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Abstract

The paper presents an analysis of the process of troweling concrete surfaces using the disc power trowel machines. The quantitative 

parameter of the disc effect of the disc is its geometric efficiency Sg . The algorithm for calculation of geometric efficiency Sg by 

simulation method is presented. The analytical formulas for calculation of geometric efficiency Sg for the solid disc and the ring for 

uniform linear motion at constant rotational velocity are presented.

The possibility of converting geometry of the working element to approximate geometry (in terms of geometric efficiency) with the 

form of concentric rings with center in the middle of the rotation of the disc is presented. The size of the ring was determined 

by a parameter called the filling factor w. This record allows to calculate the value of the geometric efficiency of the disc's effect 

by the analytical method as the sum of the geometric efficiency of all. The methodology of numerical calculation of the widths of 

overlapping of machining areas for neighboring disc tracks has been presented to ensure the highest homogeneity of machining.  

The adopted objective function to optimize the uniformity of machining is to minimize the index of standard deviation of the 

geometric efficiency εSg . The geometry of the real working elements most often used for troweling in the aspect of uniformity of 

machining was analyzed. The method of the optimization of geometry with the assumed kinematic parameters was indicated in 

order to obtain the best quality of surface machining.
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1 Introduction
The process of concrete troweling is used to improve the 
mechanical and functional properties of the concrete sur-
face. Troweling process leads to increased impact resistance, 
improved surface roughness, and reduced abrasion  [1, 2].  
Very often, various types of admixtures are used to increase 
concrete strength  [3, 4] or concrete blocks are filled with 
inserts affecting the insulating and vibration damping 
properties  [5]. Nevertheless, an important issue related to 
the characteristics of concrete surfaces is the obtaining of 
their high equality and smoothness, which guarantees the 
increase of strength and quality of exploitation. Research 
on working techniques, e.g., floor top finishing and curing 
and in the resulting pore distribution on the concrete floor 
slab surface related to water absorbency [6].

The most frequently used tools are disc power trowel 
machines, characterized by a simple design and high effi-
ciency [7]. The power trowel machines use rough trowel-
ing discs with different shapes of working elements, most 
often in the form of four rectangles, blades, whereas for the 

final troweling, solid circular discs are used. The quantita-
tive parameter of the disc effect of the disc is its geomet-
ric efficiency Sg . The geometric efficiency at the point of 
the surface to be machined is defined as the length of the 
line of contact between the working elements and this point 
during the entire machining cycle. An example of the shape 
of the line of contact between the surface point and the sur-
face of the disc is shown in Fig. 1. The values of mechani-
cal parameters of the surface depend on the magnitude of 
the process determined by the geometric efficiency Sg .

2 Algorithm for calculation of geometric efficiency 
using the simulation method
The kinematics of the troweling disc consists of its move-
ment on the processed surface in a progressive motion at 
linear velocity Vp and the simultaneous rotation of the disc 
around its own axis at a rotational velocity ω. The forward 
velocity vector of the disc Vp

���
 is constant at any point in 

the area of the disc's effect. The value of the linear Vω

� ��
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velocity vector resulting from the rotational speed of the 
disc ω is directly proportional to the distance r of the point 
from the center of rotation of the disc, which is defined by 
the formula Vω = ωr. The direction of this vector is per-
pendicular to the radius from the center of rotation, and its 
sense depends on the direction of rotation. The resultant 
velocity of the effect of the disc on the analyzed point Vw

� ��
 

at a given position of the disc in relation to the analyzed 
point is the vector sum of the forward velocity of the disc 
Vp
���

 and the linear velocity resulting from the rotational 
Vω

� ��
 velocity.

V V Vw p

� �� ��� � ��
= + ω 	 (1)

The scheme of determination of the resultant velocity 
vector for a point in the area of the disc effect is shown in 
Fig. 2.

