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Abstract

Residual strength and critical damage parameters are worthy to evaluate the stability of engineered rock masses. In this paper, new 

thinking, repeated load test on a single specimen was proposed to measure the residual strength of the rock. And author proposed 

to modify the critical damage value based on residual constitutive energy. The test results showed that: (1) the residual strength of 

rock is mainly controlled by the confining pressure, without a clear relationship with the confining pressure and stress path of the 

initial loading failure. (2) The residual strength parameters of the rock specimens under repeated loading test are consistent with the 

conventional triaxial test. Most importantly, the proposed method is relatively less dispersion, cheap, reliable, and time-saving. (3) 

The corrected critical damage value was reasonable. Relevant test methods can provide a useful reference for the determination of 

residual strength parameters and critical damage value.
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1 Introduction
Generally, rock mechanics tests are destructive tests.  
In the conventional triaxial compression test, a rock spec-
imen can only have one set of major and minor princi-
pal stress (σ1, σ3). The failure envelope provides the rock 
strength parameters. Multiple test method evaluates the 
strength of rock specimens. This method is not only costly 
and time-taking, but various types of rocks are heteroge-
neous with various microscopic cracks and pores due to the 
long-term geological processes. There is a variation in the 
test results, even for the same rock specimens. Anomalously, 
the confining pressure increases while the axial stress 
decreases [1]. Though repeat testing increases the accuracy 
of test results, there is still a challenge in the analysis of 
conventional rock mechanics test results. In rock engineer-
ing design, proper rock mass mechanical strength parame-
ters need to be determined [2]. To overcome this problem, 
many researcher investigated sample preparation precision, 

sample screening, and test result correction [3–4], which 
provides a good foundation for improving the accuracy of 
test results. However, it is also fundamentally impossible 
to avoid the effect of specimen variations on the accuracy  
of the test results.

In the 1980s, some scholars proposed a single specimen  
test method or multistage loading using a single specimen 
[5–13]. Experimental studies were conducted on many  
types of rocks (such as sandstone, marble, mudstone, etc.) 
by different investigators using a single specimen test 
method. Moreover, the difference between a single spec-
imen and the conventional multiple specimen test meth-
ods were analyzed [5–12]. Li et al. [13] determined the 
unloading strength parameters using a single plug multi-
stage unloading failure test method. Xu et al. [14] deter-
mines a soft rock single test sheared yield strength of differ-
ent pressure, drawing shear yield strength in vertical section 
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and comparing the experimental results of single test sam-
ple shear experiment with the experimental results of many 
test sample shear experiments and numerical value is very 
close. Yong et al. [15], and Yan et al. [16] employed a sin-
gle specimen test method for composite materials using 
direct shear test. The single specimen loading method has 
clear and simple procedures to improve the accuracy of the 
test results. It has been widely used and recognized in rock 
mechanics tests. Similarly, this method has been used by 
the International Society of Rock Mechanics to evaluate 
the compressive strength of the rock [6]. However, relevant 
studies have shown that [17–18], in the single specimen 
loading process, each stage of multistage loading results in 
damage in the rock specimen and the next load step should 
be applied before the failure so it is below the real fail-
ure curve. As a result, an exception of the first stage, the 
strength is significantly smaller than the Conventional triax-
ial compressive strength under the same confining pressure.  
Liu et al. [17], and Song et al. [18] considered the damaging 
effect of multistage loading and proposed the correspond-
ing correction method. Pagoulatos [19] proposed a cut point 
based on volumetric strain. The established failure enve-
lope characteristics showed a good agreement with single 
stage conventional triaxial tests.

In many engineering projects, the actual stress state of 
the rock mass is complex and predominantly in the post-
peak stage. Many slopes and tunnels develop cracks on 
the rock mass. Furthermore, the reliability of rock engi-
neering project depends on the accuracy of strength and 
damage parameters [20]. Based on thermodynamics law,  
conversion of energy is the essential feature of the phys-
ical process [21]. Dissipation of energy causes rock  
damage and yields strength loss. The energy damage vari-
able is defined as the ratio of the unit dissipation energy 
to the critical dissipation energy. The critical variable has 
a damage variable of 1. In practice, rock has a residual 
strength. Therefore, the damage value is not 1. According 
to Jin et al. [22] the damage variable can be defined based 
on the dissipation of the material's constitutive energy. 
Hence, the damage variable is the ratio between dissipated 
energy and the material constitutive energy. In this paper, 
the constitutive energy is divided into elastic energy, plas-
tic property, creep energy and fracture energy. It is con-
sidered that when the damage and fracture energy are 
clearly distinguished, the value of fracture energy can be 
neglected. However, the fracture energy is not only con-
sumed in the form of dissipated energy but also released 
by thermal energy and acoustic energy. Initially, these 

