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Abstract
Mechanical fracture brings about considerable financial and living costs to various communities. Since the early twentieth century,
the issue has been scientifically under scrutiny. Hence, it is of necessity to explore the failure of various materials including concrete
as one of the most widely used materials in the construction industry. In examining the concrete structures, while it is assumed that
concrete is a homogeneous material, it consists of several components such as cement paste, an aggregate of sand, gravel, and air,
and the components play an essential role in determining correct concrete behavior. Hence, in the present research, to calculate the
concrete fracture parameters under the three-point bending experiment, 100 distributions of aggregates and cement matrix were
considered, and fracture factor and integral J were investigated, and contrary to expectations, the second and third fracture modes
were also created. Besides, energy release ratio distribution along the beam thickness becomes unsymmetrical, contributing to early
failure and crack propagation.
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1 Introduction
Failure mechanics process in quasi-brittle and brittle
materials, such as concrete, is very complicated due to
the propagation of cracks and involvement of cracks and
grains [1–3]. Experiments and numerical analyses of concrete under different loadings indicate that concrete fracture behavior depends on its internal structure including
the aggregate size, its distribution curve, mortar volume,
and porosity. Therefore, the realistic description of the
concrete fracture is obtained only when the factors mentioned are considered in concrete modeling. Since about
70 to 80 percent of the concrete volume is composed of
sand and gravel, aggregate size and location in modeling have attracted the attention of researchers [4]. Crack
usually initiates in ITZ zone and may pass through the
cement matrix and even aggregates in case of continuation of crack growth. The width of this ITZ zone varies
from 0 to 50 mm depending on aggregate roughness [5–7].
Meso-scale simulation of concrete can be performed using
continuous [8–14] and discontinuous [15–18] models. It is
also possible to use a discrete element method for concrete
behavior modeling, which is a powerful numerical method

for simulating the dynamic behavior of a set of separated
particles [19–22]. This method is based on the use of an
explicit numerical procedure that examines the interaction between particles by particle contact and motion in
a particle-by-particle manner. Boundary Element Method
using nonlinear finite elements [23] and also rigid body
spring (mass-spring) method [24–26] are suitable for evaluating concrete failure behavior using concrete component modeling. A good understanding of concrete's failure behavior can be achieved using the spatial distribution
of aggregates and concrete failure patterns. Thus, several experimental studies have been conducted including non-destructive testing methods in the acoustic techniques, and also X-ray scanning. The critical factor in
failure modeling is 3D modeling [27, 28]. Calculating
3D semicircular disk modeling, Akhaveissy et al. [29]
achieved more precise results for calculating the failure
coefficient of a half-circle disk. Thus, in the present article, first, by comparing 2D and 3D modelling results, the
2D modelling error value was calculated. Given such considerable error, it is recommended to use 3D modelling for
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3 Numerical modeling and verification method
In order to calculate the crack tip stress intensity factor,
the Linear Elastic Fracture Mechanics (LEFM) method
was used. First, the concrete beam numerical model under
homogeneous mechanical properties was analyzed, and
the 2D and 3D modeling results were compared with the
analytical equations of the LEFM, and the accuracy of the
results was verified. Then, considering the four different
grain sizes (Aggregate) and cement matrix in the limited
space around the cracking Surface, the results were compared with LEFM. For 3D modeling of the concrete threepoint beam sample, a 3D 20-node element (Solid186) with
three degrees of freedom per node was used. This element is potentially proper for the meshing of irregular geometries, and has the potential to be converted into

Concrete mix
(d50 = 2mm, dmax = 16mm, β = 75 %)
(kg m –3)

Concrete components
Cement

810

sand

650

Gravel aggregate (2–8 mm)

580

Gravel aggregate (8–16)

580

Water

340

Table 2 Mechanical specifications of different concrete components [13]

E [GPa]

47.2

29.2

36.1

–

ν

0.2

0.2

0.2

–

k n0 [MPa/mm]

–

–

–

10^6

10^6

ft [MPa]

–

–

–

4.4

1.6

GF [N/m]

