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Abstract

Increasing the axle load causes track deterioration and permanent settlement of the ballast layer. In the ballasted railway tracks, due 

to the inevitability of unequal settlements in the ballast layer, part of the rail due to high flexural rigidity will become suspended, which 

causes the formation of the track with unsupported and partially supported sleepers. This situation increases rail vertical displacement 

and reactions on adjacent sleepers. Several models have been presented to study the effect of unsupported sleepers on dynamic 

responses of train-track interaction. In this paper, by applying mathematical model, unsupported and partially supported sleepers 

have been modeled and equations of motions for train-track interaction were written by assuming nonlinear behavior of rail and wheel 

contact. Following by solving the equations via numerical integration in the time domain, the effect of axle load and pad stiffness on 

rail vertical displacement were investigated. Results of the analysis suggested that through increasing the axle load rail displacement 

increased by 13 % in the unsupported sleeper and from 5 to 10 % in the partially supported sleeper. Also, by increasing the pad 

stiffness rail displacement decreased from 2 to 13 % in the unsupported sleeper and from 1 to 6 % in the partially supported sleeper.
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1 Introduction
Railway transportation system is one of the most import-
ant and efficient modes of passenger and freight transport 
in the world. One way to improve its performance and 
efficiency is to increase the axle load, however, axle load 
increment can cause track distortion and permanent bal-
last settlement. Hence, particularly in cases where there are 
defects in track components, it is vital to investigate the 
effect of axle load increase on track structural function. 

Train unavoidably regulates its behavior regarding the 
track condition and the dynamic interaction between the 
rolling stock and the track. Therefore, some defects in track 
structure might cause changes in this dynamic interaction 
and affect safety and ride comfort. Some of the defects in 
ballasted track occur as a result of unequal settlements in 
ballast layer, in which a part of the rail due to high rigid-
ity detaches from the ballast and becomes suspended, this 
causes the formation of the unsupported and partially sup-
ported sleepers in the track structure. This occurrence also 

increases rail vertical displacement and responses on adja-
cent sleepers. Moreover, due to deterioration in some parts 
of the ballast, one or a number of the sleepers will hang 
from the rail. So whenever the train passes the detached 
sleeper and ballast, it forms an unsupported sleeper and if 
after a few rail displacements, the sleeper strikes the bal-
last, it results in the partially supported sleeper.

This article attempts to investigate the effects of axle load 
and pad stiffness increment on the rail's vertical displace- 
ment using a developed mathematical model and finite ele-
ment methods, with regards to the effect of unsupported and 
partially supported sleepers. Also, the track structure has been  
modeled as a connected mass, spring, and damper system.

2 Literature review
In past years, numerous studies were conducted regarding 
railway track dynamic behavior under various conditions, 
as a result, numerous models have been presented. 
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Grassie and Cox [1] presented a laboratory numeri-
cal model by applying quasi-static calculations assump-
tion. He investigated the effect of contact force at vari-
ous speeds for the unsupported sleeper and the results 
were compared with fully supported sleeper. Nielsen and 
Igeland  [2] investigated the dynamic behavior of track 
and the effect of speed on the unsupported sleeper. They 
discovered that at the speed of 150 km/h, the maximum 
calculated bending stress at rail-seat was increased 33 % 
compared with normal track. Ishida et al. built a model 
with unsupported sleeper and studied the track dynamic 
behavior and the effect of flexural fatigue on welded rails. 
They concluded that with two unsupported sleepers and 
2  mm gap, the estimated life span of welded rail with 
fatigue is about half the normal [3]. Zakeri et al. [4] pre-
sented a model with 53 sleepers and two infinite bound-
ary conditions by assuming one unsupported sleeper 
and nonlinear wheel-rail contact. They discovered that 
with roughness existence, high acceleration on sleep-
ers and high force on rail-seats are created. Lundqvist 
and Dahlberg  [5] presented a model regarding the effect 
of the unsupported sleeper on the dynamic behavior of 
track's components and also investigated the effect of the 
gap between sleeper and ballast on the interaction force 
increment. Kim  et  al.  [6] studied the dynamic behav-
ior of unsupported sleeper and the effect of axle load on 
high-speed railways. Also, Zhang et al.  [7] analyzed the 
effect of railways defects and unsupported sleepers on cre-
ated forces between rail and wheel. They used nonlinear 
springs and dampers to simulate the gap between sleeper 
and ballast. The results elucidated that this gap has a great 
effect on the force created between rail and wheel and also 
the created track settlement led to the axle load increase 
which enhances ballast's deterioration and settlement. 
Kaewunruen and Remennikov [8] conducted several lab-
oratory studies on the effect of unsupported sleepers on 
modal analysis and consequences of vibration modes on 
the track. Zhu et al.  [9] investigated the effect of vehicle 
speed, gap size and the number of unsupported sleepers by 
assuming a continuous track system model and an adap-
tive wheel-rail contact model. Rezaei and Dahlberg [10] by 
presenting their cross-section model of track, showed that 
the effect of pad stiffness is negligible on sleeper domi-
nant frequency and the effective parameters are sleep-
ers flexural stiffness, mass, and its distribution . Also, 
Zhu et al.  [11] investigated track dynamic behavior with 
two unsupported sleepers and building a model in 1:5 
scale. Zoller and Zobory  [12,  13] studied the dynamic 

