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Abstract

Experience has shown that the durability of “high-modulus” asphalts made with modified bitumen is unsatisfactory. The misdirected 

“development” forced in recent decades necessitates a more accurate understanding of the mechanical behavior of rolled asphalts, i.e., 

constitutive formulation of a numerical asphalt model. The authors elaborate a numerical procedure to model the visco-hypoplastic 

constitutive behavior of the rolled asphalts by the appropriate composition of the hypoplastic theory of soil mechanics and, taking 

into account the existing asphalt models. This proposal is justified because rolled asphalt is nothing more than an aggregate skeleton 

of mineral origin, the voids of which are filled with high-viscosity bitumen. The model allows to quantify the interaction of the two 

components, such as the formation of ruts due to pressure on the bitumen, the formation of cracks due to cooling-induced tensile 

stresses, and the viscous behavior of asphalt. Validity of this complex numerical model can already be considered proven theoretically, 

but it still needs to be experimentally verified for the viscous behavior. This new constitutive model has important theoretical and 

practical consequences such as a new visco-hypoplastic model of rolled asphalt as partially saturated granular material with cooling-

induced isotropic residual stresses.
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1 Introduction
Asphalt, as a structural material, is one of the most com-
monly used building materials for pavement constructions. 
This material, which seems homogeneous in its name but is 
in fact a complex material, can be described by very com-
plicated mathematical equations. The relationship between 
stress-strain is affected not only by the magnitude of the 
load, but also by its velocity, number of repetitions, but also 
by temperature and elapsed time. Furthermore, during the 
construction of the pavement structure, the asphalt is com-
pacted and layered. The quality and construction of the 
compaction itself largely determines the quality, service 
life, and stress-strain relationship of the pavement struc-
ture. The material equations for asphalt, the implementa-
tion of compaction, the number of layers and their thick-
ness are mainly based on the results of experimental and 
empirical studies. In the following, we present the known 
numerical models through some papers.

It is widely known that the asphalt mixture is a complex 
heterogeneous material composed of three components, 
a  visco-elasto-plastic matrix (mastic) combined with a 
rigid-plastic skeleton of granular inclusions and contain-
ing a given percentage of air voids. In this medium, the 

crushed aggregates display very irregular shapes, complex 
angularity, and a wide range of sizes. The smallest grain 
measures only a few micrometers in diameter, while larger 
grain diameters lie in the range of tens of millimeters.

A common feature of the existing asphalt models is that 
in rolled asphalt, the aggregates form a three-dimensional 
skeleton, as opposed to mastic asphalt where the aggregates 
partly float in the bitumen and therefore have less influence 
on the strength and stiffness properties of the asphalt.

The analogy of rolled asphalt and unsaturated sand is 
showed in Fig. 1. This analogy is based on the following 
observations:

(a)                                                            (b)
Fig. 1 Analogy of (a) unsaturated soil and (b) rolled asphalt
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•	 sand (soil) and asphalt consist of granular material of 
mineral origin,

•	 in the case of unsaturated sand, the (apparent) cohe-
sion that results in strength is created by surface 
tension forces in pore water. In the case of asphalt, 
this corresponds to the cooling-induced shrinkage of 
bitumen, which causes isotropic residual stresses in 
the material pressing the particles together,

•	 fine-grained soils (silt, clay) also show viscous behav-
ior; for these the water serves as a lubricant, while in 
the case of asphalt, this role is played by the bitumen 
by lubricating the contact surfaces of the particles. 

Each of the existing asphalt models is based on plasticity 
models developed for soils. One can follow these models by 
overviewing the following selected papers (Fellin [1], von 
Wolffersdorff [2], Kolymbas [3], Niemunis and Herle [4], 
Fellin and Ostermann [5], Mašín [6], Bauer [7]).

Understanding the mechanics of asphalt is the same 
as setting up a constitutive model correctly describing its 
mechanical behavior. The mathematical formulation is the 
material model of the asphalt, which should be consistent 
with the observations that characterize the behavior of 
asphalt. Formulation of the model should start from these 
observations. The model must then be able to naturally 
describe the observed phenomena. These are:

•	 formation of residual deformations (ruts),
•	 cooling-induced tensile stresses and crack formation,
•	 frequency, temperature and stress dependency of the 

modulus.
Due to the lack of fundamental research, the develop-

ment in recent decades has been mainly focused on the 
binder. The role of bitumen was badly overrated without 
the mechanical behavior of the asphalt being precisely clar-
ified. Development has shifted towards "high modulus", 
which was intended to be accomplished exclusively by 
bitumen. As a result, although asphalt was more resistant to 
the formation of ruts, it became more difficult to compact 
despite the higher laying temperature. Fatigue strength of 
the more brittle asphalt has reduced at low temperatures 
and aging has also accelerated [8].