–

–

–

40

20

α

–

–

–

7.5

7.5

–

–

–

0.071

0.098

δm [mm]
f

ITZs

Cement
matrix

Cohesive elements

Homog.
beam part

Bulk elements
Cement
matrix

2 Mechanical specification and geometry of the
laboratory model
In the present research, the specification of the experimental model proposed by Skarżyński et al. [13, 18] was
used. Concrete beam has a length of 320 mm, a height of
80 mm and a thickness of 40 mm, and a notch has a width
of 3 and a length of 8 mm. The laboratory sample dimensions of the three-point concrete beam are shown in Fig. 1.
The concrete sample homogeneous and heterogeneous
mechanical properties and aggregates and cement matrix
characteristics are shown in Table 1 and Table 2, respectively. In numerical modeling, the amount of air void in
the concrete sample is discarded. The loaded charge is
2500 N. β is the percentage of the total amount of aggregate in the concrete mix.

Table 1 Concrete sample specifications [13]

Aggregate

crack propagation analysis in heterogeneous cases such as
concrete. Next step was to perform numerical modelling
by LEFM method and non-linear method by considering
the interaction between different components. After corroborating the modelling results by LEFM method, 100
different aggregate distributions were analyzed. Unlike
expectations, due to the consideration of the aggregate in
the cement matrix, the third mode of fracture was also
created along with the first and second ones in the threepoint bending beam. Finally, given the uncertainty of the
aggregate positioning, it is recommended to consider fracture parameters such as K and J in the same interval to
be able to obtain more precise numerical predictions. It
should be noted that, modelling via LEFM method is easyto-use and highly precise, and lacks the intricacies specific
to non-linear models.

Fig. 1 Geometry of experimental concrete beams subjected to threepoint bending [13]

tetrahedral, pyramid and prism elements. For 2D modeling, the 2D 8-node element (Plane183) with two degrees
of freedom per node was used. If required, this element
also is naturally flexible to be converted into 6-node elements in irregular geometries. For the 2D model, due to
the remarkable thickness of the concrete sample, the plane
strain behavior was considered for the numerical model. In
ANSYS software, high-order elements have the potential
to resolve the Crack tip singularity. Twenty elements with
a length of 0.5mm were placed around the Crack tip. The
meshing procedure of the model is shown in Fig. 2.
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In order to calculate the stress intensity factor, the
amount in the finite element method, the crack surface displacement correlation method was used. In this method,
given the extent of crack surface displacement, the stress
intensity factor value is calculated. The displacement value
of the crack surface in the LEFM is calculated via Eq. (1).
According to the following Fig. 3 and Paris and Sih formulation [30], we have the following in polar space:

u=
−

K II
4G

v=
−

KI
θ
r
3θ
((2κ − 1) cos − cos )
4G 2π
2
2

KI
θ
3θ
r
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4G 2π
2
2

K II
4G
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r
3θ
θ
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2π
2
2
(1)

3θ
θ
r
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2π
2
2

2 K III
G

r
θ
(sin ).
2π
2

u, v, w is the displacement in the local Cartesian device
according to Fig. 3, is the local polar coordinate in Fig. 3,
G is shear modulus, andare stress intensity factor
3 - 4ν if plane strain or axisymmetric

κ =  3 -ν
.
1 + ν if plane strress
Eq. (1) for θ = ±180̊ (used for crack tip displacement) is
summarized as follows:
Fig. 2 Model dimensions and the finite element mesh
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The Eq. (2) is true when r → 0. Therefore, with respect
to the numerical solution, using the path k, J, I, L, M, the
limit should be determined. Thus, the Eq. (2) can be transformed as Eq. (3):
v

v



r
r
.
4GA 
− crack model K I = 2π
half

1 + κ 
= A + Br ⇒ lim
r →0

(b)
Fig. 3 a) Stress intensity factor calculation using displacement
correlation; b) the opening of the crack plane in the 2Dimensional space





 . (2)





=A

(3)

