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Abstract

This paper provides a dynamic analysis of the response of a subsurface cylindrical tunnel to SH waves influenced by a neighboring 

semi-cylindrical hill and semi-cylindrical canyon in half-space using complex functions. For convenience in finding a solution, the half-

space is divided into two parts and the scattered wave functions are constructed in both parts. Then the mixed boundary conditions 

are satisfied by moving coordinates. Finally, the problem is reduced to solving a set of infinite linear algebraic equations, for which the 

unknown coefficients are obtained by truncation of the infinite set of equations. The effects of the incident angles and frequencies of 

SH waves, as well as of the radius of the tunnel, hill, and canyon on the dynamic stress concentration of the tunnel are studied. The 

results show that the hill and canyon have a significant effect on the dynamic stress concentration of the tunnel.
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1 Introduction
Taking the scattering of elastic waves and the concentra-
tion of dynamic stress as the theoretical background, seis-
mic analysis and dynamic analysis of underground struc-
tures are important topics in seismic engineering research. 
According to the research objects, the research on the 
dynamic characteristics of underground structures under 
SH waves has fallen generally into two categories: the 
anti-plane motion of inclusions, holes, and linings in half-
space, and the dynamic response of underground struc-
tures that are influenced by surface topographies (can-
yons, alluvial valleys, hills, and so on). Methods of solution 
are mainly analytical methods and numerical methods. 
Mathematically, the diffraction of elastic waves is solved 
by a set of wave motion equations and prescribed bound-
ary conditions. The wave function expansion method is 
widely used for solving boundary value problems analyti-
cally. In 1979 [1] and 1984 [2], this method was used to ana-
lyze the scattering of SH waves by a circular tunnel and by 
twin circular tunnels in an elastic half-space. Also, for the 
scattering of SH waves by other structures in half-space, 
many meaningful results have been obtained by wave 
function expansion method [3–7]. Using complex func-
tion, Liu et al. [8] provided a new analytical method for 

two-dimensional dynamic stress concentration problems. 
In 1988, the complex function method was further devel-
oped and applied to the problem of dynamic stress concen-
tration in the neighborhood of a circular hole in anisotro-
pic media [9]. Based on the theory of complex functions, 
the scattering of SH waves by a shallow-embedded lining 
structure [10], a subsurface cylindrical cavity [11] and a 
cavity of arbitrary shape in half-space [12] was studied. In 
addition, numerical methods, such as the direct boundary 
element method [13], finite element method [14], and indi-
rect boundary element method [15] are effective methods 
for studying the scattering of elastic waves.

Compared with studies of underground structures in 
half-space, research results on the interaction between sur-
face and subsurface topographies are relatively few. For the 
scattering problems of SH waves, in 1999, Lee et al. [16] 
analyzed the diffraction by a surface semicircular canyon 
on top of an underground circular unlined tunnel (cavity) 
in a homogeneous elastic half-space. This analysis was 
extended to study the diffraction caused by a semi-circular 
rigid foundation with an underground rigid circular tun-
nel directly below it [17]. In addition, a closed-form ana-
lytic solution was presented in 2004 [18] for scattering by 
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a semi-circular cylindrical hill with a semi-circular con-
centric tunnel inside on a half-space. Using complex func-
tion, Liu and Wang [19] studied the scatting of SH waves 
by a semi-cylindrical hill above a subsurface cavity in half-
space and presented computational results of surface dis-
placement. Based on the same method, Lv [20] solved the 
interaction between multiple semi-cylindrical hills and a 
subsurface elastic cylindrical inclusion under SH waves 
and provided the displacement variation of the hill’s sur-
face. In 2016, an analytic solution for the scattering of anti-
plane SH waves by a shallow semi-elliptical hill with a con-
centric elliptical tunnel was presented [21]. Using the direct 
boundary element method, the seismic response of semi-
sine-shaped canyons above a subterranean cavity (hole) of 
different dimensions, depths, and locations was examined 
under vertically incident SV and P waves [22].

