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Abstract

The nonlinear dynamic deterministic and probabilistic analysis of pipeline undergoing large deflections and resting on Winkler-

Pasternak foundation have been done. Dynamic analogues of Euler Bernoulli and Timoshenko Von-Kármán type beam equations are 

used. The stochastic finite element approach based on the Vanmarcke method combined to Monte Carlo simulations has been used 

to solve the governing nonlinear equations of soil-pipe interaction. The influence of different parameters of random soil is has been 

analyzed and the obtained results are compared with those obtained from the literature. It is concluded from the present work that 

the spatial variability of the soil properties has a great impact on the seismic response of the pipe and the developed model which is 

based on the accurate method is efficient to determine the real response of the safe and economic pipeline.

Keywords

nonlinear dynamic analysis, Euler Bernoulli beam, Timoshenko beam, shear deformation, spatial variability, Monte Carlo simulation, 

Winkler-Pasternack foundation

1 Introduction
In recent years, new and creative solutions have been 
developed for pipeline design due to their importance 
in transporting energy and water, thus calculation meth-
ods have been improved to perform and design a safe 
and economical pipeline which has often modeled as 
a beam. The behavior of the beam has received a great 
attention of researchers due to its wide application in 
engineering, where the beam resting on different types 
of foundation as Winkler, Kerr, Pasternack and Vlassov 
and subjected to static loading has been studied exten-
sively [1–6]. Moreover, several research studies on linear 
and nonlinear dynamic analyses of Euler and Timoshenko 
beam resting on foundation have been performed [7–17], 
where the soil-interaction phenomenon effect on the pipe 
response has been taken into account [9–11]. In fact, 
Hosseini Kordkheili et al. [12] used the Lagrangian for-
mulation [13] for the static and dynamic analysis of pipe 
and the 3D flexible riser. In addition, constitutive models 
of nonlinear beam on viscoelastic soil [14–18] have been 
suggested by different researchers to analyze the dynamic 
behavior of the beam. In the work due to Sapountzakis 
and Kampitisis [18] the soil was simulated as a nonlinear 

viscoelastic foundation and the Timoshenko theory has 
been used to study the nonlinear dynamic response of the 
shear deformable beam.

Currently, taking into account the spatial variability of 
soil's parameters become an essential aspect of geotechni-
cal engineering. In fact, recent developments on the static 
analysis beam are documented in the article by Grigoriu 
et al. [19] and Griffiths et al. [20]. Moreover, an art of view 
of probabilistic soil modeling has been established [21] 
and various constitutive models of soil-structure interac-
tion based on the probabilistic approach have been devel-
oped [22–24]. Elachachi et al. [22, 23] used the theory of 
Vanmarcke in order to quantify the effect of different ran-
dom parameters of soil on the pipe response, by taking into 
account two different models of soil (Winkler and the mod-
ified Vlassov model). In this context Kazi Tani et al. [25] 
presented stochastic finite difference method to study the 
linear response of pipeline resting on elastic perfectly plas-
tic soil. Moreover, Seguini and Nedjar [26–29] made an 
important study and employed the finite element method 
based on the Von Kármán assumption, combined to the 
theory of the local average to assess the spatial variability 
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effects and shear deformation on the large deflection of 
pipe and deep beam resting on linear and nonlinear ran-
dom soil where the coefficient of subgrade reaction ksoil is 
considered variable (see Section 3).

However, research efforts devoted to dynamic soil-struc-
ture interaction taking into consideration the random 
soil properties have been also very limited [23, 30–34]. 
Nedjar et al. [30, 31] and Elachachi et al. [23] analyzed the 
dynamic deflection of the pipe resting on random soil by 
combining the theory of the local average of Vanmarcke to 
the Newmark formulations.