values are small and almost negligible. However, dam-
age occurred at the critical and residual stage of the rock. 
Instantaneously emits sound to release a large amount of 
heat. At this point, one can ignore the fracture energy. This 
method results in high damage value, and it can be seen from 
the repeated test of the single specimen that the repeated 
loading stress-strain curves in the residual phase can be 
well overlapped, indicating that there is a critical dam-
age value. In this paper, the author modified the definition  
of damage variable by Jin et al. [22].

Wherefore, in the analysis and evaluation of rock mass 
stability critical and residual strength parameters are very 
important. Previously, conventional triaxial tests with 
multiple specimens were used to determine the residual 
strength of rocks. Single specimen method was rarely used 
to establish the residual and critical strength parameters.

2 Methodology
The single specimen multistage loading has been effectively 
used to establish the peak strength of the rocks [6]. Residual 
strength occurs at a very high strain. Consequently, the direct 
application of this method is problematic. Direct application 
of the residual strength stage will cause damage to the triax-
ial pressure chamber due to very large deformation.

Thence, this paper proposed repeated loading test on a sin-
gle specimen. Typical stress-strain curve is shown in Fig. 1.  
The test procedures mainly categorized into two steps.

(1) After applying the initial confining pressure, the spec-
imen is loaded to failure and then unloaded. The peak and 
residual strength parameters are determined accordingly. 

(2) Set the confining pressure to the value of the above 
failure load, and repeat the loading until a steady residual 
stage reached and then unload, and increase the confining

Fig. 1 Stress-strain relationships of repeated loading test on a single 
specimen 
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pressure for different repeated loadings. 4 to 5 stages of 
repeated loadings are required to get appropriate residual 
shear strength parameters of rocks. 

The accuracy and reliability of (the single specimen 
repeated loading) residual shear strength values can be 
evaluated based on the following three conditions.

(1) Under the same confining pressure, the single rock 
specimen repeated loading residual strength value should be 
the same as the conventional triaxial compression test result. 

(2) For the failure rock samples by conventional triaxial 
compression, which are used for repeated loading at the 
same confining pressure, the residual strength obtained 
should be basically the same.

(3) If the failure rock sample by different stress paths is 
repeatedly loaded with the same confining pressure, the resid-
ual strength should be basically the same as the above (1).

Thus, (1) the conventional triaxial compression and sin-
gle specimen repeated loading tests was designed accord-
ingly. The testing program considered four confining 
pressures (5 MPa, 10 MPa, 20 MPa, and 30 MPa). In the 
beginning, the conventional triaxial compression test was 
conducted to the residual strength stage and then unloaded. 
Then, a single specimen repeatedly was loaded at four dif-
ferent confining pressures. 

(2) Comparative analysis was conducted for repeated 
loading and unloading triaxial tests. For different confining 
pressures (5 MPa, 10 MPa, 20 MPa, and 30 MPa) the rock 
specimens were loaded to 70 % of the peak strength value, and 
the confining pressures were unloaded to failure. Then, con-
sidering the above four confining pressures, the single speci-
men is repeatedly loaded. The specimens were loaded to the 
residual strength stage and then unloaded. Then the confining 
pressure was increased, and the specimen was loaded again.

(3) The shear strength index can be determined based on 
a linear regression method. The shear strength parameters 
can be evaluated based on the maximum shear stress and 
average normal stress relations or the maximum principal 
stress and minor principal stress relations. Chen et al. [23] 
recommended the later one. Similarly, this paper adopted 
the second method.

(4) The critical damage value was calculated by the 
constitutive energy of repeated loading test and the con-
stitutive energy of the rock during the loading process. As 
it is shown in Eq. 1:
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Where, Ud is the dissipated energy, Ur is the residual 
constitutive energy, U is the constitutive energy during the 
loading fracture process.