In a half-space containing a semi-cylindrical hill con-
nected to a semi-cylindrical canyon, this paper analyzes the 
dynamic stress concentrations of a shallow buried cylin-
drical tunnel under SH waves. Based on the wave function 
expansion method, complex functions and moving coordi-
nates system are used in different solution regions to con-
struct wave functions and to satisfy mixed boundary con-
ditions. Finally, the solution is reduced to solving a set of 
infinite linear algebraic equations. The numerical results 
of dynamic stress concentration factors are obtained by 
truncation of the infinite equations. 

2 Calculational model
The displacement induced by SH waves in linear, homo-
geneous, isotropic media is normal to the xoy-plane, and 
the corresponding stresses exist only in the xoy-plane. 
Therefore, in an elastic half-space with a semi-cylindrical 
hill connected to a semi-cylindrical canyon, the calcula-
tional model of a shallow buried cylindrical tunnel under 
SH wave can be simplified to a 2D model, as shown Fig. 1. 
O1, O2 and O3 represent the centers of the semi-cylindri-
cal hill, the semi-cylindrical canyon and the cylindrical 
tunnel, respectively, and R1, R2 and R3 denote their respec-
tive radii. S is the horizontal surface of the half-space. 
Boundaries of the semi-cylindrical hill, the semi-cylin-
drical canyon and the cylindrical tunnel are C, S̅2 and H, 
respectively.

Under SH waves, solving the dynamic stress concen-
tration of the cylindrical tunnel in the calculational model 
means, solving the governing equations of SH waves that 
satisfy stress free boundary conditions on the boundaries of 
the semi-cylindrical hill C, the semi-cylindrical canyon S̅2 

Fig. 1 Calculational model

Fig. 2 Two solution regions

and the cylindrical tunnel H. To achieve the solution, the 
calculational model shown in Fig. 1 is divided into two 
regions, as shown in Fig. 2. The first one is a circular 
area including the boundary and the hill’s boundary C. 
The second area contains all the remaining parts, includ-
ing the horizontal surface S, the cylindrical tunnel H, the 
semi-cylindrical canyon S̅2 and the boundary S̅1. S̅1 and 
C̅ are common boundaries of the two regions.

With the points o1, o2 and o3 as coordinate origins, three 
rectangular coordinate systems x1–o1–y1, x2–o2–y2 and 
x3–o3–y3 are established, corresponding to three complex 
planes (z1, z̅1), (z2, z̅2), and (z3, z̅3). 

3 Solution
3.1 Basic equations
Introducing complex variables z = x + iy, z = x – iy, the 
form of the Helmholtz equation in the complex plane (z, z̅) 
is as Eq. (1): 
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Here W stands for the displacement function, the time 
dependence of W is e–iωθ (this factor will be omitted in the 
following discussion). k = ω/cs, where ω is the circular fre-
quency, and cs and μ are the shear wave velocity and the 
mass density of medium respectively.

3.2 Incident wave and reflected wave
In the complex plane (z1, z̅1), the incident wave W (i), the 
reflected wave W (r), and the corresponding stresses are  
Eqs. (3)–(6):
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In the complex plane (z2, z̅2), Eqs. (3)–(6) take the forms 
as Eqs. (7)–(10):
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In the complex plane (z3, z̅3), Eqs. (3)–(6) are Eqs. 
(11)–(14):
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3.3 Standing wave in circular region
A standing wave W(st) will appear in the circular region 
under the disturbance of SH waves, and the correspond-
ing stress function should satisfy the boundary conditions   
of being free on the upper half boundary C and being 

continuous on the lower half boundary C̅. In the complex 
plane (z1, z̅1), displacement and stress solutions satisfying 
these conditions take the forms as Eqs. (15–16):

W W C
J kR J kR
J kRz z

st
m

mn

m m

n
1 1

0

1 1 1 1

1 1

,( )
( )

=−∞

∞

=−∞

∞
− +

−

=
( ) − ( )
( ) −∑∑ JJ kR

a J k z z
zn

mn n

n

+ ( ) ( ) 








1 1

1

1

1

, (15)

τ
µ

rz
st

m
m m

n nm

kW C
J kR J kR
J kR J kR1

0 1 1 1 1

1 1 1 1
2

( ) − +

− +=−∞

=
( ) − ( )
( ) − ( )

++∞

=−∞

+∞

− +

∑∑

× ( ) − ( ) 










n
mn

n n

n

a

J k z J k z z
z1 1 1 1

1

1

.