Gajári [9, 10] has concluded that residual deformations 
(ruts) are caused by the excessive use of bitumen exceed-
ing the optimum value. According to the mechanical 
explanation, excess pressure is created in the binder if it 
exceeds the optimum amount [9]. At the optimum bitu-
men content, the voids in the mineral aggregate are min-
imal during compaction. Bitumen content above the opti-
mum value will make the aggregate skeleton susceptible to 

further compaction if subjected to a large number (million) 
of loading cycles, which would result in further decrease in 
the volume of voids. As a result, some or all of the pressure 
on the aggregate skeleton may be transferred to the bitu-
men having no shear strength. In the mechanics of granular 
materials (soil mechanics), this phenomenon has long been 
known (since the pioneering work of Terzaghi [11]. 

The second important observation and experimental 
result is that asphalt contracts due to cooling, which can 
be attributed to the cooling-induced shrinkage of bitumen.

Arand et al. [12] showed as early as the 1980s that 
asphalt cracks as a result of cooling if its shrinkage is 
limited during cooling. In the case of asphalt fatigue, 
tensile stresses caused by cooling should be taken into 
account [13]. Accumulation of the cyclic traffic loads and 
residual stresses cause the tensile cracks starting from the 
surface. Experience has shown that cracks of this type are 
common in high modulus asphalts. In Hungary, laboratory 
fatigue testing of asphalts is performed at "high" tempera-
tures (15–20°C), therefore this method is not suitable for 
the study of low-temperature fatigue. 

Stiffness of the asphalt is also the result of cooling-in-
duced isotropic residual stresses [10]. The Young's modu-
lus of asphalt is by orders of magnitudes higher than that 
of the bitumen. In soil mechanics, it is known that the 
Young's modulus of granular skeleton without any confin-
ing pressure is also zero. This is because the modulus is 
proportional to the contact pressure between the particles 
in the first approximation. The measured Young's modulus 
of asphalt in the absence of chemical processes can only 
be explained by the fact that the cooling-induced volumet-
ric shrinkage of bitumen pre-stresses the aggregate skel-
eton, i.e., the pressure between the particles is induced by 
the cooling of bitumen.

The third observation concerns the viscous behavior 
of asphalt. The complex moduli shown in Fig. 2 was mea-
sured by applying uniaxial sinusoidal loading to cylindri-
cal samples [14]. The imaginary part of the complex mod-
ulus represents the viscous stiffness of the asphalt. This 
explains the velocity (frequency) and temperature depen-
dence. It is customary to assume that the principle of 
time-temperature superposition is valid for the complex 
modulus, according to which the modulus measured at dif-
ferent temperatures can be converted to a reference tem-
perature by changing the frequency accordingly. However, 
the measurement by Gajári shown on cylindrical samples 
in Fig. 3 disputes the validity of this principle [9]. The com-
plex modulus was measured on a torsional sample using 
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different pressures acting in the direction of axis "1-lon-
gitudinal axis-". In the direction of the radial axes "2" and 
"3", the deformation was limited to zero, so the stress state 
of the sample was three-dimensional. Figs. 3 shows that the 
complex stiffness also increases with increasing pressure. 
The modulus is therefore not only a function of tempera-
ture and frequency but also of pressure.

This principle of equivalence may seem to be true for 
uniaxial harmonic loading, because in that case differ-
ent pressures cannot be set, so the pressure dependence 
is not revealed. It is known from soil mechanics that stiff-
ness and strength of granular materials cannot be tested in 
a uniaxial stress state.

2 Overview of the existing models
Tehrani et al. [15] present modeling of an asphalt pave-
ment structure by estimating the dynamic modulus of 
elasticity of a porous asphalt mixture. The test material 
is modeled as a two-phase medium in that it consists of 
particulate inclusions with a linearly elastic property and 
a bituminous adhesive with a given percentage of air con-
tent (5–6 % in their article). Thus, they can describe linear 
deformations in the case of small deformations. The model 
is subjected to a cyclic load at a given load frequency. 
The  generalized Maxwell model was used to determine 
the viscoelastic behavior of the material.