Sandstone is a common type of rock in engineering. 
Therefore, to meet the objectives of this paper sandstone 
rock was used. A slightly weathered sandstone rock is 
brought from the Three Gorges reservoir area. It is a seric-
ite medium quartz sandstone with a diameter of 50 mm 
and a height of 100 mm. The specimens were screened by 
using wave velocity and density tests to minimize the vari-
ation of the specimens [3]. 

3 Test results and discussion
3.1 Analysis of triaxial loading test 
Fig. 2 shows typical stress-strain curves for conventional 
triaxial compression and repeatedly loaded single speci-
men tests (σ3 = 30 MPa).

As it can be seen from Fig. 2.
(1) Under different confining pressure conditions, the 

stress-strain curves for the conventional triaxial compres-
sion tests are the same, and there are consolidation, elas-
tic, plastic, strain softening and residual strength stages.  
The confining pressure, the peak strength, and the residual 
strength increased from 5 MPa to 30 MPa, 152.87 MPa to 
270.40 MPa, and 31.87 MPa to 151.35 MPa.

(2) Under different confining pressure conditions, the 
shape of the stress-strain curve of repeated loading is basi-
cally the same. After consolidation and elastic stages, the 
rock specimen quickly reached the plastic and the resid-
ual strength stage. The strain hardening phenomenon 
observed when the confining pressure increased, and the 
slope of the stress-strain curve gradually increased. 

Fig. 2 Stress-strain relationships of conventional triaxial and repeated 
loading tests on a single specimen 
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(3) The residual stress-strain curves overlapped when the 
confining pressure of repeated loading and conventional tri-
axial compression tests were equal. The deformation and 
strength characteristics of the residual stage didn't change, 
when the same confining pressure used for repeated loading.

Based upon Table 1:
(1) The discrepancy of the residual strength of the con-

ventional triaxial compression test and repeated loading 
on the same confining pressure was between 1.15 % and 
5.14 %. With the same confining pressure, the rock spec-
imens exhibited similar failure for repeated loading and 
conventional triaxial tests. It's good to meet the first con-
dition mentioned in the above.

(2) Repeated loading of a 20 MPa confining pressure 
failure rock sample in a conventional triaxial compression 
test, When the applied confining pressure was 5 MPa, 10 
MPa, 20 MPa, and 30 MPa, compared with the residual 
strength obtained by using the conventional triaxial com-
pression test, the variation was between 0.13 % ~ 3.38 %. 
Moreover, the rock specimens in the conventional triaxial 
compression test showed a consistent trend of failure with 
repeated loading of 5 MPa, 10 MPa, and 30 MPa confin-
ing pressure failures. It is indicated that the destruction 
of rock samples by conventional triaxial compression are 
subjected to repeated loading tests of different confining 
pressures, and the residual strength obtained by repeated 
tests is approximately equal to the residual strength 
obtained by the conventional triaxial test. It shows that 
the destruction of rock sample by triaxial compression is 
repeatedly loaded, and its residual strength is mainly con-
trolled by the confining pressure during repeated loading, 

but the relationship with the confining pressure of the ini-
tial loading failure is not obvious. It's also useful to meet 
the second condition specified in the above.

(3) Under different initial confining pressure condi-
tions, the rock specimens went through shear failure. The 
entire repeated loading tests with different confining pres-
sures yielded one macroscopic shear failure. It is indicated 
that the residual strength of the rock sample is controlled 
by the shear failure surface formed during the first con-
ventional triaxial compression during repeated loading.

3.2 Analyis of triaxial unloading test results 
Fig. 3 shows the stress-strain curve for the triaxial unload-
ing and repeated loading tests.( σ3 = 30 MPa)

As shown in Fig. 3 and Table 2:
(1) The stress-strain curves of the repeated loading of the 

triaxial unloading and the conventional triaxial repeat load-
ing can be well coincide. It shows that when the rock is at the 
same hydrostatic pressure, the residual strength of the rock 
mass has little relationship with its pre-peak stress path. It's 
used to meet the third condition mentioned in the above.