 (16)

The expression of amn can be found in [20]. Cm are unde-
termined coefficients and W0 is the maximum displace-
ment amplitude of the standing wave.

3.4 Scattered wave
With the incidence of SH waves, the total scattered wave 
field WII

(s) in part ΙΙ (the second area) can be expressed as 
Eq. (17):
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Here, WS
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1

( )  and WS
s
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( )  are scattered waves caused by S̅1 

and S̅2; WH
s( ) is the scattered wave due to the existence of 

the tunnel H.
The total scattered wave field WII

(s) should satisfy stress 
free conditions on the horizontal surface of the half-space. 
According to the symmetry of SH wave scattering and the 
multi-polar coordinates, the scattered waves satisfying the 
above conditions can be constructed. In the complex plane 
(z1, z̅1), they take the forms as Eqs. (18)–(20):

W W A H k z z
z

z
zS z z

s
m m

m

m
1 1 1

0

1

1

1

10

1

1

,( , )

( ) ( )= ( ) 














+





=

∞

∑











−m

, (18)

W W B H k z d z d
z d

z
S z z
s

m m

m

m
2 1 1

0

1

1

1

10

,( , )

( ) ( )= −( ) −
−
















+

=

∞

∑ 11

1

−
−

















−
d

z d

m

, (19)

in which, d is the complex coordinate of the point O2, the 
center of the semi-cylindrical canyon S̅2 in the complex 
plane (z1, z̅1), and Am and Bm are undetermined coefficients. 
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Here h is the complex coordinate of the cylindrical tun-
nel's center O3 in the complex plane (z1, z̅1), and h̅  is its 
complex conjugate; Dm are undetermined coefficients.

The corresponding stresses are as Eqs. (21)–(23):
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By moving coordinates, Eqs. (18)–(23) in the complex 
plane (z2, z̅2) take the forms as Eqs. (24)–(29):
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In Eqs. (24)–(29), h' and d' are complex coordinates of 
the cylindrical tunnel's center O3 and the semi-cylindrical 
hill's center O1 in the complex plane (z2, z̅2), h ̅' is the com-
plex conjugate of h'.

In the complex plane (z3, z̅3), Eqs. (18)–(23) can be writ-
ten as Eqs. (30)–(35):
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To conserve space, only the expressions of τrz are given in 
three coordinate systems. According to Eq. (2), the expres-
sions of τθz can then be obtained.

3.5 Boundary conditions and solving equations
For the calculational model shown in Fig. 2, the displace-
ment field and the stress field in two regions should satisfy 
four boundary conditions on three different boundaries. 
On the common boundaries S̅1 and C̅, the conditions of 
stress and displacement continuous should be satisfied in 
the complex plane (z1, z̅1); and the stress free conditions 
on boundaries S̅2 and H should be satisfied in the com-
plex planes (z2, z̅2) and (z3, z̅3) respectively. Therefore, the 
boundary conditions of the calculational model can be 
expressed as Eq. (36):
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Substituting the displacement and stress expressions 
into Eq. (36) and then multiplying both sides of the equa-
tions by e–inθ at the same time and integrating over the 
interval (–π, π), a set of infinite algebraic equations for 
the unknown coefficients Am, Bm, Cm, Dm can be obtained.

3.6 Dynamic stress concentration factor (DSCF)
For the calculational model discussed in this paper, total 
stresses on the tunnel boundary H can be written as Eq. (37): 
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3 3
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The dynamic stress concentration factor τ*
θz can be 

defined as Eq. (38): 

τ τ τθ θz z
t* ( )=
3

0 . (38)

In which, τ0 = μkW0 is the maximum amplitude of the 
incident stress.

