous motion. A deformable solid container
(vessel) or pipe system (river bed, channel, and pipe network) is required to keep the liquid body together; container or pipe system can be open or closed from above (in
the opposite direction of gravity). In cases, a kinematically
indeterminate solid vessel or pipe can also be sufficient.
In general, liquid body is interpreted (modelled) as the
closed domain of Euclidean space enclosed by the deformable solid vessel or pipe system and maybe a free surface
of the liquid. Force (introduced in the case of solid bodies) does not directly affect the liquid body, but either the
walls of the vessel move and the cross-section of the pipe
system changes, or we act upon it through a solid surface.
We do not speak about the continuous mapping of a closed
domain of the Euclidean space onto another closed domain
of it. The liquid is characterized by the mass, velocity, and
in cases the angular velocity of the components constituting it. The essence of the liquid state is that the components are in contact and are in constant motion. We do
not interpret the force among the individual components
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according to particles in the liquid, but we do interpret the
pressure of the whole liquid and in some cases the tension
associated with the viscous state.
Notes:
1. The continuous changes of the topological arrangement, or rather the lack of topological arrangement
is what does not allow the application of the (continuous) mapping of the Euclidean space.
2. Particles of a liquid in equilibrium are in a disordered motion.
3. In case of a liquid body flow, the collective motion of
particles becomes primary and the "collision" of particles becomes secondary. So it is liquid considering
its state of matter, while it is a flowing set of particles
constantly in contact with each other considering its
behavior. In this case, we apply the continuous mapping of a closed domain of the Euclidean space onto
another closed domain for both the kinematic (velocity field), and the dynamic (pressure, and tension)
characterization.
4. Several forms of motion exist during the flow of
liquids:
• ordered motion of particles, that is the flow,
• disordered motion of particles in the flow tube (thermal motion), wandering among flow tube (diffusion),
• rearrangement of particles in case of changes in flow
cross-section.
The last of them is imagined as follows. The flowing
liquid medium fills the provided cross-section. So if the
cross-section of the pipe/vessel doubles or reduces to its
half, the flowing liquid medium can only fill it, if the particles of medium are rearranged (and slow down or accelerate). The material does not become continuous since the
relative arrangement of particles constituting the medium
does not remain constant, and it also changes continuously during flow. Consequently, liquid medium can follow the significant change of cross-section area or form
if the order of particles constituting the medium changes:
those particles that fell into the same cross-section prior to
the cross-section change, will be before-behind each other
following the change in the cross-section.
There is an interaction between the particles that make
up the liquid. The shape of the free surface of the liquid is
determined by this interaction (surface tension). No surface tension occurs in the granular body. Because of this,
the liquid and the granular body can be separated. At the
same time, the ensemble of flowing grains can be considered as a flowing fluid.

