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Abstract

This study presents the analysis carried out for changes in parameters of free vibrations of single-span corrugated web girders with
a semi-rigid joint at midspan and multi-span girders with spans connected by semi-rigid joints.

Based on the experimental tests and the theoretical analysis, the behavior of six simply supported girders with the semi-rigid joint
at midspan was analyzed. They were straight and double-slope girders with a span of 6.02 m, made of corrugated web sections WTA
500/300x15 with different types of semi-rigid end plate joints. It was demonstrated that the variable rotational stiffness S; of the joint
affected the equivalent concentrated mass of the girder m,, the frequency of damped free vibrations a, damping p, and the frequency
of free vibrations w.

The theoretical analysis was conducted for a change in the equivalent concentrated mass of the single-span girders fixed at both
ends and of the multi-span girders. It was described how the change in the support stiffness in the single-span girders fixed at
both ends and the change in joint stiffness of spans affected the equivalent concentrated mass m, as a function of non-dimensional

stiffness k. The equivalent concentrated mass m, of the girder was found to affect the values of maximum vibrations in the structure.

A continuous change in the rotational stiffness of joints was taken into account from the pinned to the rigid joint.
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1 Introduction

Semi-rigid joints are crucial in analyzing structures.
Eurocode 3 [1] defines three types of joints: rigid, semi-
rigid and pinned. The development of semi-rigid joints and
their effect on the whole structure have become a subject
of interest of many researchers within the recent several
years. Many theoretical models describing the behavior of
semi-rigid joints, that is the relation M(¢), were developed
on the basis of the experimental tests [2-5].

The rotational stiffness of semi-rigid joints in critical
places in the girders significantly affects the critical resis-
tance and the ultimate resistance of member structures,
and consequently affects safety of the whole load bearing
system. Geometry of the joint components, that is, flange
and web components with bolts have an impact on the
rotational stiffness. On the other hand, the deviation from
the statistically determined rotational stiffness of semi-
rigid end joints is caused by random geometrical imper-
fections of the joint components and the structure.

In case of the dynamic analysis, the semi-rigid joints
change damping, vibration frequencies, and equivalent con-
centrated mass of the system m_, which indirectly changes
the integrated stiffness K of both single- and multi-span gird-
ers [6—10]. Many papers [11-15] refer to the analysis of the
impact of the member cross-section, damping, and rotational
stiffness of joints on free vibrations of frames and beams.
However, anomalies related to the girder structures are
reflected by parameters of free vibrations, e.g., an increased
damping indicates the possible sliding friction between
joints or permanent strains in e.g., end joints [16—18].
Natural frequencies of the girders with semi-rigid joints
different than expected indicate, among other things, a pos-
sible presence of joints with stiffness lower than expected,
too small cross-section of the beam, and thus a change in
the equivalent concentrated mass, mechanical damage to
beam or joint components, or geometrical imperfections of
planes of contact.
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This paper presents the analysis carried out for changes
in parameters of free vibrations of single-span corrugated
web girders with a semi-rigid joint at midspan and multi-
span girders with spans connected by semi-rigid joints.

In the case of single-span girders, the experimental
tests and the theoretical analysis were used to analyze the
behavior of six simply supported girders with the semi-
rigid joint at midspan. They were straight and double-slope
girders with a span of 6.02 m, made of corrugated web sec-
tions WTA 500/300x15 with different types of semi-rigid
end joints. The variable rotational stiffness S, of the joint
was demonstrated to affect the equivalent concentrated
mass of the girder m_, the frequency of damped free vibra-
tions a, damping p, and the natural frequencies w. It should
be noted that the corrugated web changes stiffness of the
girders [19-24]. Consequently, parameters of the vibra-
tory motion are also changed. Additionally, the impact of
changed stiffness of supports in the single-span girders
fixed at both ends on equivalent concentrated mass m_, was
analyzed. This parameter significantly affects the level of
maximum vibrations of the structure.

In case of the multi-span girders, the theoretical analysis
was conducted on the impact of semi-rigid joints between
the span on a change in the equivalent concentrated mass of
the girder m_ for first three forms of vibrations as a function
of the non-dimensional stiffness & of the joints. A contin-
uous change in the rotational stiffness of joints was taken
into account from the pinned to the rigid joint.