4 Calculational examples and analysis of results
The model with the tunnel directly below the hill is used 
as a calculational example, indicating the influence of the 
existence of the canyon with different parameters on the 
dynamic stress concentration of the tunnel boundary, with 
h representing the distance between O1 and O3. In the fol-
lowing, the number of incident waves is kR1 = ωR1/cs, or 
written as η = 2R1/λ = kR1/π in which λ is the wavelength 
of the incident waves.

For situations with R2/R1 = 0, 0.5, 1.0 and 1.5, Fig. 3 
illustrates the distribution of DSCF on the tunnel edge 
with different incident wave numbers and different inci-
dent angles α when R3/R1 = 0.5, h/R1 = 3.0. Here R2/R1 = 0 
means that the influence of the shallow buried tunnel can 
be ignored. When the SH wave is incident at low fre-
quency η = 0.1, 0.25 and the incident angle is α = 0°, 30°, 
the existence of the canyon has different degrees of ampli-
fication on the DSCF of the tunnel. As shown in Fig. 3(e), 
η = 0.25, α = 0°, the value of τ*

θz at point θ = 0° is about 
4.24 in the absence of the canyon (R2/R1 = 0). If the canyon 
is taken into account, τ*

θz at the same point is magnified 
in three cases that R2/R1 = 0.5, 1.0 and 1.5, and the larger 
the radius of the canyon, the more obvious the amplifi-
cation. Compared with the state without the canyon, of 
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the point increases by nearly 14 % when R2/R1 = 1.5. With 
an increase of the incident angle, the effect of the canyon 
shows up mainly in the reduction of τ*

θz. When α = 60°, 
90° the presence of the canyon generally decreases DSCF 
of the tunnel except for the case of η = 0.25, α = 60° 
(Fig. 3(g)). It can be seen from Fig. 3(c) that the maximum 
value of τ*

θz on the tunnel boundary is reduced by approxi-
mately 15 % below the case without the canyon as η = 0.1, 
α = 60°,. Figs. 3(i)–(q) indicate that in the case of high fre-
quency incident of SH wave η = 0.75, 1.25, DSCF changes 

more sharply on the boundary of the tunnel near  the can-
yon side with an increase of the incident angle compared 
with the case without a canyon.

For different values of R3/R1, the influence of the exis-
tence and size of the canyon on the tunnel DSCF is clearly 
shown in Fig. 4 when α = 90°, h/R1 = 3.0. In general, the 
smaller the tunnel radius, the larger the value of τ*

θz on 
its boundary; and as the tunnel radius increases, variation 
of the DSCF shows more dynamic characteristics. When 
other parameters are the same, the larger the radius of the 

Fig. 3 Distribution of DSCF when R3/R1 = 0.5, h/R1 = 3.0

(a) (b) (c) (d)

(e) (f) (g) (h)

(i) (j) (k) (l)

(m) (n) (o) (p)
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canyon the more severe is the impact on the tunnel’s DSCF, 
especially on the side of the tunnel nearest the canyon.  
For instance, η = 1.25, R3/R1 = 1.0 (Figs. 4(c)–(d)), τ*

θz at the 
point θ = 0° is about 2.1 when R2/R1 = 2.0, which is approx-
imately 50 % higher than in the case of R2/R1 = 1.0.

Fig. 5 shows the variation of τ*
θz at the point θ = 0° of the 

tunnel with different radii of the canyon when h/R1 = 3.0 
and α = 90°. It can be seen that in either case of η = 0.25 or 
η = 1.25, τ*

θz at the point θ = 0° changes periodically with 
the increase of the canyon radius; and the influence of the 
canyon tends to be stable when R2/R1 > 8.0.

Fig. 5 Variation of τ*
θz at the point θ = 0° of the tunnel with R2/R1 when 

h/R1 = 3.0 and α = 90°

5 Conclusions
The existence of the tunnel has a noticeable amplification 
effect on the dynamic stress of the tunnel for incident SH 
waves with low frequency and small incident angle as well 
as with high frequency and vertical incidence.

 Under the high frequency incident SH wave, the exis-
tence of the canyon makes the dynamic effect of the tun-
nel near the canyon side more significant. Regardless of 
whether the SH wave is incident at low or high frequen-
cies, the influence of the canyon tends to stabilize when 
R2/R1 > 8.0.
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