interaction of the railway track with varying stiffness in 
the Winkler foundation and also in the presence of inho-
mogeneous rail supporting parameters . Zakeri et al. [14] 
developed a mathematical model to investigate and com-
pare the changes in the rail displacement while the spac-
ing and the number of partially supported and unsup-
ported sleepers change . Mosayebi et al. [15] using finite 
element method developed a pyramid model equation for 
three different stress conditions. The result of analyses 
presented the ratios of the railway track vertical displace-
ment to the vehicle axle load for various foundation stiff-
ness. Sadeghi et al. [16] investigated the effects of unsup-
ported sleepers on the dynamic behavior of railway track 
using a numerical three-dimensional model and illustrated 
the effects of the various conditions on the rail seat load, 
sleeper bending moment and sleeper–ballast contact force 
at various train speeds. Dai et al. [17] analyzed dynamic 
responses of high-speed train-track and investigated var-
ious effective factors such as the train speed, the num-
ber of hanging sleepers and their pattern via calculation 
scheme in combination with the moving element method. 
Mosayebi et al. [18] investigated the effects of the unsup-
ported sleepers on the dynamic behavior of the track via 
a finite element model of three vehicles, without bogies 
and with two and three-axle bogies and illustrated various 
regression equations concerning the train axle loads with 
rail bending moments, sleeper displacements, and support 
forces for tracks.

3 Train-Track Model 
For dynamic analysis, the track was modeled as an Euler-
Bernoulli beam and the components were assumed as a 
series of discrete masses, springs, and dampers. By assum-
ing that the vehicle has two biaxial bogies, thus it will have 
10 degrees of freedom in two-dimensional modeling. The 
total number of degrees of freedom are two rotational 
and translational degrees of the wagon, two rotational 
and translational degrees for each bogie, and a transition 
degree related to each wheel. The vehicle dynamic inter-
action model and its components are shown in Fig. 1.

4 Matrices formation and determining the equations
Utilizing matrices and vectors to analyze the dynamic 
behavior of the wheel and the rail, makes it possible to con-
duct meticulous qualitative and quantitative studies regard-
ing the dynamic phenomena behavior between the train 
and track. To analyze wheel-rail dynamic interaction the 
fundamental step is the equation of motion configuration. 
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The total equation of motion is shown in Eq. (1). Where 
Ztotal, Żtotal and Z̈ total are respectively representing the dis-
placement, velocity and acceleration vectors of the whole 
system and can be calculated via Eq. (2) to Eq. (6).
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[K] is the stiffness matrix that includes car-body and 
bogie, wheel, rail, sleeper and ballast matrices and also 
the interactions between them. [M] is the mass matrix that 
includes car-body and bogie, wheel, rail, sleeper and ballast 
masses. [C] is the damping matrix, which is similar to [K] 
matrix, except that there is no interaction matrix between rail 
and wheel. The size of the matrix is the number of degree of 
freedom (NODF). Stiffness, mass and damping matrices are 
presented in Eq. (7), Eq. (8) and Eq. (9) respectively.