The algorithm for determining the geometric efficiency 
Sg is based on the calculation of the sum of machining 
effects Sgdt in short periods of time dt into which the simu-
lation time is divided. The position and kinematic param-
eters of the disc [9] are determined in each step of the sim-
ulation. If the position of the point analyzed coincides with 
the surface of the working element of the disc, the value 
of the momentary machining effect Sgdt of the disc on the 
point being the product of the resultant velocity Vw and the 
duration of the effect dt is calculated. Otherwise, the value 
of Sgdt takes the value of zero.

The velocity of disc effect on a point with coordinates 
x, y in a rectangular system with the beginning in the 
center of the disc located as shown in Fig. 2 is calculated 
according to the formula:

V x y V V x y xw p p, .( ) = + + +2 2 2 2 2
2 ω ω ω 	 (2)

3 Calculation of the geometric efficiency value for the 
solid disc and the ring using the analytical method for 
uniform linear motion at constant rotational velocity
The geometric efficiency Sg of a circular disc after its com-
plete passage through the tested point P(x, y) is the sum of 
the products of the velocity of effect Vw and the interaction 
times dt, which is defined by the formula:

S x V x t dtg wt

t
( ) = ( )∫ , .

1

2 	 (3)

The formula for the geometric efficiency Sg for a point 
with abscissa of x is:

S x V V x t V x dtg p p p

R x
V

R x
V

p

p

( ) = + + +

−
−

−

∫ 2 2 2 2 2 2
2

2 2

2 2

ω ω ω . 	 (4)

After integration, the formula has the form:
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(5)

The geometric efficiency of the interaction of an annu-
lar element with an outer radius of Rz and an inner radius 
of Rw after a single pass of the disc can be calculated using 
the principle of superposition as the difference in the effi-
ciency of a disc with a radius of Rz and the efficiency of a 
disc with a radius of Rw as described in the formula:

Fig. 1 The contact line of the disc with the point passing through the 
center of the disc after it has completely passed through this point [8]

Fig. 2 Schematic diagram of composing the resultant velocity vector 
resulting from the forward and rotational velocities of the disc for any 

point with coordinates in relation to the disc center [8]
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S x S x S xg gRz gRw( ) = ( ) − ( ) , 	 (6)

where:
SgRz - geometric efficiency calculated for a disc with a 
radius Rz ,
SgRw - geometric efficiency calculated for a disc with 
radius Rw .

After simplification, the formulae will adopt the fol-
lowing forms for individual cases:
for x Rw∈( )0; :

S =
V

R x V + V x+ R

R x V + V x+ R
g
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for x R Rw z∈( );  the formulae takes the form analogous as 
for the circle:

S =
V

R x V + V x+ R +

+
V + x
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for x Rz>  geometric efficiency value is equal Sg = 0.

4 Calculation of approximate geometric efficiency 
values for any geometry using analytical formulae
Disc geometry can be described as a system of surfaces of 
rings with centers in the center of the disc [10]. By divid-
ing the solid disc into n concentric contacting ring areas 
that completely fill the disc as shown in Fig. 3, each ring is 

assigned a filling factor w, which determines which part of 
the ring surface overlaps the working part. Using the ana-
lytical formulae to calculate the geometric efficiency of the 
ring by multiplying by the filling factor allows for a very 
effective calculation of the distribution of any geometric 
efficiency for any geometry of the troweling disc [8]. 

The geometric efficiency of the selected points of the sur-
face being machined can be determined from the formulae:

S w S w S w S w S
S w S w S

n n g1 1 1 1 2 2 1 3 3 1 1

2 1 1 2 2 2 2 3

, , , ,

, , ,
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S
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, , , ,

,
⋅⋅ + ⋅ + ⋅ +…+ ⋅ =

⋅ + ⋅ + ⋅ +
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where:
Si, j - geometric efficiency Sg of the ring j at point with 
index i,
wi - filling factor for ring i,
Sgi - geometric efficiency Sg for a point with index i.