El Haloui et al. [16] show a numerical modeling of the 
formation and propagation of cracks in asphalt.

Iskakbayev et al. [17] present modeling of creep of 
linear viscoelastic materials using Boltzman-Volterra 
integral equations. The phenomenon of creep kernel 
was approximated by Rabotnov's exponential function. 
The  creep equation contains four unknown parameters: 
α singularity parameter, β fading parameter, λ rheological 
parameter, and ε0  conditional instantaneous deformation 
parameter. Their model is a two-level method for deter-
mining creep parameters. At the first level, α and ε0 can be 
determined, and then the fading parameter β and the rhe-
ological parameter λ can be calculated at the second level.

Murali Krishnan and Rajagopal [18] present the deter-
mination of the constitutive equations of an asphalt pave-
ment structure. The equations are derived on a thermody-
namic basis. Their calculations show that their equations 
are suitable for describing constitutive behavior over a wide 
temperature range and at different compression pressures.

Taherkhani [19] presents the results of uniaxial and tri-
axial experiments on asphalts in his paper.

The mechanical behavior of asphalt mixtures is shown 
by Huang and Zhang [20]. New experimental procedures 
have been developed to investigate material parameters 
and rheological phenomena.

Each point of the above summary contains important 
details that are not necessarily known in the profession, 
but at the same time they should be addressed when creat-
ing a constitutive model describing the behavior of asphalt.

Aschenbrenner [21], Brodersen [22], and Gajári  [9] 
used a version of the existing hypoplastic models of soil 
mechanics that was formulated by von Wolffesrsdorff [23]. 
The material parameters of the non-viscous model were 
determined according to Herle [24]. It is worth mention-
ing the work of ter Huerne [25], who used the Cam Clay 
model [26], the first plastic model developed for soils, to 
numerically simulate asphalt compaction. The Cam Clay 
model is mentioned here because the direction of plas-
tic deformations in a given stress state is the same as the 
direction yielded by the hypoplastic model. This feature 
was also used by Niemunis  [27] for the development of 
visco-hypoplastic material model.

The visco-plastic model of Aschenbrenner  [21] and 
Brodersen  [22] models the asphalt according to the vol-
ume ratios of the components (binder and aggregate skel-
eton) using the mixture theory of continuum mechanics. 
However, their models lack the following two features: 
sufficient stiffness of the asphalt, and formulation of the 

Fig. 2 Complex modulus and phase angle of asphalt at different 
frequencies and temperatures 

Fig. 3 Complex modulus of asphalt at different pressures and 
temperatures
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interaction of material components. The insufficient stiff-
ness can be confirmed by experimental results, where the 
model stiffness fell much below the measured value [22]. 
It is clear, that the reason behind this is ignoring the cool-
ing-induced shrinkage of bitumen. Due to the second short-
coming of the models, they will not predict the experimen-
tally verified radical decrease in stiffness, as a result of the 
interaction between the plastic aggregate skeleton and the 
viscous asphalt if the bitumen content exceeds the optimum 
value defined by the Gajári. This may be because Terzaghi's 
principle of effective stress is not considered in the models.

According to Terzaghi's principle of effective stress, the 
effective stress carried by the soil skeleton and keeping the 
soil particles together is the difference between the total 
stress and the pressure in the pore fluid (called pore pres-
sure). Thus, an increase in pore pressure (i.e., due to cyclic 
loading) is accompanied by a decrease in effective stress. 
Since the modulus is proportional to the effective stress, 
the increase in pore pressure results in a decreasing stiff-
ness, which in turn increases the deformation and thus the 
accumulation of residual deformations as well.

The basic (reference) version of the hypoplastic model 
causes too large accumulation of deformations (ratcheting), 
so the version extended with intergranular strain should be 
used  [4]. This extended model allows reversible (elastic) 
strains to develop due to small cyclic deformation, thus 
reducing the accumulation rate of residual (plastic) defor-
mations. The hypoplastic constitutive model proposed by 
Niemunis and Herle  [4] neglected viscosity. It is there-
fore unsuitable for simulating the third observation listed 
above. However, it is possible to take into account tempera-
ture dependent isotropic residual stresses with this model.