Fig. 1 Dynamic interaction of train-track model
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After modeling the track components, mass, stiffness, 
and damping matrices for each element of the rail are cal-
culated as below:

The rail stiffness matrix:
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The rail mass matrix:

m mL

L L

L L L L
L L

L L L L

�

�

�
�

� � �

420

156 22 54 13

22 4 13 3

54 13 156 22

13 3 22 4

2 2

2 22

�

�

�
�
�
�
�

�

�

�
�
�
�
�

	 (11)

The rail damping matrix is calculated based on the rail 
mass and stiffness matrix as follows:

C M K� �� � . 	 (12)

In the above equations, E, I, L, m, α, and β are rail 
Young's modulus, rail inertia moment, length of the ele-
ment, mass per unit rail length, and Rayleigh damping 
coefficients, respectively. Mass, stiffness, and damping of 
the rail are determined by assembling each element.

In Eq. (13), Ft is the total external forces applied on the 
system. Knowing that R(x) is wavy roughness of the rail's 
surface and KH is Hertzian spring stiffness, Fwj can be cal-
culated using Eq. (14) to Eq. (20). 
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where Zr is the vertical displacement of rail between nodes 
i and i + 1 and at a x distance from node i Zi

r, is vertical dis-
placement of rail at node I, Zi

r
+1 , is vertical displacement 

of rail at node i + 1, Ψ1(x) is shape function of vertical dis-
placement of node i, Ψ2(x) is shape function of rotation of 
node i, Ψ3(x) is shape function of vertical displacement of 
node i + 1, Ψ4(x) is shape function of rotation of node i + 1, l 
is the distance between nodes i and i  +  1 (length of the 
element), θi

r is rotation of node I, �i
r
�1  is rotation of node 

i + 1, and KH is the nonlinear Hertzian stiffness. It should 
be noted that this model had been previously validated by 
Zakeri et al. [14].

5 The inputs
In this study, the model consists of 60 sleepers with the 
constant space of 60 cm, therefore the length of the model 
is 35.4 m. In this model, each joint is comprised between 
two sleepers so the number of joints is 119 (NJ = 119) and 
the number of supports is 60 (NS = 60). Hence, the total 
number of freedom is acquired using Eq. (21). Considering 
the last wheel crossing the track, the calculating time can 
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be computed through Eq. (22), where l0 is the rigid wheel-
base of the wagon and l is the length of the selected track. 

To solve the differential equations, the Newmark-β 
method is used (Eqs. (23) and (24)), where the values for  
γ and β are considered to be 0.5 and 0.25 respectively [19]: 
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1 1
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All the input values used in this study are shown in 
Table 1.

6 Implanting the effect of the partially supported 
sleeper in the equations
Due to various settlements on the railway track, though 
small, there are significant stresses and vertical displace-
ments in the system [20]. Fig. 2 demonstrates the process 
of implementing the effect of settlements in the equations. 

Table 1 Input values for each parameter

MC 49500 kg Kt 1.72 × 106 N/m I 3.22 × 10–5 N/m Mb 700

JC 1.7 × 106 kg.m2 Ct 3 × 105 N.S/m ρ 60 kg/m3 MS 160

Mt 10750 kg LC 8.5 m A 1 m2 Kf 1.3 × 108 N/m

Jt 9.6 × 103 kg.m2 Lt 1.25 m KP 2.4 × 108 N/m Cf 6.23 × 104 N.sec/m

MW 2200 kg KH 108.7 × 103 N/m CP 2.48 N.sec/m

KW 4.36 × 106 N/m CH 1 × 1011 N/m3/2 Kb 7 × 107 N/m

CW 2.2 × 105 N.sec/m E 2.06 × 1011 N/m2 Cb 1.8 × 105 N.sec/m

Fig. 2 Flowchart of inserting effect of settlement in the equations

Fig. 3 Damping and stiffness model of partially supported sleeper
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Throughout determining these equations, degrees of 
freedom for sleeper and ballast matrices were assumed to 
be known support settlements and a determined amount of 
vertical displacement was applied to them, ultimately, the 
unknown vertical displacements of the rail were obtained. 
Fig. 3 displays how the current model was developed.  
To determine rail displacement, the spring was modeled 
with a bilinear behavior as shown in Fig. 4.