Liquid bodies are commonly classified based on internal friction. The ideal liquid has no internal resistance,
this commonly referred to as dry (Newtonian) water,
while liquid with internal friction is called wet (non-Newtonian) water. In both cases liquid can be described as liquid starts to flow in the case of the slightest slope; in other
words, the body is flowing under the effect of the constant
shear "force".
Such liquids exist, which flow slowly or do not start to
flow at all on a slight slope as due to gravity, but the flow,
that is to say the internal rearrangement starts under the
effect of the slightest pressure. Pastes, varnishes, potter's
(prior to burning) clay or raw bread pasta, fresh concrete
or mortar are commonly listed here.
Certain liquids have the characteristic that the particles
stick together and move together as a solid body. These are
elastic liquids. It is clear based on the interpretation that
these do not behave like liquids but rather like solid matters specifically during the elastic behavior [33].
The plastic shaping of metals, some types of plastic can
be considered "dual" to liquid: certain zones of the solid
body behave as liquids [24].
We also speak of flow in case of glaciers and ice floods.
The ice flood is not a real liquid, since the order of water
molecules constituting the ice flood is fixed. The difference between the flow of water and ice can be described
with when the two floods meet: the water of rivers mix,
ice floods flow side-by-side. In other words: although ice
floods flow but they are not liquids.
3.2.4 Models of gaseous bodies
Interpretation of the gaseous body: A body is considered
gaseous, if the deformable solid bodies forming the body
do not come into contact with each other during their continuous in time movement, but at most they collide with
each other. A closed (kinematically determinate, e.g. steal)
solid vessel or pipe system is required to keep the gaseous
body together. (In cases, a kinematically indeterminate
solid vessel or pipe can also be sufficient.)
Note: External force (e.g. gravity) changes the density
distribution in the gas and can also plays the role of the
vessel.
In general, the gaseous body is interpreted (modelled) as the closed domain of Euclidean space enclosed
by the deformable solid vessel or pipe system keeping the
gas together. Force (introduced in the case of solid bodies) cannot be interpreted in case of the gaseous body,
mechanical effect can be triggered by moving the walls
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of the container (e.g. piston), and by solid bodies moved
within the gaseous body. In the case of gas the continuous
mapping of a closed domain of the Euclidean space onto
another closed domain does not reflect the continuous colliding of particles of gas.
Notes:
1. In case of gas, the continuous changes of the topological arrangement, or rather the lack of topological
arrangement is what does not allow the application
of the (continuous) mapping of the Euclidean space.
2. Particles of a gaseous body in equilibrium are in a
disordered motion. It is usually assumed that the particles collide with each other.
3. In case of a gaseous body flow, the collective motion
becomes primary and the "collision" of particles
becomes secondary. So it is gas considering its state
of matter, while it is a flowing set of particles considering its behavior. In this case, similarly to liquid,
we apply the continuous mapping of a closed domain
of the Euclidean space onto another closed domain
for primarily the kinematic characterization and secondarily to describe the pressure arising in gas.
4. Several forms of motion exist during the flow of gas
similar to fluid flow:
• ordered motion of particles, that is the flow,
• disordered motion of particles in the flow tube (thermal motion), wandering among flow tube (diffusion),
• rearrangement of particles in case of changes in flow
cross-section.
In the latter case, in principle, a comment similar to that of
a liquid can be made. So if the cross-section of the pipe/vessel doubles or reduces to its half, or shape changes greatly
than the mean free path of a particles of gaseous medium
doubles or reduces to its half, but the gaseous body itself
does not become continuous since the relative arrangement
of particles constituting the medium constantly changing
irrespective of the size and shape of the cross-section.
According to the interpretation above, a material
enclosed in a container in a gaseous state of matter is a
gaseous body. An ensemble of "shaken", with significant
kinematical energy particles, colliding with each other,
can be considered as a gaseous substance. A set of solid
particles revolving around a planet e.g. rings of Saturn and
Uranus cannot be considered as gases from this aspect.
Similarly to this, the mechanical state of matter of the rare
interstellar dust in the space is not determined by the collisions of interstellar dust's particles therefore it cannot be
considered as a gaseous body.