Based on Eq. (3), the stress intensity factors per mode
depend on two main factors: mechanical characteristics
of material, and crack surface displacement. Gi Depends
on the mechanical properties of the element in question,
and some of the elements around the crack tip are made of
aggregates, and the rest are of the cement matrix according
to the random distribution. To validate the finite element
analysis results, the K I of the three-point beam (Fig. 1)
was compared with the LEFM Eq. (4). For the three-point
beam, the K I in the LEFM was calculated from Eq. (4).
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In Eq. (4), the function f is the shape factor and depends on
the geometric dimensions of the sample and the length of
the crack. Also, "a" is crack length, W is the beam height,
and B is the thickness of the beam, P is the force, and S is
the distance between the two supports.
PS

f (a )

w
BW 1.5

a
a
a
a
a 
3( )0.5 (1.99 − (1 − )(2.15 − 3.93( ) + 2.7( ) 2 )  . (4)
w
w
w
w 
f (a / w) = w
a
a

2(1 + 2 )(1 − )1.5

w
w

KI =

By placing S = 240 mm, w = 80 mm, and a = 8 mm, the
three-point beam shape factor amounted to f = 0.846. By
2D and 3D comparison of the numerical results with the
analytical equations of LEFM, we can assure the finite element results (Table 3). However, according to the results, it
is clear that even if homogeneous behavior is assumed, the
2D model results are different from the analytical equations and the 3D model, and this difference between the
obtained results leads to decrease the accuracy of numerical models. This difference is due to the neglecting of the
stress or strain vector across a particular direction, which
causes tri-axial stress. According to Fig. 5, as there is no
stress on the two sides of the sample, the plane stress conditions are dominant. By distancing from the external
edges, the conditions in the 3D modelling tend to the plane
strain. In contrast, in the 2D modeling, plane strain condition is constantly unchanged. 2D numerical model behavior is similar to the behavior of the plane in the middle of
the thickness in the 3D modelling (Fig. 4). Thus, the 3D
modelling behavior is a combination of plane stress behavior and plane strain. However, in 2D modelling, the issue
is not taken into account. Accordingly, in examining the
stress intensity factor in the fracture mechanics, it is better to use 3D modeling. In the next step, by 3D three-point
beam modeling and taking into account the heterogeneous
effects of the aggregates and cement paste, the concrete
fracture parameters were investigated.
4 3D modeling considering the distribution of
aggregates in the Meso-scale
Concrete consists of several materials with different
mechanical behaviors that cause heterogeneous behavior,
which changes the behavior of the concrete in the Meso and
micro scale [13, 17, 18], this change in the Meso and micro
behavior scale compared to the macro scale contributes
to the differences in numerical predictions. For example,
in calculating the stress intensity factor in the concrete

(a)

(b)

(c)
Fig. 4 A comparison of the stress contour along y in the a) 3D and b)
2D modelling: outer aspect, middle plane along the thickness, c) 2D
modelling
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Table 3 2D and 3D numerical result comparison and fracture
mechanics analytical results
Method
3D
2D

K I ( MPa mm )

FEM

17.248

LEFM

17.755

FEM

16.891

Fig. 7 One example of aggregate distribution and Meso-scale limited
volume
Fig. 5 Tri-axial stress conditions along the thickness

Fig. 6 Aggregate grading curve concrete

in terms of aggregates location and dimensions and material, and cement matrix, there are some differences in the
results given the homogeneous behavior of concrete. In the
following, according to the characteristics of the aggregates size of the experimental model [13], three types of
aggregates with diameters of 12–16, 8–10, and 4–6 mm
were considered for the numerical model construction.
The aggregates dimensions were chosen due to having a
greater effect on crack growth and stress intensity factor [17, 31, 32]. Therefore, these aggregates was modeled
separately in the numerical model, and the remaining
aggregate dimensions (sand) except the cement matrix was
considered. Fig. 6 indicates the aggregates' granulation
curve. Since the aggregate location in the concrete volume
is not specified [33–35], Since a limited volume around
the crack tip surface can be effective on the behavior and
propagation of cracks and stress intensity factor, modeling of the whole sample in the Meso-scale is not necessary. Thus, only a volume of 25 mm from each side of the
crack were considered for the modeling in the Meso-scale.
Table 2 shows the mechanical behavior of each component.