2 Theoretical methods of determining natural
frequencies of beams with semi-rigid joints

The natural vibration frequency of the girders loaded with
a uniformly distributed mass u (Fig. 1) can be presented on
the basis of the method of stiffness.

In this case a differential equation of the dynamic equi-
librium of the beam [9] (with a neglected damping) is
expressed as:

4 4
EJ 6_3: + U 6_2y =0, (1)
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where: EJ — stiffness of the member cross-section,
1 — mass per the unit of the member length.
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Fig. 1 Beam with semi-rigid joints at the ends with continuous

distribution of mass x — stiffness method

Using the method of stiffness to solve the equation, the
known matrix of dynamic stiffness of the beam compo-
nent can be applied [17]:
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where F|(4) to Fy(4) are functions depending on the tabu-
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in which the coefficient of natural frequencies 4 depends
on the natural frequencies w (4):
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In the case of mass per the unit of the member length g,

the known dynamic stiffness matrix Eq. (2) was used.
Using the stiffness method, the stiffness matrices were
obtained taking into account the rotational stiffness of
the bars. By equating the stiffness matrix determinant to
zero, the equation was obtained, from which, for the given
non-dimensional stiffness parameters k, = S*1/EJ, the nat-
ural frequency coefficient A was determined.

In the case of the discrete mass distribution (Fig. 2), the
natural frequency is described by the motion equation in
the matrix form [3]:

By+Ky=0, ®)
where B is the matrix of inertia, and K is the stiffness matrix.

In the case of the force method, the solution comes down
to solving the equation of natural frequency in the form [17]:
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Fig. 2 Beam with semi-rigid joints at the ends with d discrete of mass

distribution m_ — force method
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where: 7 - the identity matrix, F = K ' - flexibility matrix,
/A, - the coefficient of natural frequencies in discreet model.
But the coefficient 1, dependent on the natural frequen-

cies o takes the following Eq. (7) [17]:
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3 Experimental tests on parameters of free vibrations
of single-span girders with semi-rigid joint at midspan
3.1 Description of test girders

The parameters of free vibrations of six single-span gird-
ers with the semi-rigid joint at midspan were analyzed for
the girders made of WTA 500/300x15 sections with the
web width 7, =2 mm. The girder webs were made of steel
S235, and flanges of steel 275 (Fig. 3).

Two independent pre-assembled items were speci-
fied for these girders. They were mirrored items with the
end field joint in the center and at both ends to perform
the tests on six single-span girders with the end joint at
midspan, where the applied joint types were as follows:
BP-1 — cw-cw joint (the corrugated web at both sides of the
end plate) (Fig. 4(a)), BP-2 — pw-cw joint (a strip of the flat
web at one side of the end plate and the corrugated web
at another side of the end plate) (Fig. 4(b)), BP-3 — pw-pw
joint (a strip of the flat web at both sides of the end plate)
(Fig. 4(c)), and BD-1 — cw-cw joint, BD-2 — pw-cw joint,
BD-3 — pw-pw joint.

The corrugated web (cw) was exchanged into strips of
the flat web (pw) to change the joint stiffness in accor-
dance with the papers [25, 26], which was affected by
lower shear stiffness of the corrugated web which served
as the support for end plates.

The first type was the straight girder BP (Fig. 3(a)), and
the second one was the double-slope girder BD (Fig. 3(b))
with an inclination angle of 100°. The static scheme of
a simply supported beam with a span of 6.02 m was
assumed for the girders.
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Fig. 3 Single-span girders with corrugated web a) straight girders
BP-1, BP-2, BP-3; b) double-slope girders BD-1, BD-2, BD-3
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Fig. 4 Types of end — plate semirigid joint in girders: a) type cw-cw; b)
type pw-cw; €) type pw-pw

The end plates of 30 mm in thickness were used in the
semi-rigid end joints (Fig. 4). The joints were preloaded
with bolts M20 of class 10.9. The packing plate placed in
the middle of the end joint, marked with a letter B was
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20 mm in thickness and was used to suspend the vari-
able weight load m,, under which vibrations were mea-
sured. The end joints were preloaded with the moment
M, =120 Nm. It contributed to ca. 11% of the acceptable
deformation of bolts under the load P, equal to 35.3 kN.