The present work focuses on the nonlinear dynamic 
response of pipeline in a spatially varied soil medium 
(ksoil = variable) where a computer program has been 
written and representative examples have been studied. 
This task led to the improvement of an existing nonlin-
ear model for pipeline [26] based on the theory of Euler 
and Timoshenko beam and the developed new models 
are subjected to the effect of propagation of seismic soil 
motion. The geometric nonlinear response of the beam 
is obtained by using the Von Kármán formulation based 
on the assumption of large deflection and moderate rota-
tions of the beam. The Winkler-Pasternak soil was simu-
lated as nonlinear foundation. The noticeable in the pres-
ent approach is that the dynamic analysis combined to the 
Vanmarcke method is an important part on the determina-
tion of the real behavior of the pipe. 

2 Governing equations 
2.1 Finite element formulation 
The relationship between the motion of the structure and 
the soil pressure is used to represent the soil-structure inter-
action system. The Kelvin-Voigt model is used to model the 
soil where the interface element is represented by a spring 
and a dashpot which are connected in parallel (Fig. 1).  
In fact, the governing equation of the system is defined  
by the following expression and it is solved for each time 
history of the Loma Prieta earthquake where the Newmark's 
method is used to carry out the numerical integration:
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Noting that Mp is the mass matrix of the structure, Kp 

and Ks  are the stiffness matrices of the structure and the 
soil respectively. Cp and Cs are the damping matrices of the 
structure and the soil respectively.

u u u, ,  denote the vectors of the relative displacement, 
relative velocity and relative acceleration, respectively. 
Furthermore u u us s s, ,   denote the vectors of ground 
displacement, ground velocity and ground acceleration 
respectively (Fig. 2).

2.1.1 Euler-Bernoulli theory 
The strain energy of the pipe (beam) is defined as [27, 35] 
as follow (Eq. (3)):
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0 ( ) [ ] .� � � where N is the vector composed of 

interpolation functions of Hermite type and {ue} is the 
vector of displacement of pipe element e. Ee and Ae are 
respectively the Yong modulus and the moment of inertia 
of the pipe element. By neglecting the derivative of axial 
displacement (du0/dx), the equation of beam strain energy 
is determined as follows [26]: 
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Fig. 1 Model of the pipe resting on Winkler-Pasternack foundation, 
subjected to a distributed load and to the Loma earthquake Fig. 2 Behavior of the soil-pipe system
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where u w we� � � � �1 1 2 2� � '
. EeAe and EeIe are the exten-

sion and flexural rigidity of beam element. [Ke
pnL] and [Ke

pL] 
are, respectively, the linear and geometric non-linear 
matrices of rigidity of the beam element.

The Kinetic energy of the beam is defined by taking 
into account the rotary inertia and the axial inertia effects 
and it can be expressed as:
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ρb is the mass of the beam per unit volume.
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ML and MnL are respectively the linear and nonlinear 
masse matrices of the beam.

2.1.2 Timoshenko theory 
The strain energy of the beam is determined as follows [28]:
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G is the shear modulus G = E/2(1 + υ), where υ is the 
Poisson ratio of the beam. The shear correction factor Ksb 
is equal to 5/6 [36]. The Kinetic energy of Timoshenko 
beam can be expressed as:
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Where ρb is the mass of the soil per unit volume.

2.1.3 Linear and nonlinear soil 
The strain energy stored in the soil during the beam defor-
mation is defined as follow:
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pe(x) is the Winkler and Pasternak reaction and it is defined 
as follows:
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where kw and ks are the coefficient of subgrade reaction of 
Winkler and Pasternak soil's respectively, Rext is the radius 
of the pipe (beam).

For elastic nonlinear soil model, the coefficient kw for an 
element e is [27]:
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Su is the soil yield displacement, we is the displacement 
of an element pipe e. Pu is the ultimate subgrade reaction. 
However, the strain energy of the soil is expressed as: 
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[Ksoil] is the matrix of rigidity of the soil. It is defined as 
follows [31–32]: 
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The Rayleigh's method is used to take into account the 
variation of the soil damping where ksoil and ρsoil are vari-
ables. In fact, the damping element matrix is given by the 
following expression [31]:

C M Ks
e

s
e

s
e� �� � .  (21)

3 Spatial variability modeling via Monte Carlo 
simulations 
The stochastic finite element method is becoming firmly 
established as an important tool of probabilistic struc-
tural analysis. Working with uncertainty is therefore an 
essential aspect of geotechnical engineering. In this work 
a probabilistic approach based on the theory of local aver-
age of Vanmarcke [37] based on the Monte Carlo method 
has been used.