The algorithm operates according to the aggregates equivalent radius and the number of aggregates. First, the first
equivalent sphere is considered randomly in the cement
matrix volume. Then, the nodes within the equivalent
spheres are selected. If the nodes overlap, the sphere center changes again to the extent that there is no overlapping.
The process continues until there are no two overlapping
spheres. Then, the elements connected to the nodes are
selected, and if the difference in the element size with aggregate is less than 1 %, the operation is acceptable. Otherwise,
the elements connected to the nodes are unselected so that
the volume difference becomes less than one percent.
Given that there is the possibility of aggregate distribution within the cement matrix, it is not possible to
determine the location of the aggregate with certainty.
Considering this issue in the present study, 100 different aggregate distributions were considered randomly to
be able to take into account any changes in the analyses
results as far as possible. In the numerical model threephase, there are homogeneous, cement matrix and aggregate, which the elements' dimensions in the Meso zone are
0.5 mm, and the numerical model has a total of 1725028
degrees of freedom. Fig. 7 shows a randomized sample of
the finite element model. The model shows one sample of
the Meso-scale, aggregates, cement matrix and homogeneous concrete. Fig. 8 represents the six aggregate distribution samples in the cement matrix.
5 Numerical modelling method and verification on
Meso-scale
In this part, to be ensured of the data results via LEFM
method, a random sample is modeled by taking into account
the interaction between different modelling components.
To consider the interaction between different components,
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the 3D element (Interface 205) is used (Fig. 9). Two different interactions between aggregates and cement matrix
(ITZ) and between cement matrix elements were considered. The mechanical properties of each component and
their specific interaction are presented in Table 2.

Fig. 8 Six examples of aggregates distribution

5.1 Modelling via LEFM method without consideration
of interaction between components
The results indicated that the existence of aggregates in
the direction of crack propagation can contribute to stress
concentration. Such concentration can give rise to power
path alteration, and accordingly, second and third modes of
fracture come on the scene (Fig. 11). Fig. 10 clearly shows
that the aggregates have hindered (blacked) or transformed
strain generation path.
Unlike the expectations, this stress concentration can
lead to second and third modes of fracture. By computing
the stress intensity factor along the thickness, it was indicated that, not only K I was reduced in aggregate location
but also K II and K III were generated (Fig. 12). In the case K
> KC , crack propagation is highly likely to occur [36–39].
Thus, if the sample was modelled via homogeneous behavior, the effect of the second and third modes would be overlooked, and there was a high risk in numerical predictions.

(a)

(a)

(b)
Fig. 9 a) Cement matrix and cement/cement interface; b) Aggregate/
cement interface (ITZ)

(b)
Fig. 10 YY strain a) Forward view; b) Back view
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Fig. 11 ZZ stress, the concentration of the stress generated around
aggregate along the thickness

(a)

Fig. 12 Stress intensity factor along the numerical sample thickness
(b)
Fig. 14 a) Prediction of crack prediction; b) separation ITZ zone

Fig. 13 Force-CMOD, Compression between numerical and
experimental [13]

5.2 Modelling by considering the interaction between
components (interface element)
In this model, the interaction between the aggregates and
cement matrix (ITZ) and between the cement matrix elements was considered (Fig. 9). By considering the interaction, there is a high feasibility of separation between

different components. The results indicate that there is an
acceptable consistency between the numerical and experimental results (Fig. 13). It is quite clear that although the
model benefits from a high precision, it has a high computational expense, and it must be utilized in terms of the
precision required.
Given that the three-point beam is under the first mode
fracture, it is expected that the crack propagates via opening mechanism (first mode fracture) (Fig. 14(a)). However,
given aggregate goniometrical form and positioning, such
propagation may be susceptible to alteration. Interface
elements between aggregates and cement matrix are presented in Fig. 9. The two aggregates specified in the
Fig. 14(a) are located in the direction of the crack propagation. The aggregates have totally separated, and the crack
has propagated in ITZ zone between two aggregates and
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6 Results
In this part, the effect of the Meso-scale volume on the
results is analyzed. Trawiński et al. [18] selected the limited 25 mm width from each side of the crack plane for
Meso-scale modelling. To show the effect of the selected
volume in Meso-scale modelling, one sample was selected.
The beam was first totally modelled on Meso-scale. Then,
given that the beam height is 80 mm, the height was
divided into four parts. In the first analysis, only A1 volume was selected for Meso-scale. In the next analyses, the
volumes 2, 3, and 4 were also added to indicate the effect
of modelling volume on Meso-scale (Fig. 16).