The last existing models that are discussed here are 
the Bonnier model [28] and the Delft University Asphalt 
Concrete Response model (ACRe model, Medani 
et  al.  [29]), which are visco-plastic models and can take 
into account the isotropic stress caused by cooling.

The yield surface of Bonnier's model is basically the 
same as the Mohr-Coulomb yield surface [28], while the 
ACRe model uses Desai's yield criterion [30], which was 
also developed for soil. In both models, the viscous strain 
rate is formulated using Norton's power law. Desai's yield 
surface, like the Cam-Clay model, belongs to the group 
of so-called "cap models" because they are closed in the 
direction of hydrostatic pressure, i.e.,  resistance against 
deformation increases due to compaction (decrease in 
pore volume). Both models include viscosity, and the yield 
surfaces are temperature dependent.  

One of the components of yield surface is cohesion. 
The triaxial measurements showed that cohesion at 22°C 
is approx. 1 MPa [9]. Both models introduce the concept of 
"pseudo-pressure", which is directly related to cohesion:

p c
tan

=
( )ϕ ,	 (1)

where p is the pseudo-pressure, c is the cohesion and φ is 
the friction angle. 

Bonnier [28] makes the cohesion temperature depen-
dent, however the relationship was first proposed by di 
Benedetto [31]:

c c exp
T Tr

r
= −



















3200

1 1
,	 (2)

where cr is the reference (measured) value of cohesion, 
T is absolute temperature; Tr is reference (measured) value 
of absolute temperature.

The simultaneous validity of both relationships is 
equivalent to the temperature dependent pseudo-pressure, 
i.e., to the isotropic residual stress caused by cooling. 

Bonnier [28] gave Norton's flow rule (secondary creep 
strain rate) in the following form: 

ε
τ
σ σ σ σβvp

sct sctif= −( ) >
1 � � � � ,	 (3)

where τ is temperature dependent time factor, σ is the uni-
axial normal stress; σsct is the threshold value of secondary 
creep; β is the creep exponent (material constant) and it is 
a constant determined experimentally. Here, for the stud-
ied asphalt, Bonnier gave β = 4 for the creep exponent. 
The  temperature dependent time factor can be obtained 
using the following formula:

τ τ= −


















r

r
exp

T T
16500

1 1 .	 (4)

The time factor has the following values in the function 
of temperature:

τ r rsec if T K C= = ° °( )163000 278 5 ,	 (5)

τ r rsec if T K C= = ° °( )4400 296 23 ,	 (6)

τ r rsec if T K C= = ° °( )180 314 41 .	 (7)

The viscosity law of ACRe model is analogous to that 
given by Bonnier. For the quantification of this rule, (sec-
ondary) creep tests with constant stress are used, the prin-
ciple of which is shown in Fig. 4. 
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Due to the applied creep threshold, Bonnier's model is 
not suitable for the study of cyclic shear-induced pore pres-
sure generation, i.e., for the simulation of ruts. Although 
the Asphalt Concrete Response (ACRe) model was used for 
modelling compaction, it was not examined as a function 
of bitumen content.

It must be recognized that we will only be able to use-
fully intervene in the mechanical behavior of asphalt if we 
understand its basic mechanics. It is only after understand-
ing its behavior that we can move forward in solving prac-
tical problems, such as:

•	 design of pavement structures,
•	 design of asphalt mixtures,
•	 compaction of asphalt.
It should be noted the models listed above are not suit-

able to describe completely the behavior of asphalt but can 
only model some aspects of it.

3 Overview of the visco-hypoplastic model of soils
3.1 The hypoplastic (non-viscous) model
Figs. 5(a–b) show the compression curves of soil by uni-
axial and triaxial experiments, respectively. Oedometric 
compression is shown in Fig. 5(a) and the triaxial com-
pression is in Fig. 5(b). The axis x is the axial strain, and 
the axis y is the axial stress in both figures. 

The diagrams perfectly illustrate that:
•	 the curves are not linear ones which can be approxi-

mated by linear sections,
•	 It is known from the literature that the curves of 

unloading and reloading have different path, there-
fore residual (plastic) strain develops due to cyclic 
loading,

•	 an important difference between the diagrams is 
that whereas the triaxial compression curve reaches 
a "limit state" (failure) where the load cannot be 
increased further despite additional axial compres-
sion, such a limit state cannot be reached in oedo-
metric compression. 