The gaseous body is characterized by the mass, velocity and "continuous" collision of the particles constituting
the gas. We do not interpret "unique" forces arising during
the collision of particles in gas, but we do interpret the
pressure exerted by gas onto a surface.
It is no coincidence that we named the kinematically
determinate deformable solid vessel as the "body" holding
the medium together. For instance, if the vessel is a kinematically indeterminate tarpaulin, then no pressure arises
with the excessively small kinetic energy, that means that
particles forming "gas" do not rebound: the wall of the
"vessel" absorbs the kinetic energy of particles colliding
into it, and the motion of the particles ceases. An example
for this is the "air-tight" canvas sack, which is not inflated:
there is air in the sack but the atoms/molecules and the
velocity of them are not suitable for stretching the wall of
sack. (Stretching makes the kinematically indeterminate
solid body into kinematically determinate solid body, that
is to say suitable for taking up internal pressure.)
Gas is commonly distinguished as thick and rare gas
according to the collision of particles constituting the gas.
We commonly speak of thick gas in case of particles colliding with each other. We speak of rare gas when the particles only collide with the wall of the vessel.
4 Mathematical description of disordered, collective
and patterned motion
4.1 Disordered motions
Continuous mapping of the Euclidean space cannot be
used for describing the disordered motion occurring in a
closed domain of the Euclidean space. We can choose from
two types of methods based on the number of particles.
The case of the number of particles trackable by computer technology: We track the motion of each and every
particle. We can apply this during the examination of lattice vibrations [34], and also in case of the equilibrium
of rigid granules (see e.g. [28, 32]). The discrete element
method is suitable for the modeling of the random arrangement of the particles and the deformation of the granules
in the grain set, see e.g. [35, 36]. To describe the flow of
particles with a description of each particle state, the theory of cellular automata can be used (the phenomenon to
be modelled is to leave a finite amount of particle through
a narrow opening) [37].
The case of the number of particles not trackable by
computer technology: In case of disordered movement,
instead of tracking the individual particles, we determine
the average behavior of particles. We can do this in many
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ways (see, e.g. [38]); which basically delimits four options;
we do not list the case second, hydrodynamic approach,
here, and extend the phenomenological method using
internal variables).
1. Only macroscopic features can be considered. This
leads to equilibrium (phenomenological) thermodynamics
(see e.g. [39–42]). In this case, there is no information on
the movement of the particles forming the system, the system is considered homogeneous. For the analysis of inhomogeneity, we interpret internal time-dependent processes
(non-equilibrium phenomenological) thermodynamics,
[43–45]), when changes within the system are defined as
a function of spatial coordinates and time. In addition to
inhomogeneity, we can also describe the internal structure and its change. This can be done in part by using the
extended thermodynamic approach (see e.g. [46]), partly
by using internal variables (see e.g. [47, 48]).
2. The disordered motion is modelled by random motion.
This assumes that the particles that make up the system move
and collide. We consider the distribution of the direction
and velocity magnitude of the motion random. We verify
the assumptions related to distribution by experiments: this
is the kinetic theory of gases (see e.g. [39, 43, 45, 49–51]).
3. We consider the system itself or the distribution of the
particles that form the system to be a probability variable.
This leads to statistical discussion, to statistical mechanics
(generally to statistical physics) (see e.g. [39, 43, 45, 52–55]).
4.2 Ordered, or collective motions
4.2.1 The material is considered to be continuous,
homogeneous and without internal structure
The model can be applied to two media. One is a body
made of laminar flowing particles (gas, liquid, granules)
and the other is a deformable solid body.
The theory of laminar flowing bodies leads to chapters
of the theory describing the hydrodynamic laminar flow
[9, 10, 15].
The solid body theory leads to the theory of classical
continuum (i.e., the theory of elasticity) [7, 8].
The continuous mapping of the Euclidean space can
be used to describe the ordered motion occurring in a
closed domain of the Euclidean space. During this we
fundamentally disregard the actual number of the particles and we do not examine the motion of the particles
but the particles "distributed" in the Euclidean space, e.g.
we analyze a bounded and closed domain of the Euclidean
space instead of a system of particle. In this modelling
the next step is to paraphrase the elements of Newtonian