cement matrix (Fig. 14). LEFM method results in Fig. 10
and Fig. 11 are totally consistent with the below results, and
we can be completely assured of the corroboration of the
modelling via LEFM method.
In the next step, in the numerical model in which the
components behave interactively, the stress intensity
factor per loading step was extracted. As expected, the
stress intensity factor value is always smaller than LEFM
value in a non-linear method, and at the end of loading
and crack propagation, non-linear stress intensity factor
value tends to LEFM stress intensity factor value [40]. The
issue is studied by Wecharatan & Shah [41], Sok et al. [42],
Brown [43], and Entov and Yagust [44], and the present
research results are in consistency with the same results.
This issue can be a reason underlying the use of the stress
intensity coefficient parameter for the concrete, because
always K LEFM ≥ K Nonlinear (Fig. 15), and undoubtedly, when
the stress intensity coefficient results in LEFM method
reach the concrete toughness, crack propagation takes
place. In the following, given the assurance of the corroboration of the LEFM method results, the effect of distribution of 100 random aggregate samples on the cement
matrix is analyzed.

Fig. 15 Compression between KLEFM and KNonlinear

(a)

(b)

(c)

(d)

(e)

(f)

(g)
Fig. 16 Different Meso-scale volumes a) Total model; b) beam 0.75 height; c) beam 0.5 height; d) beam 0.25 height; e) homogeneous;
f) total beam height; g) Meso-scale selection procedure
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Fig. 18 Effect of modeling type on crack growth
Fig. 17 Compression of K- the amount of volume intended for the
Meso-scale

As indicated in Fig. 17, whatever the Meso-scale volume is greater, stress intensity factor is more precise.
More important point in the Meso-scale volume selection
is computational cost. By an increase in Meso-scale volume, computational cost and degrees of freedom increases
dramatically. Given the following results, the same volume limited to 25 mm from each direction of crack plane
was selected for the Meso-scale modelling.
In the following analyzing 100 samples and examining the results indicates that with the Meso-scale modeling and considering the interaction between the aggregates and cement matrix, the results have completely
changed compared to the modeling under homogeneous
behavior. This is because, in the homogeneous model, it
is expected that the tip of the crack under the three-point
beam experiment has only the K I. However, the K II and
K III were also created driven by the presence of the aggregates. Taking into account homogeneous behavior for the
sample in LEFM, the K I is 17.755 MPa mm . In contrast,
taking into account the inhomogeneity effects, the K I varies from 12.2 to 22.5 MPa mm . According to Fig. 18,
the K II and K III are also significant, and the values may
cause an early fracture of the sample. This issue is more
important with regard to Fig. 19 because, considering the
homogeneous behavior of concrete, the K is equal to the
K I (17.755 MPa mm ). In contrast, taking into account
the heterogeneous behavior of concrete, the K is the sum
of K I , K II and K III. In most of 100 samples (except two
samples) studied in the present research, the K under heterogeneous behavior is greater than the K under homogeneous behavior. Thus, as the stress intensity coefficient
in the heterogeneous model is larger, the crack is highly
likely to be propagated in the model. In contrast, the crack
in the homogenous model remains under a safe state.
Therefore, when the modeling is performed under heterogeneous behavior, crack propagation is likely to happen,
and vice versa.