Fig. 4 Secondary creep at different constant stresses for a given 
temperature (Bonnier [28])

(a)

(b)
Fig. 5 Uniaxial (oedometric) and triaxial experiment and the related 

stress-strain diagrams (a) Uniaxial, (b) Triaxial
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The three-dimensional form of hypoplastic description 
is able to capture these observations in the form of a single 
equation [23, 27]. 

  σ σ ε σ ε1 1 1= ( )× + ( )×L N ,	 (8)

where σ in L(σ) and N(σ) represents different stress states 
in oedometric and triaxial compression. As a summary of 
the hypoplastic law:

•	 the equation is a differential equation, i.e., it makes 
a connection between the change in strain and 
the change in stress; the equation is numerically 
integrated,

•	 the stress change and the modulus are proportional 
to the stress, 

•	 the residual strain is produced by the absolute value 
of the strain rate. 

The constitutive equation of hypoplastic model can be 
found in several finite element programs  [5,  32]. Here-
inafter, we will use the generalized form of this equation 
to determine the constitutive law of asphalts. The tensor 
description of the generalized equations was presented by 
Mašín  [6]. In his dissertation he presents a new consti-
tutive model for clays. The development of the model is 
based on the use of generalized hypoplastic principles [33] 
and combines it with the theories used in traditional soil 
mechanics to describe critical states. The boundary curve 
is based on the Matsuoka-Nakai yield surface.

Based on the original hypoplastic constitutive equa-
tions, visco-hypoplastic material models were constructed 
[33–36]. These models assume a logarithmic stress-void 
ratio principle  [37] and are consistent with the mechani-
cal description of critical soil [26]. The constitutive equa-
tions presented here focus on highlighting the description 
of viscous behavior and can be derived from the original 
von Wolffersdorff [2] model.

Another application of the hypoplastic material model 
is the work presented by Jin et al. [38]. It is used to calcu-
late foundations in sandy soils under monotonic and cyclic 
loading.

Describing the flow of debris is a very complex phe-
nomenon from a mechanical point of view. Pore water 
pressure is the most important trigger in initiating debris 
flow. Debris materials can generally be modeled at the 
level of constitutive equations when treated as a solid 
particle-viscous liquid mixture. Guo et al. [39] used the 
principle of hypoplastic-viscous behavior to model the 
flow of debris.

3.2 One-dimensional version of the visco-hypoplastic 
model
The state-of-the-art plasticity model is the hypoplastic 
model, which also has a strain rate dependent version 
(see [34,  40]). The visco-hypoplastic model incorporates 
Norton's flow rule. Gajári [10] has chosen this model for the 
visco-plastic description of asphalt. The following equa-
tions can be written for triaxial compression: 

L E= +
0

1 2

2
2

σ σ
σ

,	 (9)

N E= + −
+( )0

1 2

2

1 2

1 2
2

σ σ
σ

σ σ
σ σsinϕ

.	 (10)

Equation (8) can be rewritten: 

  σ1 1 1= − −















L N

L
ε ε .	 (11)

In the initial hydrostatic stress condition, N/L = 0 due to 
σ1 = σ2, and at failure N/L = 1.

The sample behaves reversibly in the beginning, and 
ideally plastic at failure because   σ ε ε

1 1 1
0= ( ) =L -

The residual plastic strain rate is given by 
 ε ε1 1
pl N

L
= − , which is further extended to accommodate 

viscosity   ε ε1 1
pl vis=( )  by the visco-hypoplastic model 

of Niemunis [34, 40]. Thus, the general form of the one- 
dimensional visco-hypoplastic law is:

  σ ε ε= −( )L vis .	 (12)

Norton's power law is adapted by Niemunis as: 

  ε γ
σ
σ

γvis

e

n n

OCR
=









 = 








1 .	 (13)

The exponent is a material constant, while the visco- 
plastic reference strain rate is temperature dependent. If the 
actual stress is equal to the equivalent stress, the visco-plas-
tic strain rate will be equal to the reference strain rate.  

Oedometric compression of a visco-plastic granular 
material is an example for the one-dimensional version of 
the visco-plastic material model. In Fig. 6. the stress is 
expressed by its logarithmic value, and the other axis is 
the change in void ratio.