(2) Compared to the repeatedly loaded stress-strain 
curve the triaxial unloading has a lower residual stress-
strain curve. The confining pressure at failure is signifi-
cantly smaller than the initial confining pressure. When 
the repeated loading test is carried out, the confining
pressure is applied to the initial value, which is equivalent 
to the increase of the loading confining pressure. Therefore, 
the residual strength of repeated loading is higher than the 
triaxial unloading test.

Table 1 Statistical results of conventional triaxial and repeated loading tests on a single specimen

σ3/ [MPa] Conventional triaxial test Repeated loading test on a single specimen

Peak strength/ 
[MPa]

Residual strength/ 
[MPa]

σ3/5 
[MPa]

σ3/10 
[MPa]

σ3/20 
[MPa]

σ3/30 
[MPa]

5 152.87 31.87 30.23 60.89 110.33 151.17

10 165.79 60.96 30.72 60.02 108.33 150.27

20 250.55 105.34 31.83 58.90 106.57 150.69

30 270.40 151.35 31.11 58.11 109.17 149.04

Table 2 Residual Strength characteristics for different testing conditions

σ3/ [MPa] Conventional triaxial test Repeated loading test on a single unloading failure specimen

Residual strength/
[MPa] / [MPa] / [MPa] / [MPa] / [MPa]

5 31.87 30.91 30.45 31.04 30.64

10 60.96 65.24 66.13 63.94 66.33

20 105.34 105.49 107.22 109.48 108.28

30 151.35 153.46 151.01 151.91 154.64

1 2 3 4
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Fig. 3 Stress-strain relationships of triaxial unloading and repeated 
loading tests on a single specimen

Fig. 4 Fitting curves for the conventional triaxial test

(3) Under different confining pressure and repeated load-
ing, the fracture degree of the rock specimen in the triax-
ial unloading test is higher than the triaxial loading test.  
However, there is only one observed macroscopic shear fail-
ure throughout the testing stage Therefore, at the residual 
stage, the disintegration of rock had a trivial effect on the 
stress-strain curve. In the residual stage, a main shear plane 
controlled the strength and deformation of the rock specimen.

3.3 Failure envelope characteristics analysis
Figs. 4 and 5 show the best-fit curves for a repeated loading 
on a single specimen and conventional triaxial compression 
tests. The statistical results are summarized in Table 1. The 
resulting shear strength parameters are tabulated in Table 3.

Table 3 Strength characteristics for different testing conditions

Failure 
envelope 
acteristics

Conventional 
triaxial test

Single specimen repeated loading 
test

Peak 
strength

Residual  
strength

σ3/5
[MPa]

σ3/10
[MPa]

σ3/20
[MPa] 

σ3/30
[MPa]

C/[MPa] 27.77 2.50 2.30 2.33 2.56 2.28

φ/[0] 42.47 40.52 40.95 40.71 40.62 40.63

(a) σ3 = 5 MPa

(b) σ3 = 10 MPa

(c) σ3 = 20 MPa

(d) σ3 = 30 MPa
Fig. 5 Fitting curve of single plunge repeated loading test
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Table 4 Energy and critical damage values with different confining 
pressures 

σ3/
[MPa]

Ur / 
[MJ/m3]

Ud / 
[MJ/m3]

U/ 
[MJ/m3]

Dc
uncorrected 

Dc
corrected

5 0.94 1.52 1.54 0.99 0.39

10 1.85 2.72 2.80 0.97 0.34

20 2.99 3.92 4.11 0.95 0.27

30 4.10 4.63 5.03 0.92 0.18

Based upon Table 3, Fig. 4 and Fig. 5:
In the conventional triaxial compression test, the peak 

cohesive and internal angle of friction was 27.77 MPa and 
42.47°, respectively. Similarly, the residual cohesive and 
internal angle of friction was 2.50 MPa and 40.52°. The 
residual cohesion based on repeated loading on a single 
specimen was between 2.28 MPa and 2.56 MPa, which is 
different from the conventional triaxial compression test 
result. The variation was between 1.15 % and 10.81 %. 
The internal angle of friction was between 40.6° ~ 40.95°. 
The discrepancy was between 0.0031 % ~ 1.10 %, which 
is too small. In the conventional triaxial compression test, 
the correlation coefficient for different stages was between 
0.89 ~ 0.99. However, repeated loading on a single speci-
men resulted in a higher coefficient of correlations (> 0.99). 
Repeated loading on a single rock specimen is used to 
determine the residual strength parameters. 