mechanics concerning material points (see e.g. [56]) for a
continuous distribution bodies (see e.g. [13]). While forces
in mechanics of system of material points can be linked
to the distances between material points, internal force in
mechanics of continuous system of material points will be
proportionate to the change the distances between of two
points of the continuous medium. (The force must also be
interpreted according to the example of the Newtonian
force but in a different form, regarding the continuous
medium; see the definition of stress [7, 8]).
4.2.2 The material is considered to be continuous,
inhomogeneous and/or having internal structure
The inhomogeneity of a substance considered to be continuous can be investigated by probabilistic modeling of
inhomogeneity, heuristic modeling of the internal structure, functions having continuous domain of definition
over discrete internal structure, and introduction of variables interpreted in the tangent space of particles.
The inhomogeneity of material properties for the test is
defined as the distribution of material properties as probability variables [57–60]; during this, the theoretical framework
of the classical continuum is maintained. The inhomogeneity is "smoothable"; the procedure refers to "averaging",
"smoothing" and homogenizing of the state operators [61].
For examination of the inhomogeneity as an internal
structure of the material, besides the displacement other
kinematic characteristics (rotation, angular change, elongation, and deformation) are also considered at every point
of the Euclidean space.
The first step towards generalization was made by
the Cosserat brothers, who, similarly to the rotation of
Darboux frame on a curve as well as on a surface considered the rotation of Darboux frame of the three-dimensional Euclidean space as an independent kinematic freedom. No experimental background was available to build
the model; they assumed the structure of elastic energy,
and the equations of theory were derived using variation
principle [62]. Fifty years after the work of the Cosserat
brothers, the generalization of the classical continuum was
generally assumed to be possible by interpreting a continuous internal kinematic variable. There was no experimental background for model building in this case; usually, the method of derivation of the equations of theory by
analogy to the procedures used in the classical continuum
was only applied (see, for example, most of the studies in
[63]). The theory that only uses the concept of rotation and
stress moment leads to the micro-polar continuum [64].
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The assumption of different internal structures - matrix
and granules sitting on it, although there was still no experimental background for model building; by using methods
developed by analogy to the procedures used in the classical continuum, various micro-continuums can be interpreted and the formulae of the theory can be deduced (see
e.g. [65]); for generalized continuum see also [66–70]).
The correlations based purely analogue derivation contain inconsistencies [71], in addition, a number of material
constants occur in theory, but experimental data are not
known, and even the nature of attempts to determine material constants is unknown (see e.g. [64, 65]).
For the inhomogeneity of the internal structure of the
material, the body is divided into finite cells for examination, while the domain of the variables assigned to the cells
is discrete, but the internal structure of body is described
with functions with continuous domain of definition (see
e.g. [2, 3]). Theories thus obtained describe the states of
non-continuous systems, theories themselves being considered to be a numerical method (see introductory chapters in the book in [2, 3] and [4, 72]). Kunin, just like the
Cosserat brothers, does not rely on experiments, but derives
the theory from the presupposition of the elastic energy of
the discrete internal structure of material by analogy and
the assumption of the minimum of elastic energy [2, 3]. The
method explains (using series expansion of state-determining functions) why many material constants occur, and at
the same time that they should not be measured, but determined during the construction of the theory (ibid).
For the inhomogeneity of the internal structure of the
material, the tangent space of each point of the body can
be ordered with different degrees of autonomic kinematic
(and other non-mechanical content) variables [73]. These
degrees of freedom – in the sense of [2–4, 72] – should be
interpreted as elements of series expansion in the field of
functions with continuous domain, rather than functions
of functions with discrete domain.
Note: in the case of the probability variable we use
the method of the classical continuum, the other three
approaches are the outline of the classical continuum: it is
a description of a discrete system rather than a continuous
one (see Subsection 4.3).
4.3 Patterned motions
The model can be applied to two media. One is a deformable solid body consisting of periodically arranged rigid
particles, and the other is a (gas, liquid, granular) body
flowing in a pattern (i.e., non-laminar). Both are interpreted