Resistance of the formed connections was higher than
that of the girder section. Thus, the whole area under the
imposed load met the condition of the elastic response.
Edges of the end plates did not show angular devia-
tions (Fig. 5(a)) al = a2 = a3 = 0 mm in any of the joints.
As aresult, the end plate joints were bolted during the free
assembly without needing to tension them to eliminate
clearance. On the other hand, the end plate planes in two
joints of pw-cw and pw-pw types in the straight girders
BP-2 and BP-3 exhibited a tendency for the curved devia-
tion a4 as shown in Fig. 5(b).

3.2 Experimental test

All the girders tested (1) were placed on (movable and fixed)
bearings (2) that were put on rigid reinforced concrete col-
umns (3) (Fig. 6).
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Fig. 5 Deviation of end plates: a) edge deviations; b) deviations at the
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pw-cw and pw-pw joints in girders BP-2 and BP-3

Three different concentrated masses m, = 421 kg; 1218
kg and 2349 kg were attached one by one to the girders
to measure parameters of damped free vibrations. These
masses were attached using the plate B and the fixing sys-
tem made of angle profiles (4).

Parameters of vibrations of the single-span girders with
the semi-rigid joint were tested and recorded by rapid
elimination of the support (5) which carried each subse-
quent concentrated mass m,, and the introduction of a short
dynamic impulse. The support was a ¢50 tube ended with

@
Fig. 6 Girders on the test stand with suspended concentrated mass m, = 2349 kg: a) BP-3; b) BD-3; ¢) and d) BP-3 and BD-3 during measurement
vibrations



a 30 mm diameter steel ball. The tube went through a floor
and was directly under the concentrated mass m,.

The SVAN 912 AE vibration analyzer (6) was used to
measure free vibrations in the system of girders with the
concentrated mass m,. The transducer in the vibration ana-
lyzer was placed in the central part of the joint at the edge of
the corrugated or flat web. The following parameters were
measured: the amplitude of displacements, acceleration
and frequency of damped vibrations which were loaded in
the SvanPc software. The parameters of free vibrations at
each concentrated mass m; were measured five times.

The effect of joint stiffness in the simply supported beam
with the semi-rigid joint at midspan on the parameters of
free vibrations were noticed at the first mode of vibra-
tions. However, as the SVAN 912 AE vibration analyzer
records the whole spectrum of frequencies of the structure
tested, it was necessary to select the first mode of vibra-
tions. In the case of single-span girders with the semi-rigid
end joint, the first mode of vibrations corresponded to the
searched frequency of damped free vibrations in the sys-
tem of girder-concentrated mass. The maximum accelera-
tion was observed for this specific first mode of vibrations.
The angular frequency was selected from the whole spec-
trum of frequencies (Fig. 7). This frequency corresponded
to the angular frequency of damped free vibrations.

Fig. 8 illustrates the recorded amplitude envelope 4, of
free vibrations in the single-span girder BP-3 with the p-p
joint and the concentrated mass 2349 kg. Table 1 lists the
mean frequencies of damped free vibrations o, based on
the tests performed. The scatter of the results was very
small. Hence, the standard deviation during the measure-
ments ranged from 0.013 for the mass m, = 418 kg to 0.05
for the mass m, = 2349 kg.

The effect of variable rotational stiffness S of individ-
ual types of joints in the test single-span girders on the
equivalent concentrated mass of the girder m_, damping p,
and the natural frequency is discussed in the next section.