Norton's flow rule used by Bonnier is based on Perzyna's 
overstress principle [41, 42]: the intensity of the vis-
co-plastic flow is proportional to the power of the differ-
ence between the overstress and the initial yield stress if the 
overstress is higher than the initial yield stress (σ > σe) [28]. 
Thus, there is no viscosity in the elastic range (σ  <  σe). 
Equation (13) is the modification of this rule, which does 
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not show the difference in stresses but their ratio. For oedo-
metric loading, the equivalent pressure shown in Fig. 6 
represents the yield stress, which lies on the line of con-
stant reference strain rate. The following relationship exists 
between the compression rate and the equivalent pressure:

 σ σ εe
c

e
e
C

=
+1

0 .	 (14)

The L elastic modulus in Eq. (13) is as follows:

L e
Cs

=
+1

0 σ .	 (15)

Thus, the final form of Eq. (13) is: 

  σ σ ε ε=
+

−( )1
0
e
Cs

vis .	 (16)

The set of Eqs. (14)–(16) form the model of oedometric 
viscous compression, which is identical to the one-dimen-
sional version of the visco-hypoplastic material model. Due 
to the modification of Norton's rule, the viscous behavior 
is maintained even if the stress is less than the equiva-
lent pressure, i.e., in the elastic range [34, 40]. A material 
model is only usable if there is a three-dimensional for-
mulation of  it. Hypoplastic and visco-hypoplastic mate-
rial models are such; the three-dimensional versions are 
discussed in detail in the works of von Wolffersdorff [23] 
and Niemunis [34].

In mechanics the viscos behaviour of solids can be 
described by the use of Maxwell's model or Bingham's 
model. The constitutive equation of the Maxwell's model 
is similar to Eq. (16). The difference is that while in the 
Maxwell's model, the viscosity is constant, in Eq.  (16), 
the viscous strain rate is proportional to the nth power of 

the stress, i.e.,  viscosity is not constant but increases as 
stress and strain rate decreases. These relationships are 
shown in Fig. 7.

As long as the stress or strain rate is not too small, the 
constitutive behavior of the Maxwell's model can be consid-
ered similar to Eq. (15) in intervals, only the variable vis-
cosity should be replaced in case of the Maxwell's model.

For harmonic loading, the complex modulus of the 
Maxwell model [9] can be given as follows:

S S i S* * *= +cos sinδ δ ,	 (17)

S E i* = +cos sin
2 2δ ωµ δ .	 (18)

Moreover, the following equations is also valid [9]: 

tan
sin

cos
δ

δ
δ µω ω

= = =
E

tr

1
,	 (19)

t
Er =
µ .	 (20)

These relationships show that the phase angle decreases 
with increasing frequency and the complex stiffness 
approaches the value of Young's modulus. If the frequency 
decrease to zero, viscous behavior will start to dominate, 
and stiffness will also decrease to zero. 

Fig. 6 Void ratio in function of compression stress at different strain 
rates (Niemunis and Krieg [40])

(a)

(b)
Fig. 7 Norton's and Newton's models (a) Stress, (b) Viscousity
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The first statement is also true for the visco-hypoplas-
tic material model represented by Eq. (16), but the second 
is not, since decreasing frequency also means decreas-
ing strain rate. As shown in Fig. 7, at a rate approaching 
zero, the viscosity increases faster than the rate decreases, 
the relaxation time also increases, resulting in a decrease 
in the phase angle. At very low frequencies, the visco- 
hypoplastic model begins to resemble the Bingham model, 
which behaves elastically when the stress is less than the 
yield stress.

4 Application to asphalt
Observations show that temperature has a decisive influ-
ence on the mechanical behavior. It should be decided 
depending on the temperature which version of the hypo-
plastic models can be used for the numerical simulation of 
a given problem.

It is known from the work of di Benedetto [31] and 
Bonnier [28] that viscosity decreases strongly with tem-
perature. The degree of this decrease is so large that vis-
cosity even becomes negligible. ter Heurne [25] used 
the plastic (non-viscous) Cam-Clay material model for 
finite element simulation of rolling compaction. Gajári 
has demonstrated that the non-viscous hypoplastic mate-
rial model is suitable for simulating the formation of ruts. 
By taking into account the pore pressure, the reduction 
in stiffness at high temperatures caused by cyclic load-
ing due to the excessive use of bitumen and the increased 
accumulation of residual deformations could be modelled.