The coefficient of subgrade reaction random field is 
characterized by a lognormal distribution and has been 
simulated via local average subdivision method with a 
fixed mean mk, a variance σk

2, and a spatial correlation 
length structure (Lc, Lcs). 

The mean and variance are constant throughout the 
entire soil field and give an average value of the coeffi-
cient of subgrade reaction of each zone of the soil where 
the summation of all these zones averages values is equal 
to the average mk. The local average of the coefficient 
of subgrade reaction ksoil is expressed as (Seguini and 
Nedjar [26]):

E k D msoil i k[ ( )] ,=  (22)

and in each zone (i) of length Di, the variance of ksoil is 
given as follow (Seguini and Nedjar[26]):

Var k D Dsoil i k i[ ( )] ( ),� � �2  (23)

where ksoil = kw = ks and γ(Di) is the variance function 
which depends on the spatial correlation function ρ(x) and 
determined by Vanmarcke [37] as:
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by introducing Eq. (25) into Eq. (24), we obtain the vari-
ance function in a discrete formulation as follows (Seguini 
and Nedjar [26]):
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To generate the random variable and compute the cova-
riance matrix Cij of the coefficient of soil's subgrade reac-
tion, the local average subdivision method developed by 
Fenton and Vanmarcke [38] has been used where each term 
of this matrix corresponds to the correlation between two 
zones (i) and ( j) of length Di and Dj respectively (Seguini 
and Nedjar [26]).

C Cov k D k Dij soil i soil j� �� ��( ), ( ) ,  (27)

C t t D

t t D t t D

ij
k� � ��

� � � � �

�
�

� �

2
2

2 2

2
1 1

2 1 1

( ) [( ) ]

[ . ] ( ) [( ) ] ,

 (28)

where t = |i–j| is the difference between two spatial zones (i) 
and ( j) in absolute value with a same length (D = Di = vj).

In this study, a Matlab software has been used to intro-
duce the deterministic and probabilistic properties of pipe 
and soil. The random soil is discretized in several zones, 
the lognormal distribution of random ksoil is generated and 
the displacement vector of the linear system is determined 
where it is assumed that the nonlinear rigidity and mass 
matrices of the pipe and the soil are equal to zero. In the 
second step these last matrices are not equal to zero, the 
global stiffness matrix is calculated and the displacement 
vector of the nonlinear system is determined.

4 Numerical study 
The behavior of a simply supported pipeline of length L, 
diameter D, thickness e, resting on nonlinear two-param-
eters foundation subjected to a distributed load Fig. 1 
(q = 25 kN/m) and to the Loma earthquake has been studied. 
For comparison reasons the properties of pipeline and soil 
are deduced from literature [26] and resumed in Table 1.
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On the basis of the hypothesis and numerical proce-
dures presented in the previous sections, a Matlab pro-
gram has been written and representative example has 
been studied to demonstrate the efficiency of the devel-
oped model. However, a stochastic nonlinear numerical 
modeling based on to Monte Carlo simulations has been 
adopted in this work.

4.1 Deterministic analysis
Table 2 shows the difference between the maximum deflec-
tions predicted by the Loma earthquake in order to illus-
trate the importance of the seismic effect. From Table 2, it 
can be noted that the dynamic analysis allows us to obtain 
safe and reliable model and to prove that it is very import-
ant to consider the effect of the Loma Prieta earthquake. 

In Table 3 the maximum values of the midpoint rela-
tive displacement are determined for all the cases of anal-
ysis according to both linear and nonlinear beam theory. 
The results reveal that the dynamic maximum deflections 
obtained by the nonlinear analysis are smaller than ones 
obtained by the linear analysis, because the pipe is stiffer 
by the nonlinear term generated by the large deflections.