7 Results
To remove the boundary conditions, an adequate number 
of sleepers is required, which is considered to be 60 in this 
study [21]. The middle sleeper has been modeled as the sus-
pended sleeper while to investigate its effects, ballast stiff-
ness and damper under the examined sleeper were removed.

7.1 Effect of axle load with an unsupported sleeper
With a constant spacing of 60 cm between the sleepers and 
by various axle loads (12.5, 15, 17.5, 20, 22.5 and 25 kN) 
passing the track, for the 30th sleeper while it is fully 
supported and unsupported, the maximum vertical dis-
placement is determined under the examined and adjacent 
sleepers and the results are shown in Fig. 5.

By comparing the measured displacements, presented 
in Table 2, under the 30th sleeper, it was observed that 
the maximum vertical displacement of rail in the case of 
one unsupported sleeper is about 13 % more than a fully  
supported sleeper.

As can be seen in Fig. 6, the maximum vertical dis-
placement under the first wheel was examined during the 
time that the train was passing, and the results indicate 
that the rail displacement is maximized over the unsup-
ported sleeper and it increases with axle load increments, 
while there is no further displacement over the fully sup-
ported sleeper.

7.2 Effect of axle load in case of a partially supported 
sleeper
To analysis, the effects of different axle loads on the par-
tially supported sleeper, the model presented in the previ-
ous section, was examined under various axle loads (12.5, 
15, 17.5, 20, 22.5 and 25 kN), and the amount of displace-
ments under each load is displayed in Fig. 7. As can be 
seen in Table 3, the maximum vertical displacement of rail 
over the partially supported sleeper is about 5–10 % more 

Fig. 4 The variation of stiffness in partially supported sleeper

Fig. 5 Rail vertical displacement diagram in various axle loads under 30th sleeper and adjacent sleepers

Table 2 Outputs from unsupported and fully supported sleeper in 
various axle loads and their comparison

Axle  
load
(kN)

Maximum rail displacement (mm) Ratio of unsupported 
to fully supported 

sleeper
Unsupported 

sleeper
Fully supported 

sleeper

12.5 0.997 0.879 1.134

15 1.199 1.057 1.134

17.5 1.4 1.235 1.133

20 1.598 1.41 1.133

22.5 1.804 1.592 1.133

25 2.006 1.77 1.133
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than a fully supported sleeper. Also, maximum vertical rail  
displacement under the first wheel was investigated while 
the train was passing and the results are shown in Fig. 8.

7.3 Effect of pad stiffness with one unsupported sleeper
To analysis, the effects of different pad stiffness on the unsup-
ported sleeper, the model presented in the previous section, 
was investigated using different pad stiffness (0.6, 15, 0.9, 

1.2, 1.5, 1.8, 2.1 and 2.4 × 108 N/m) with regard to the range 
listed by Sun and Dhanasekar [22]. Fig. 9 presents the rail 
displacement related to each pad stiffness. As can be seen  
in Table 4, the vertical displacement of the rail is reduced by 
increasing the pad stiffness and with unsupported sleeper; 
these variations are in 2–13 % range. Also, Fig. 10 shows  
the vertical displacement with different pad stiffness under 
30th sleeper and adjacent sleepers, while the train passes.

7.4 Effect of pad stiffness with one partially supported 
sleeper
To analysis, the effects of different pad stiffness on the par-
tially supported sleeper, the model presented in the previ-
ous sections, was examined using different pad stiffness 
(0.6, 15, 0.9, 1.2, 1.5, 1.8, 2.1 and 2.4 × 108 N/m), and the 
result of the analysis is displayed in Fig. 11.