Apart from its small variations in the testing results, 
this method (repeated loading on a single specimen) can 
be used to save the cost of site investigation. 

3.4 Study of critical damage value 
According to the conventional triaxial test result, typical 
calculated values are shown in Table 4. 
From Table 4:

(1) As the confining pressure increases from 5 MPa to 
30 MPa, the residual constitutive energy and the dissipative 
constitutive energy increase from 0.94 MJ/m3 to 4.10 MJ/m3 
and 1.52 MJ/m3 to 4.63 MJ/m3, respectively. The constitu-
tive energy increased from 1.54 MJ/m3 to 5.03 MJ/m3. The 
corrected and uncorrected critical damage values decreased 
from 0.39 to 0.18 and 0.99 to 0.92, respectively. The confin-
ing pressure has an inhibitory effect on the damage.

(2) The discrepancy between the uncorrected and cor-
rected critical damage value is high. 

4 Discussion 
The critical value of the variable is called the percolation 
threshold. Percolation is a natural phenomenon. When the 
variable that plays a decisive role in the system reaches a 

threshold, the state of the system is abrupt. There exist per-
colation phenomenon and damage threshold in rock dam-
age process under stress conditions. The renormalization 
group method is an effective method to study the perco-
lation threshold [24–26]. Huang [27] obtained the critical 
damage value of 0.38 and 0.11 by using the renormalization 
group method based 2d and 3d models, respectively. The 
values are closer to the corrected damage threshold values 
of this paper. Liang et al. [25] used RFPA3D to simulate 
the sample loading failure test with different homogeneity 
and found the critical damage value between 0.25 and 0.35, 
which is very close to the corrected critical damage value of 
this paper. The rock failure has self-organized critical char-
acteristics, and a stress transfer was proposed in the self-or-
ganization degree parameter characterization unit [28].  
The corresponding critical damage values (between 0.15 
and 0.38) were close to the corrected damage threshold val-
ues in this paper. Therefore, it is reasonable to propose the 
modified damage variable in this paper.

From the above test result, the variation in the rock spec-
imens mainly affects the deformation and strength char-
acteristics of the pre-peak stage and has a slight effect on 
the residual strength. The residual strength is mainly con-
trolled by the confining pressure. Su et al. [8] determined 
the strength parameters for sandstone and marble with a 
single specimen and found similar conclusion.

5 Conclusions
(1) Repeated loading on a single specimen was pro-

posed to determine the residual strength index of rock. The 
analysis showed that the residual strength index obtained 
from repeated load test on a single specimen was consis-
tent with the conventional triaxial compression test results. 
Repeated loading test on a single specimen is a relatively 
less dispersion, cheap and reliable method. 

(2) The residual constitutive energy is obtained based 
on a single specimen method, and the corrected damage 
threshold values were in a better agreement with existing 
literature [27, 28]. 

(3) In the conventional triaxial compression tests, the 
peak and residual strengths have contained the varia-
tions in the rock specimens and the influence of confin-
ing pressure on the shear failure surface. The variation 
in the rock specimens is mainly due to pores and cracks 
within the body of the rock mass. During the loading pro-
cess, the defects inside the rock sample gradually close or 
expand, resulting in significant differences in the stress-
strain curve characteristics and peak strength of the rock 
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sample. This variation in the test results often mentioned 
in the previous section. The macroscopic shear failure sur-
face gradually developed when the loading stress exceeded 
the peak strength of the rock sample, and it controls the 
residual bearing capacity of the rock. For the same group 
of rock specimens, their mineralogical composition, parti-
cle structure, particle strength, and cementation properties 
are approximately the same. Thence, the shear strength and 
the shear failure surfaces of different rock specimens are 
naturally consistent. This further illustrates the rationality 
of the method (repeated loading on a single specimen) for 
determining the residual strength parameters of rock.

(4) It's important to point out that there are many types 
of rock masses in nature, which experience different forms 
of stress history. The rock samples used in this experiment 

were micro-weathered, sericite quartz sandstone. A series 
of triaxial loading and unloading tests were conducted. 
The authors will continue further study on the applicabil-
ity of this method to other types of rock masses with dif-
ferent lithologies and stress paths.
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