as a numerical method: base functions and error vector are
selected; we use error principle to determine to solve the
equations (the elements of numerical method see e.g. [74]).
The relationship among the periodically arranged deformable solid body, the numerical method and the generalized
continuum is illustrated by the following thought. The
region of the examined solid body composed of bound particles must be partitioned on periodically arranged cells to
define patterned motion. The periodically arranged cells
are usually taken in form of brick, but can be taken in form
of prism, or of disk. There are one or more (e.g. 8, 27 etc.)
periodically arranged particles in the brick-cells, one or
more (e.g. 4, 9 etc.) periodically arranged line of periodically arranged particles in the prism-cells, one or more
(e.g. 2, 3 etc.) periodically arranged layer of periodically
arranged particles in the disk-cells. The form of motion
must be defined, as it was mentioned above: rigid body
translation and/or rotation, elongation, shear, bending, torsion, or something else. The motions in different cells are
independent each of other, that is the motions in the cells
are fundamentally discrete. The forms of motion inside
the cells are usually called by internal kinematic variable.
The domain of definition of the functions describing these
motions is discrete point, usually the reference points of
cells. The motions inside the cells are regarded continuous function as in time as well as in space. The functions
with discrete domain of definition must be approximated
by series expansion in terms of functions with continuous
domain of definition to create continuous in space model/
theory. (Note: Partial differential derivatives of unknown
state functions in the theory are also considered as internal
variables.) Two further steps are required for establishing
the continuous in space model/theory: the error vector and
error principle must be interpreted in the space of (continuous) functions with continuous domain to determine
the approximate solution (in the space of functions with
discrete domain of definition) (see e.g. [2–4, 72]). In practice, some kind of principle of variation (which prescribes
the minimum of action or entropy production) is used. For
details in each case, see also Section 4.2.2 below.
The relationship between the theory pattern movement,
that is non-laminar flow (eddy or turbulent flow, see e.g.
[9, 10, 15] as well as [75]) of body consisting of free particles (gaseous, liquid and granular body) and numerical
methods is illustrated by the following thought. In case of
vortex flow, the velocity field of a specific vortex flow is
considered as given in the entire flow space (these are the
"base functions"), and the velocity field is produced by the
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integral of these flow images (see e.g. [9, 10]). Accordingly,
the interpretation of error vector is omitted. (Note: The
theory does not deal with how the two vortex flows effect
each on other.) The turbulent motion can be interpreted
as a loss of stability. During this, the increase of velocity leads to repeated periodic loss of stability. According
to this newer and newer forms of motion occur, which
finally ("in the limit") lead to the fully developed turbulence (see e.g. [15]). The application of series expansion
and keeping the first member in the series (ibid) mean
exactly the application of base functions, the criterion
of loss of stability can be considered as the error principle. The interpretation of turbulence can be based on the
interpretation of characteristic distance in a turbulent liquid, the examination of energy dissipation of flow and
the random interpretation of energy dissipation too. The
method comes from Kolmogorov, for detailed description
see e.g. [76]. The Naiver-Stokes equation, as the equation
describing flow provides the differential geometry background, which describes the ordered (flowing) motion.
The disordered that is to say different from the ordered
flow image but superimposed, the energetic "projection"
of forward-backward flow motion which is partially perpendicular in direction to the flow and partially identical
with it, or the energy dissipation interpreting the effect of
turbulent (that is to say swirling) motion as a random variable. The "loss" of energy required for maintaining the
flow, that is to say the dissipation of energy also has to be
considered in case of turbulent flow. Within the characteristic distance (based on the three applied hypothesis)
the Naiver-Stokes equation possesses the symmetric characteristics that the behavior characterized by distribution
applied for the motion is self-similar. The three hypotheses for describing dissipation is equivalent with the prescription of base function characteristics.
The turbulent flow during its modeling is divided into
a laminar flow and turbulent flow zone (see e.g. [77]).
The numerical modeling of the turbulent flow is primarily done by the "Direct Numerical Method" (see e.g. [78]),
where the either "Divergence Free Method" or "Vortex
Method" is used (ibid). The "Large Eddy Simulation" [79],
which is based on the "Subgrade-scale" model, is widely
used to describe turbulent flow [80]. One of the basic problems of modeling turbulent flows is the so-called closure
problem: the Navier-Stokes equation refers to the averaged
"mean part" in which the term "fluctuation" is in nonlinear
form; the task is to choose the right algebraic or differential expression [81–83]. The turbulent flow is associated

with heat flow and energy dissipation, flow characteristics
are broken down into "mean flow" and fluctuation, and the
ergodic hypothesis is assumed (see, for example, [83–85]).
Note: The patterned motion of the deformable solid
body built by periodically arranged rigid particles can be
continuous (quasi-continuous) or discrete. Slow change
according to spatial coordinates across cells is continuous
(quasi-continuous), rapid change leads to discrete motion.
Usually, both are described by continuous functions
according to the spatial coordinates across the cells, but
the rapidly changing movement is not continuous, because
this motion cannot be described by continuous mapping
of a domain of the Euclidean space to another one. In fact,
not the motion is continuous, but the domains of definition
of the functions used to describe the motion are continuous (since the functions with the discrete domain of definition have been approximated by series expansion in the
field of functions of continuous domain of definition).
The quick change of the patterns in the neighboring
cells gives the discrete (global) motion, the slow change
of the patterns gives the continuous (quasi-continuous)
motion. Discrete layouts are not automatically returned by
functions with continuous domain of definition. As part
of the investigation, a solution consistent with a discrete
domain of definition should be produced from the continuous solution. At the same time functions with continuous domain of definition provide (mathematically and)
mechanically interpretable result only in discrete locations (for solid bodies, see, for example, [2, 3]).
5 Conclusions
The paper focused on the characterization of the mechanical behavior of matter based on the motion of particles
constituting the matter. The distinction of bodies founded
on the states of matter is based exactly on this: gas is an
ensemble of colliding particles, liquid is an ensemble of
particles in continuous contact, but these do not maintain
their order, and finally the solid body is an ensemble of
particles in a fixed order. We have shown that the interpretation of the state of the body based on the aspect of
the shape/volume conservation/change, ratio of the bond
and the kinetic energy dependent on the heat movement,
and finally the contact of the particles that make up the
material, existing internal order and movement of particles leads to the same classification of bodies.
We have shown that the motions of particles constituting the medium can be classified into three distinct
groups: disordered, collective and patterned motion. In
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the presence of a small number of particles, the status of
each particle is monitored separately (grain set, discrete
element method). The presence of a high number of particles does not allow the direct application of the apparatus
of the Newtonian mechanics for every particle, in some
sense distribute; "continuous" model must be applied. The
"distribution" must be in accordance with the motion of
the particles constituting the body. We interpret three differently "distributed" systems for three different forms
of motion. We assign statistic distribution for the disordered motion of free particles (gas). To describe the collective movement of the free particles (e.g. gas → laminar
flow) and bound particles (e.g. solid → deformation), the
all particles are distributed over point set of the domain
occupied by particles, and replacing them with a continuous set over which continuous functions are selected to
describe the system. In order to describe the patterned
motion of free moving particles (e.g. gas), we characterize the whole system by summarizing the local solutions
reflecting each pattern. We assign (approximate) functions of continuous domain of definition to the patterned
movements of the periodically arranged, fixed-position
particles (lattice system) instead of functions with discrete domain of definition. The disordered motion leads
to thermodynamic description and to kinetic gas theory
and statistical mechanics. Within the thermodynamic