It seen also that the maximum deflection decreases 
when the shear coefficient of the pipe (Timoshenko theory)  
is taken into account. The maximum deflection of the pipe 
resting on Pasternak foundation is greater than the max-
imum deflection of the beam resting on Winkler founda-
tion which proved the accuracy of the proposed model  
and the influence of the nonlinear Winkler-Pasternack 
(shear modulus) on the response of the pipe. In fact for 
more details, the illustrated curves of the Fig. 3 shows the 
time histories of the deflection of the pipe for various mod-
els of the soil.

In Table 4 the maximum values of the displacement of 
the pipe taking into account or ignoring the damping and 
the shear effect, are presented. It is clearly seen that the 

Table 1 Deterministic and Probabilistic properties of the pipe and the 
soil [26]

Item Notation Value

Concrete pipe

Diameter Dext 1 m

Length Lp 62 m

Young modulus Ec 3 ×104 MPa

Flexural rigidity EcIc 869.45 MN/m2

Poisson ratio νp 0.2

Soft clay

Young modulus Es 12.5 MPa

Poisson ratio νsoil 0.35

Coefficient of Winkler soil's 
subgrade reaction kw 3.067 kN/m3

Coefficient of Pasternack soil's 
subgrade reaction ks 800, 1500 kN/m

Probabilistic properties 

Correlation length of Winkler soil Lc 6,12,24,60 m

Correlation length of Pasternack soil Lcs 6,24 m

Coefficient of variation of soil Cv 10,30,50,70 %

Table 2 Maximum deflection of the nonlinear pipe Wmax resting on 
Winkler foundation

With seismic effect Without seismic effect 

Wmax [m] 1.481 × 10–4 7.98 × 10–5

Table 3 Maximum deflection of the linear and nonlinear pipe Wmax obtained by the all cases of analysis

Without shear deformation With shear deformation

Linear Non linear Linear Nonlinear

Linear Winkler 2.273 × 10–4 1.481 × 10–4 1.1942 × 10–6 1.014 × 10–6

Linear and nonlinear Winkler 2.281 × 10–4 1.490 × 10–4 1.1943 × 10–6 1.025 × 10–6

Nonlinear Winkler -Pasternack 2.84 × 10–4 1.502 × 10–4 1.1941 × 10–6 1.141 × 10–6

Fig. 3 Time history of the relative displacement of the pipe with shear 
deformation for various foundation models

Table 4 Maximum deflection of the nonlinear pipe Wmax resting on 
nonlinear Winkler-Pasternack

Wmax [m] Without shear 
deformation (EBT)

With shear deformation
(TBT)

Without damping 1.6715 × 10–4 2.6 × 10–5

With damping 1.502 × 10–4 1.141 × 10–4
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damping and shear coefficient have a great effect on the pipe 
response and it is interesting to note that these two param-
eters allow us to determine the real behavior of the pipe.

4.2 Probabilistic analysis
To assess the probabilistic behavior of the nonlinear pipe-
line resting on nonlinear Winkler-Pasternack foundation 
on the pipe response and to analyses the effect of the spa-
tial variability of soil, Monte Carlo method has been used 
where 1000 samples have been generated by using the 
Matlab program. The obtained maximum deflections and 
bending moments of different values of the coefficients 
of variation (Cv = 10 %, 30 %, 50 %, 70 %) and correla-
tion lengths (Lc = 6 m, 12 m, 24 m, 60 m) are resumed in 
tables. From Table 5, it can be observed that the probabi-
listic values of maximum displacement of different cor-
relation length and coefficient of variation exceeds the one 
obtained by the deterministic analysis. It can be noted that 
the increase of maximum deflection value in the increase 
of the coefficient of variation and the correlation length 
until Lc = 24 m. Nevertheless, when the Lc is over 24 m, the 
displacement decreases because the random soil becomes 
more correlated.

Finally, to demonstrate the effect of the spatial variability 
of the parameters of both Winkler and Pasternack founda-
tion and for comparison reason Table 6 has been established 
for different values of Winkler and Pasternack correlation 
length (Lc, Lcs) and coefficient of subgrade reaction (kw, ks). 