The above review of existing models has shown that 
the Bonnier and ACRe models take into account the cool-
ing-induced isotropic residual stresses when calculating 
strength (cohesion) and modulus  [28,  30]. Bonnier also 
gave the dependence on absolute temperature as derived by 
Benedetto. Gajári has shown using his triaxial test results 
that the value of cohesion for an AC 11 asphalt concrete 
is 1.23  MPa at 22°C. The temperature dependent isotro-
pic residual stress was also calculated (Fig.  8) by taking 
into account the friction angle (~40°). For verification pur-
pose, it can be compared with the tensile strength obtained 
by Arand  [13]. The agreement is satisfactory in the tem-
perature range of 20 to -10°C. The question is whether the 
non-viscous hypoplastic model can take into account the 
isotropic residual stress caused by cooling. The answer is 
a firm yes. It is well known that the modulus of both one- 
dimensional models is a function of the stress state and the 
isotropic pressure. The isotropic residual stress, as an input 
can be taken into account not only in the one-dimensional 
but also in the general three-dimensional case [1, 23].

In order to illustrate the effect of the cooling caused 
residual stress, numerical simulations of unconfined 
compression tests were performed. Hypoplastic material 
model  [23] was used and parameters obtained by earlier 
tests [9] were applied in the simulations. By the use of our 
parametric study the residual stress values at different 
temperatures were obtained based on Fig. 8(a). The results 
(Fig.  8(b)) correlate well with the presumed tenden-
cies: both the unconfined compressive strengths and the 
Young's moduli are increasing with decreasing tempera-
ture (increasing "pseudo pressure").

The only thing remained is the analysis of visco-hypo-
plastic material model. Section 2 discusses the tempera-
ture dependence of the time factor used by Bonnier [28] 
and derived by Benedetto [31]. This function is shown 
in Fig.  9(a) (left). Fig.  9(b) shows the results of creep 
tests  [28]. In [9] Gajári assumed that the parameters of 
Eq.  (11) defined by Niemunis correspond to the parame-
ters of Bonnier's equation, i.e.:  

β = = =n constant4 ,	 (21)

1
τ

γ≈  .	 (22)

(a)

(b)
Fig. 8 Simulation of unconfined compression tests considering 

different temperatures (a) Temperature dependent residual stress, 
(b) Temperature dependent stress-strain relationship
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According to the second relationship, the reference 
strain rate depends on the temperature in the same way as 
the reciprocal of the time parameter. These assumptions 
can be used to calculate the ratio of the stresses to achieve 
the same strain rates at different temperatures:

ε
τ

σ
σ τ

σ
σ

vis

e

n

e

n

T
T

T
T

=
( )

( )







 =

( )
( )









1 1

1 1

1 1

2 2

2 2 ,	 (23)

σ σ
τ
τ2 2 1 1

2 2

1 1

T T
T
T

n( ) = ( ) ( )
( )

.	 (24)

With this relationship, the test results shown in Fig. 9(b) 
can be reproduced. The result of the calculation is shown 
in Fig. 10(a).

Fig. 11 shows the temperature and strain rate depen-
dence of viscosity. The behavior of the visco-hypoplas-
tic material model can be compared with the test results 
shown in Fig. 6 using the analogy of Maxwell model.

Fig. 11 correspond to Fig. 4, only the representation 
mode is different. Gajári made the assumption that the 
so-called Glaze Modulus (dark blue line, noted as extrap-
olated) corresponding to infinitely high frequency is tem-
perature dependent. 

(a)

(b)
Fig. 9 Temperature dependent creep (a) Time factor, (b) Stress [28]

(a)

(b)
Fig. 10 Temperature dependent creep, numerically reproduced 

(a) Stress, (b) Viscousity

(a)

(b)
Fig. 11 Temperature and frequency dependent material parameters 

(a) Modulus, (b) Phase angle
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It can be concluded that:
•	 as the temperature increases, the modulus decreases 

at all frequencies,
•	 the modulus increases with increasing frequency and 

the phase angle decreases to a temperature of 35°C,
•	 above 35°C, the phase angle decreases at the lowest 

frequency. 
The first statement can be easily reconciled with the 

visco-hypoplastic model: according to Eq. 34 the modulus 
is proportional to the pressure. In the Maxwell model, this 
is the Young's modulus, which decreases with increasing 
temperature due to the temperature dependent isotropic 
residual stress as shown in Fig. 8(a).