description, the without internal structure and the internal
variable approach can be distinguished. Collective that is
to say continuous motion leads to the laminar flow and the
classical continuum. Patterned motion leads to partly vortex and turbulent motion descriptions, and partly to grid
continuum. The various models of grid continuum interpret the various generalized continua. In the case of grid
continuum, the choice of base functions indicates that the
generalized continuum is not a continuous medium, but a
theory describing the mechanical behavior of a discrete,
periodically arranged medium with functions of continuous interpretation domain. In case of patterned flow and
disordered motion – this is the turbulent flow – both apparatus are simultaneously applied for the description of
both the ordered and the disordered motion. This is the
Kolmogorov-type random approach.
We have shown, see in Table 3 that freezing degrees of
freedom of motion interprets a series of models. Reading
them from one direction is specialization, and it is generalization from the other direction.
Note: Independent rotation ceases in the model of classical continuum, see e.g. [86].
The forms of motion of the media and the characteristics of the model can be summarized in the Table 4 below.
gas ↔ liquid ↔ granular body ↔ grid continuum ↔
classical continuum ↔ rigid body → material point

Table 3 The conditions for changing the model
gas:

occasional collision of particles

↕
liquid:

continuous contact of particles, but there is no fixed order

↕
granular body:

the particles are in constant contact, in the equilibrium there is (not necessarily regular, periodic) order of
the particles; as a result of external force, the particles usually rearrange

↕
grid continuum:

the fixed (usually regular) order of particles remains, although the motion can also be disordered, the
distance and orientation among particles changes arbitrarily

↕
classical continuum:

the motion is collective beside the fixed order of particles (that is the points of Euclidean space), the
distance among the particles of the body changes, the change is continuous (the particles are distributed,
there is no rotation of point)

↕
rigid body:

beside the fixed order of particles (that is the points of Euclidean space), the distance among the points of
body is constant

↓
material point:

the dimension of the body is irrelevant (the modelled body can be solid body but it can also be liquid(drop)
"held together"). (the transition in the inverted direction is not clear therefore the arrow is in one direction)
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Table 4 The forms of motion of the media and the characteristics of the model
State

Equilibrium

Motion of particles

Disordered

Movement
Collective

Patterned

laminar flow

vortex and turbulent flow

Gaseous

collision

Liquid

contact

Granular

no motion: equilibria
arrangement

Solid

vibration around grid points

shape change

motion in the cells, optical
and acoustic vibrations

Type of theory

phenomenological,
internal-variable (extended)
thermodynamics; kinetic gas
theory; statistical mechanics;
balance of granular material

classical continuum

generalized continua:
cell system with rigid or
deformable particles sitting in
the grid points

Characterization of description and motion

continuous distribution and
discrete motion

continuous description and
continuous motion

description over cells is
continuous, the motion inside
the cells is discrete

Free particles

Fixed particles
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