SPECTRA

Frequency
(at maximum acceleration)

r‘ ‘/ st
IIII IIII; :i,' 'flllllr/,' /Illlllnh i

0.0
0 175 [Hz]

Fig. 7 The frequency spectrum of damped free vibration for the BP-3
girder with a suspended concentrated mas m, = 2349 kg
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Fig. 8 The envelope of the amplitudes of the displacements A of
the damped free vibrations of the BP-3 girder with a suspended
concentrated mas m, = 2349 kg

Table 1 Mean frequencies of damped free vibrations a,,

Concentrated [
mass m; [kg] [rad/s]
BP-1/ cw-cw BP-2/ pw-cw BP-3/ pw-pw
421 128.8493 139.2542 139.2542
1218 92.0361 101.241 101.241
2349 70.1580 777921 78.2319
BD-1/ cw-cw BD-2/ pw-cw BD-3/ pw-pw
421 133.4549 133.4549 133.4549
1218 96.6417 96.6417 96.6417
2349 73.5824 74.261 74.9521

It should be mentioned that a difference in frequency
between damped free vibrations and free vibrations was
minimal due to low material damping in steel structures.
For the properly pre-loaded connections, the damping
effect on the vibration frequency was minimal. Damping
caused by a lack of contact between the end plates and by
the displacements of joints was observed only in the case
of defective connections, e.g., with loose screws.

For the control purposes, the rotational stiffness S was
additionally determined on the basis of measured open-
ing of the cw-cw joints in the test girders BP-1 and BD-1
(see Fig. 9).

4 Analyzed parameters of free vibrations in single-span
girders with semi-rigid joints at midspan

4.1 The effect of stiffness of the semi-rigid joint on

a change in the equivalent concentrated mass m_ of

a single-span girder with the semi-rigid joint

A value of the equivalent concentrated mass m_ expressed
as the product of the distributed mass of the beam x and
its span / is important for determining the vibration fre-
quency in the discrete systems. It directly affects the nat-
ural frequency in the system w. For the single-span girder
with the semi-rigid joint at midspan, the limit value of the
equivalent concentrated mass m_ for the pure hinge at the
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(b)
Fig. 9 The girders on the test stand during the measurement of the
contact opening: a) BP-1; b) BD-1

girder midspan is co. And the connection of the full stiff-
ness corresponds to the equivalent concentrated mass of
the simply supported beam m_= 17/35 pl.

Simplified models were used to determine the equiva-
lent concentrated mass. The shear stiffness of the girder
has been neglected. This leads to a slight underestimation
of the equivalent value of the concentrated mass. However,
it does not affect the global nature of the change of the
equivalent concentrated mass associated with the change
in connection stiffness. It also does not substantially affect
the free vibration parameters of the tested girders with the
applied concentrated masses.

Intermediate values of the equivalent concentrated
mass m, which depend on a change in stiffness of the
semi-rigid joint S at midspan of the single-span girders
were determined to compare changes in the coefficient of
natural frequency 4. The coefficients were calculated from
the method of stiffness at the continuous mass distribution
u (Fig. 10(a)) and from the force method at the discrete
mass distribution m_ (Fig. 10(b)).

(b)
Fig. 10 A single-span girder with semi-rigid joint: a) continuous mass
distribution; b) discrete mass distribution

The global matrix of dynamic stiffness K1 was cre-
ated for the method of stiffness on the basis of the iden-
tity matrices of rotations and displacements of individual
members in the single-span girder by attributing the stiff-
ness parameter k to the semi-rigid joint. It was assumed
the symmetry of the vibration mode. Hence, as a result
of aggregation of the identity matrix to the global matrix,
the multipliers of the F' function were obtained, respec-
tively, 0.5 and 0.25, as well as the value of 2%. The adopted
assumptions made it possible to search for eigenvalues
depending on the parameter 1. The global matrix K1 takes
the following form Eq. (8):

@®)
05F (1) 0.5F(2) 0 ~0.25F, (1)
L 0sB() R 0SB(1) -0SR(2)
K(2)= 0 0.5F, (1) 05F (1) -0.25F, (1)
~025F,(A)  -0.5F (1) —025F, (1) 025F;(2)+2k
where:
k=SI/EJ ©)

is the non-dimensional parameter of the rotational stiff-
ness dependent on the rotational stiffness S of the joint at
the girder midspan contained within the range 0 (a hinge )
< k < oo (arigid joint).

When the determinant of the matrix of dynamic stiff-
ness in the girder (Fig. 10(a)) was compared to zero, the
following equation was obtained:

0.5kF; (1)~ 0.0625F (A) Fy (1) 0.0625FK7 (1) Fy (1)
+0.0625F (1) F5 (1)~ 0.5kF; (A) Y (1) W
~0.0625F (A) Fy (1) Fs (A)

+0.125F, (L) Fy (1) Fy (1) Fy () =0.