As shown in Table 5 and Fig. 12, the vertical displace-
ment of the rail is reduced while the pad stiffness increases 
and with partially supported sleeper; these variations are 
in the rage of 1–6 % [23].

Fig. 6 Time history of rail displacement under the first wheel in various axle loads

Fig. 7 Rail vertical displacement in various axle loads under 30th sleeper

Table 3 Outputs of unsupported, partially supported and fully 
supported sleeper under various axle loads and their comparison

Axle load 
(kN)

Maximum rail displacement (mm)

Unsupported 
sleeper

Fully supported 
sleeper

Partially 
supported 

sleeper

12.5 0.997 0.879 0.973

15 1.199 1.057 1.151

17.5 1.4 1.235 1.324

20 1.598 1.41 1.504

22.5 1.804 1.592 1.686

25 2.006 1.77 1.864
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Table 4 Outputs of unsupported and fully supported sleeper in various pad stiffness and their comparison

Pad stiffness (N/m) × 108
Maximum rail displacement (mm)

Ratio of unsupported sleeper to fully supported sleeper
Unsupported sleeper Unsupported sleeper

0.6 2.184 2.123 1.028

0.9 1.928 1.801 1.07

1.2 1.794 1.645 1.091

1.5 1.71 1.554 1.1

1.8 1.661 1.491 1.114

2.1 1.625 1.445 1.125

2.4 1.598 1.41 1.133

Fig. 8 Time history of rail displacement beneath the first wheel under various axle loads

Fig. 9 Rail vertical displacement in various pad stiffness under 30th sleeper and adjacent sleepers

Fig. 10 Rail displacement under the first wheel in various pad stiffness in time history 
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Table 5 Outputs of unsupported, partially supported and fully 
supported sleepers under various pad stiffness and their comparison 

Pad stiffness 
(N/m) ×108

Maximum rail displacement (mm)

Unsupported 
sleeper

Fully supported 
sleeper

Partially 
supported sleeper

0.6 2.184 2.123 2.145

0.9 1.928 1.801 1.854

1.2 1.794 1.645 1.711

1.5 1.71 1.554 1.627

1.8 1.661 1.491 1.573

2.1 1.625 1.445 1.534

2.4 1.598 1.4099 1.504

8 Conclusions
 In this paper, the effect of partially and unsupported sleepers 
on the rail's vertical displacement was investigated through 
a numerical study and under various conditions. Railway 
track model was selected as an Euler-Bernoulli beam on 
discrete elastic supports which was modeled as a system 
with connected mass, spring, and damper. The vehicle was 
assumed to have one car-body, two bogies with two degrees 
of freedom for each one of them, and was modeled with 
four wheels. Considering that the length of the track model 

was 35.4 m, the model was examined under four condi-
tions: a) Various axle loads with an unsupported sleeper, 
b) Various axle loads with one partially supported sleeper, 
c) Various pad stiffness with an unsupported sleeper, d) 
Various pad stiffness with one partially supported sleeper, 
and their results were compared to each other and also with 
the results of a fully supported sleeper. In partially sup-
ported sleepers the track stiffness behavior was bilinear, 
which means that whenever the sleeper is unsupported, the 
only system strengthening with that, is the rail. In other 
words, the vertical stiffness decreases, so when the sleeper 
strikes the ballast, the stiffness significantly increases.

Results of the analysis suggested that rail displace-
ment increases while axle load increases and this pro-
cess will elevate with unsupported sleeper. Rail displace-
ment increased by 13 % through changing axle load from 
12.5 kN to 25 kN in the unsupported sleeper and also it 
increased from 5 to 10 % in the partially supported sleeper. 
Moreover, it was seen that rail displacement decreased 
from 2 to 13 % over changing pad stiffness from 0.6 N/m 
to 2.4N/m ×108 in the unsupported sleeper and it decreased 
from 1 to 6 % in the partially supported sleeper.

Fig. 11 Rail vertical displacement in various pad stiffness under 30th sleeper

Fig. 12 Rail displacement under the first wheel with various pad stiffness in time history 
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