The second statement is consistent with the statement 
made in Section 3.2 for the Maxwell model: phase angle 
decreases with increasing frequency and the complex stiff-
ness approaches the value of Young's modulus: ω  →  ∞, 
δ → 0, S* → E. The third conclusion can be explained by 
the fact that the phase angle decreases with increasing 
relaxation time, because tanδ

ω
=
1

tr
. But the relaxation 

time is t Er =
µ

. As the temperature increases, both the vis-
cosity and the modulus decrease. However, if the modu-
lus decreases more than the viscosity with increasing tem-
perature, the relaxation time will increase and therefore the 
phase angle may decrease. 

It can be seen that qualitatively the visco-hypoplastic 
model is consistent with the observations. Quantitative 
compliance can only be demonstrated after the model 
parameters have been determined by laboratory tests and 
numerical simulations have been performed.

5 Conclusions: theoretical and practical consequences
The proposed visco-hypoplastic material model yields the 
following theoretical and practical consequences.

It has already been mentioned regarding the non-viscous 
hypoplastic material model that the version extended with 
intergranular strain should be used instead of the basic ver-
sion when dealing with small-amplitude cyclic deforma-
tions (ε < 10–4) [4]. This modification also exists in the case 
of the visco-hypoplastic material model [27].

By cyclic deformation is meant an accumulated 
deformation arising from identically repeating phases. 
The phases are constantly followed by changes of direc-
tion. These reversals can be 180 or 90 degrees (a 0 degree 
"reversal" corresponds to monotonic loading). Stiffness 
increases with each reversal. If the subsequent unidirec-
tional deformation does not exceed a certain magnitude, 

e.g., at 180 degrees it is ε < 10–4, and is followed by a rever-
sal again and so on cyclically, then it is found that the 
deformations are reversible in addition to the high stiff-
ness, i.e.,  they are not residual and they don't accumu-
late. If the unidirectional deformation is ten times that, 
then the stiffness drops to its one-tenth and strains accu-
mulate due to plasticity. Harmonic loading is also a type 
of cyclic loading, and if the amplitude doesn't exceed 
the above-mentioned magnitude, no plastic strains will 
develop. This  phenomenon is also called "small-strain" 
behavior. From micro-mechanical point of view, small 
deformations can be imagined as deformations of the 
grain contacts, while at larger deformations, the position 
of the grains to each other also changes, so the modulus is 
smaller, and the strains are not reversible but plastic. These 
experimental facts have been incorporated into hypoplas-
tic material models [4, 27]. This is one of the reasons why 
these models can be considered advanced.

The way to determine the complex modulus in uniax-
ial cyclic stress state has already been discussed in this 
paper. Not only the hypoplastic theory, but Gajári's mea-
surement also confirms that the modulus is always a func-
tion of pressure or stress state. As a consequence, asphalt 
cannot have a master curve because it assumes that the 
modulus is only a function of frequency and temperature. 
Bitumen may have a master curve because its modulus is 
not pressure dependent. In the case of asphalt, the pressure 
dependence occurs due to the aggregate skeleton, which 
behaves as a three-dimensional structure.

The modulus of asphalt is not a material constant, but 
a quantity reflecting the actual condition. The widespread 
“uniaxial” approach of the modulus ignores the mechanics 
of granular materials. Neither the strength nor the modu-
lus of asphalts can be tested with uniaxial loading. In the 
education of civil engineers, these principles are already 
taught as part of the basics of soil mechanics.

It has been illustrated that the theory of visco-hypoplas-
ticity can be used to capture the most important aspects 
(i.e., stress state dependent stiffness and strength, viscous 
characteristic etc.) of rolled asphalt behavior, so the con-
stitutive model is suitable to qualitative description of the 
material behavior. Another important advantage of vis-
co-hypoplasticity is the fact that it originates from geo-
technical engineering, so effective stress and pore pres-
sure can be handled separately. This feature is especially 
useful when one wants to analyze the behavior of high 
temperature asphalt, where bitumen pressure may play an 
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important role. In the framework of this currently ongo-
ing research project specific laboratory tests will be per-
formed to enable parameter calibration and quantitative 
analysis of asphalt behavior using visco-hypoplastic con-
stitutive model. 
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