From Table 6, it can be observed that the displacement and 
the bending moment of the pipe increase  with the increase 
in the value of the Pasternack coefficient (case D com-
pared to B) and correlation length (case C compared to A), 
 it observed also that the variation of correlation length of 
Pasternack foundation Lcs affected more the response of the 

pipe which is undergoes large deflection than the variation 
of correlation length of Winkler foundation Lc (case B com-
pared to A and case D compared to C).

5 Conclusions 
The dynamic response of the nonlinear pipeline subjected 
to a distributed load and to the Loma Prieta earthquake has 
been studied within the framework of the Euler-Bernoulli 
and Timoshenko beam theories by taking into account the 
effect of geometric nonlinearity, shear deformation and spa-
tial variability. The nonlinear equation of motion is deter-
mined by using the Von Kármán method and solved with 
using the Newmarck method combined to the Monte Carlo 
one. It is observed from the investigation that the spatial 
variability of soil properties plays very important roles in 
the nonlinear dynamic behavior of the pipe. Therefore, the 
main conclusions that can be drawn from this study are:

1. From Table 2 it can be noted that the deflection of the 
beam is significantly affected by the seismic parame-
ters where the use of the dynamic analysis of is well 
suited for determine the real response of the pipe.

2. The response of the pipe is strongly influenced by the 
effect of the shear deformation which has an import-
ant role on the determination of the deflections of 
the beam. Moreover, the discrepancy between the 
results of the linear and nonlinear analysis of the 
pipe resting on Winkler foundation and on Winkler-
Pasternack foundation is remarkable.

3. The damping coefficient is an important parameter, 
in fact it reduces the deflection of the pipe and it is 
important to take it into account in order to optimize 
results and to provide a more realistic behavior of 
the pipe.

Table 5 Comparison of the maximum deflection Wmax and bending 
moment Mmax of the pipe obtained by deterministic and probabilistic 

analysis

Wmax [m] Mmax [MN.m]

Deterministic analysis 1.141 × 10–6 884.7

Pr
ob

ab
ili

st
ic

 a
na

ly
si

s Cv
(Lc = 24m)

10 % 1.4367 × 10–6 892.08

30 % 1.5187 × 10–6 910.12

50 % 1.9325 × 10–6 948.17

70 % 1.9500 × 10–6 970.8

Lc
(Cv = 70 %)

6 m 1.8621 × 10–6 958.1

12 m 2.6643 × 10–6 981,08

24 m 1.9500 × 10–6 970.8

60 m 1.92536 × 10–6 964.6

Table 6 Maximum deflection Wmax and bending moment Mmax of the 
pipe for different Values of kw, ks, Lc and Lcs

Cases
Wmax [m]

Mmax[MN.m]

Case A :
kw = 8567 kN/m3, Lc = 6 m
ks = 800 kN/m, Lcs = 24 m

2.2001 × 10–6

1095.26

Case B : 
kw = 8567 kN/m3,Lc = 24 m
ks = 800 kN/m, Lcs = 6 m

1.7116 × 10–6

825.11

Case C : 
kw = 8567 kN/m3, Lc = 6 m
ks = 1500 kN/m, Lcs = 24 m

2.7341 × 10–6

1361.16

Case D: 
kw = 8567 kN/m3, Lc = 24 m
v = 1500 kN/m, Lcs = 6m

6.8973 × 10–6

3533.794
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4. The nonlinear parameters of the foundation have also a 
great influence on the behavior of the pipe. In fact, the 
coefficient of variation Cv and the correlation lengths 
have a significant effect on the nonlinear response of 
the pipe. Namely, increase in the Cv of variation and 
correlation lengths (Lc, Lcs) cause increase in the max-
imum deflection and bending moment. Therefore, a 
random soil with higher values of coefficient of vari-
ation of different type foundations enable us to obtain 
a more realistic behavior of a beam. 

5. The developed model yield very good predictions 
of the dynamic response of the nonlinear pipe rest-
ing on nonlinear soil where the Timoshenko beam 
theory must be used instead of Euler-Bernoulli 
beam theory and the shear layer effect hasn't to be 
neglected because of the effect of the shear stresses 
on the deformation.
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