The above formula may be presented in a matrix form 
convenient for numerical calculations:
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By changing the filling factors w, it is possible to  
optimize the geometry of the working element by adjust-
ing the geometry to the assumed mean geometric effi-
ciency Sg and increasing the uniformity of machining. The 
time of calculations using the above simplification is by 
several orders of magnitude shorter than the simulation 
method [8].

5 Determination of the parameter indicating the 
uniformity of machining
The adopted objective function to optimize the uniformity 
of machining is to minimize the index of standard devia-
tion, the value of which determines the uniformity of the 
effect of the disc on the surface to be machined. For the 
geometric efficiency values determined at n points evenly 
distributed over the section, the index of standard devia-
tion is described by the formula:Fig. 3 Division of the troweling disc into rings to determine the filling 

factor
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6 Overlapping of areas of effect of disc elements
In order to increase the uniformity of the effect, linear 
motion paths of the discs can be used, causing the occur-
rence of overlapping optimized areas of effect where the 
efficiencies sum up, as shown in Fig. 4. The sizes of the 
left and right overlays are selected in such a way as to min-
imize the value of the standard deviation index, and thus 
maximize the uniformity of the distribution of the geo-
metric efficiency Sg .

The Sg patterns for a single disc pass at the edges have 
zero values and increase at different speeds depending on 
the geometry used. In order to increase the uniformity of 
the effect, appropriately selected widths of overlapping of 
the impact zones on the left and right sides in which the 
geometric efficiencies are summed up are applied. The 
width of the reproducible part of the geometric efficiency 
graph that is representative of the whole of the graph is 
indicated in the Fig. 4 as f, which has a length equal to 
the four radii of the target minus the width of the areas of 
overlapping effect. By using the symmetry properties of 
the graph, machining parameters can be reduced by limit-
ing the number of calculations to a width of f1 .

7 Example of selected geometries of working elements 
used in practice
The most commonly used geometries of disc tools in prac-
tice are the four-blade geometry used for rough trowel-
ing and the solid disc for finishing troweling. Examples 
of distributions of geometric efficiency Sg for a four-blade 
disc are shown in Figs. 5 and 6, whereas for a full disc - in 
Figs. 7 and 8. Figs. 6, 8 show the Sg distribution with opti-
mized machining overlap zones, which increases the uni-
formity of machining.

8 Conclusions
The use of straight parallel circular trowel routes with con-
sideration for optimal overlaps allows for increasing the 
uniformity of surface machining. The use of a ring model 
that can be used to approximate any geometry and the 

Fig. 4 Diagram of surface machining by means of disc tools when 
overlapping of machining zones [10]

Fig. 5 Diagram of geometric efficiency Sg for a single disc passage with 
working elements in the form of four rectangles D = 0.9 m, Vp = 0.1 m/s, 

ω = 9.425 rad/s

Fig. 6 Diagram of geometric efficiency Sg for a disc with working 
elements in the form of four rectangles with optimally superimposed 

machining zones D = 0.9 m, Vp = 0.1 m/s, ω = 9.425 rad/s
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use of analytical formulae to calculate the geometric effi-
ciency allows for the optimization of geometry. The use of 
the geometry of the working elements of the trowel disc 
adjusted to achieve the required geometric efficiency and 
at the same time increase the uniformity of machining with 
the assumed kinematic parameters allows for improving 
the machining quality. Quality of machining of concrete 

surfaces can be indirectly determined by the uniformity 
of roughness of the treated surface, which depends on the 
geometric efficiency and consistency of the troweled con-
crete mix. Using the discs with optimal geometric param-
eters and an optimal path leads to the improvement in 
quality, durability and reduction of maintenance costs for 
concrete surfaces without additional investments.

Fig. 7 Diagram of geometric efficiency Sg for a single passage of a full 
disc D = 0.9 m, Vp = 0.1 m/s, ω = 9.425 rad/s

Fig. 8 Diagram of geometric efficiency Sg for full disc with optimally 
overlapped machining zones D = 0.9 m, Vp = 0.1 m/s, ω = 9.425 rad/s
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