At the defined non-dimensional parameter of rotational
stiffness , the coefficient of natural frequency A” in the
single-span girder with the semi-rigid joint at midspan
was determined from the Eq. (10).

Using the force method (Fig. 10(b)) the equation
describing the first frequency of free vibrations w and the
coefficient A, of natural frequencies was worked out on
the basis of the flexibility matrix. This equation depended
on the non-dimensional parameter of the semi-rigid joint
stiffness £ in the girder:

}481{ /EJ
a)(k)— _k+3 _mzl3 , 11
1|48k 1
2 Nk+3" (12

The equivalent concentrated mass m, dependent on the
non-dimensional parameter of rotational stiffness & of the
semi-rigid joint, was obtained on the basis of a comparison

of the vibration of natural frequencies from the stiffness
method and the force method:

1
Igh?

z

ul - (13)

The formula of a change in the equivalent concentrated
mass m, as a function of the non-dimensional parameter of
the joint stiffness k in the single-span girder is illustrated
in Fig. 11. This graph clearly indicates that even the mini-
mum stiffness of the semi-rigid joint at the girder midspan
at k = 0.02 reduced the equivalent concentrated mass to
67%. At the stiffness k = 6, the concentrated mass reached
m, = 0.50 ul which was close to the value for the simply
supported continuous beam.

m, = 1/AA* pl
o H

0.84
0.68 /f;. -
052
A —
m, = 17135 pl
|
036 o ]
k
02
0 20 40 60 80 100

Fig. 11 Change of the equivalent concentrated mass m, into a single-
span girder with a semirigid joint vs stiffness &
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4.2 The effect of semi-rigid joint stiffness on a change
in the vibration frequencies in single-span girders

As the distribution of the equivalent concentrated mass
was known, the effect of the variable rotational stiffness
S, in the joint on damping p and the natural frequency @
in the single-span girder with the corrugated web and the
semi-rigid joint at midspan was demonstrated.

Based on the measured frequencies of damped free
vibrations, the damping value p and the natural frequen-
cies w in the test single-span girders with the semi-rigid
joints were determined using the known equations [10]:

2
- oscillatory period T = —ﬂ, (14)
o

A.
- logarithmic decrement of damping A =In—— = p7, (15)

i+1
- natural frequency o = Ja? + p2 , (16)

where: 4, — subsequent amplitude of displacement.

Table 2 presents the mean damping values p,, and the
natural frequencies w,, in the single-span girder with the
corrugated web and the semi-rigid joint at midspan. These
data were obtained from the tests.

The measured damped free vibrations with the corru-
gated web girders with the semi-rigid joints at midspan
were used to determine damping p, which was found to be
minimal. It demonstrated a significant stiffness S in the
joints present in the girders and a lack of damping caused
by. e.g., loose screws.

The rotational stiffness of the joint in the single-span
girder simultaneously affected a change in the equivalent
concentrated mass m_and a change in the natural frequen-
cies w. Knowing the interrelation between the stiffness S,
the natural frequency @ and the equivalent concentrated
mass m_, we can draw a diagram of w(k). To determine the
accurate value of the equivalent concentrated mass of the
girder m_, the rotational stiffness values S were used. These
values were determined for the control purposes using the
measured opening of the cw-cw joints in the test girders
BP-1 and BD-1.

Stiffness obtained for the joints tested was equal to
129 MNm/rad and 221 MNm respectively, which corre-
sponded to the non-dimensional coefficients of stiffness
k =6 and 10. At such a stiffness, the equivalent concen-
trated mass was m_ = (0.50—0.49) pl. Since other joints
had flat sheet in the contact area, and consequently higher
stiffness, the equivalent concentrated mass of the girder
m, = 0.49 ul was taken in further tests for all the girders.
It generally corresponded to the equivalent concentrated
mass of the simply supported beam.
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Table 2 Mean damping frequencies p,, logarithmic decrement of damping A, natural vibrations w,, from the tests