Fig. 19 K values for 100 samples

Examining the stress around the tip in Fig. 20 clearly
shows that the stress contours pattern in the sample is
uniform and symmetrical with homogeneous behavior
according to the Irwin analytic model [45] and shows
the correctness of the analysis, but taking into account
the heterogeneous effects of the aggregates and cement
matrix, the symmetry pattern is disintegrated around the
tip, and the disintegration may contribute to early failure
of the sample. In contrast, in modeling with homogenous
behavior, the failure is not likely to occur.
For example, in one of the 100 numerical samples, an
aggregate is randomly located at the tip of the crack in the
exterior of the numerical model. According to the K I values, a stress concentration was created along the thickness
and at the connecting point between the aggregates and
cement matrix due to the different mechanical behaviors
of the aggregate and cement matrix. Fig. 21 shows that the
K I increased from 14.3 to 21.5 MPa mm at the connecting point between the aggregate and cement matrix. This
increase can significantly contribute to the further crack
growth and crack direction alteration, which this case is
not considered in the homogeneous behavior modeling.
This can practically contribute to the growth and deviation of the cracks faster than the model with homogeneous
behavior. Therefore, to analyze the crack in heterogeneous
materials, it would be better to consider heterogeneity in
numerical modeling to obtain more accurate predictions
of the crack behavior.
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(a)
Fig. 21 KI variable along the thickness

Fig. 22 The histogram of stress intensity factor

(b)

(c)
Fig. 20 Heterogeneity of stress due to aggregate modeling
a) homogeneous; b) heterogeneous; c) Irwin analytic model

The Histogram (Fig. 22) represents the K for 100 samples of the numerical model. The data follow a normal distribution, the mean of data is 22.74 MPa mm , which is
significantly different from the K value in the homogeneous model. For example, if fracture toughness of a specific concrete sample is about 20 MPa mm , the K related
to the three modes of the three-point beam under the loading shown in Fig. 1 was 17.755 MPa mm according to
homogenous behavior, and the crack is stable. However,
by the numerical analysis of the concrete sample at the
Meso-scale, taking into account the heterogeneous effects
of the aggregate distribution and cement matrix, conditions will be completely different, and K value amounts
to 22.74 MPa mm . As a result, the crack will grow, so it
seems that the prediction based on the Meso model will be
closer to reality.
6.1 Investigate the K changes along the thickness
In this part, by comparing the integral J value which represents the energy release rate in the LEFM and considers the effects of all three fracture modes, the differences
between the model values with the homogenous behavior
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and Meso model can be observed (Fig. 23). For a better
observation and comparison, in addition to the uncertainty
region (response region of all 100 random samples), 10 samples results are also shown randomly. The variation in the
amount of energy released rate in the thickness shows the
exact difference between the model with the homogeneous
behavior and model on Meso-scale. It can be said that the
numerical model response with a non-homogeneous behavior has a higher value than that of the model with homogeneous behavior in the Meso-scale, and is a predictor of
more accurate behavior. By comparing the relative error of
the energy released rate in the model with the non-homogeneous behavior in the Meso-scale with the energy released
rate in the model with homogeneous behavior in the thickness of the numerical model, it can be seen that there are
sometimes over 50 % difference between the two methods (Fig. 24). Given the accuracy of the model in Mesoscale, this difference causes the variation in the crack
growth direction, which is not predicted in the analytical
models with homogeneous behavior. Therefore, in examining crack propagation in non-homogeneous materials such
as concrete, it is better to use 3D numerical modeling and
to take into account the effect of aggregate or porosity in
order to obtain an accurate analysis of the crack conditions.
7 Conclusions
Based on the 3D numerical modeling of the limited region
surrounding the tip of the crack, in the numerical analyses, the concrete behavior can be predicted more accurately under heterogeneous behavior in the Meso-scale
than under homogeneous behavior. In concrete behavior modeling in Meso-scale, it is of necessity to identify
mechanical properties of components including sand and
gravel and cement mortar. Depending on the extent of
the numerical accuracy required by the experiment, different aggregate diameters should be considered and distributed using a loop algorithm in the Meso-scale under
specific constraints. Given that the aggregate location in
the cement matrix is not specified, 100 numerical models
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