Concentrated

mass m, [ke] w,, [rad/s] Py [rad/s] A w,, [rad/s] P [rad/s] A w,, [rad/s] Py [rad/s] A
BP-1/ cw-cw BP-2/ pw-cw BP-3/ pw-pw
421 128.8496 0.2757 0.0134 139.2545 0.2629 0.0119 139.2545 0.2464 0.0111
1218 92.0364 0.2316 0.0158 101.2411 0.1531 0.0095 101.2411 0.1351 0.0084
2349 70.1583 0.1753 0.0157 77.7922 0.1319 0.0107 78.2320 0.1198 0.0096
BD-1/ cw-cw BD-2/ pw-cw BD-3/ pw-pw
421 133.4556 0.4464 0.0196 133.4550 0.1768 0.0083 133.4550 0.1477 0.0066
1218 96.6422 0.3160 0.0182 96.6419 0.1904 0.0124 96.6418 0.1322 0.0087
2349 73.5826 0.1655 0.0132 74.2611 0.1578 0.0133 74.9523 0.1499 0.0126
The force method was applied to determine the natural 100w [rad/s]
frequencies w, which depended on the non-dimensional stiff- g £=00
ness parameter k for the single-span girders with the semi- W= %
80

rigid joint at midspan. As the girder web was relatively thin,
the shear stiffness was included in the flexibility matrix.
The natural frequency @ dependent upon the non-dimen-
sional stiffness parameter £ was described by the equation:

1

(k)= I

() \/ ml>  ml ml (17
16EJk  48EJ n4GA

where: m, = m, + m, + m, — total concentrated mass of the
system, which includes the suspended mass load m,, the
equivalent concentrated mass of the girder m,, and addi-
tionally the mass m,, that is, the mass of screws, end
plates, the packing plate B and the angle profile sling (4),
n — shear coefficient for the corrugated web girders equal
to 11.484 [25], GA — shear stiffness of the girder member.

The formula for a change in the natural frequencies w as
a function of the non-dimensional stiffness parameter & of
the joint at the suspended concentrated mass m, = 2349 kg
of the single-span girders BP-1, 2 and 3 is presented in
Fig. 12(a), and of the girders BD -1, 2 and 3 is shown in
Fig. 12(b). The illustrated rotational stiffness values of
joints were based on the values described in the paper [6].

The character of curves indicates that at the beginning
the angular natural frequency was suddenly changed at
even slightly increased stiffness. This is natural as there
is a transition between the mechanism and the continu-
ous beam in this area. Then, the change was gentle and
approached at an increasing stiffness of the joints the con-
stant value typical for the continuous beam.

Replacing the corrugated web with strips of the flat one
caused a slight increase in both the joint stiffness and the
natural frequencies (Fig. 12). However, the biggest change
in the natural frequencies at a large increase in the stiffness

81
—_ .
w-pw: k=27.2 (S=577TMNm)

60
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Fig. 12 The formula w(k) of single-span girders with corrugated web
with semi-rigid joint in the middle of the span: a) girders BP-1, 2, 3; b)
girders BD-1, 2,3

was caused by preloading of geometrically imperfect end
plates in pw-cw and pw-pw joints in the straight beam
(Fig. 5(b)) It was found to be desirable due to stiffness of
the joints. On the other hand, a resulting increase forces in
the bolts had a negative impact on their resistance.



5 The effect of rotational stiffness of supports in the
girders fixed at both ends on a change in the equivalent
concentrated mass m,
When both ends of the single-span girders were fixed
semi-rigid, a change in the rotational stiffness of these
joints also changed the natural frequencies. This change
also caused a change in the equivalent concentrated mass
within a range constrained by the simply supported beam
scheme at m_= 17/35 pl and by rigidly fixed beam scheme
at m, = 13/35 pl. Thus, the variation interval was much
more constrained than for the girder with the semi-rigid
joint at midspan as the mechanism could not be formed.

The relationship for the equivalent concentrated mass
as a function of non-dimensional stiffness parameters of
the support fixings could be developed by comparing the
natural frequencies A determined by the method of stiff-
ness at the continuous mass distribution x (Fig. 13(a)) and
by the force method at the discrete mass distribution m,
(Fig. 13(b)).

In the method of stiffness, the global matrix of dynamic
stiffness K2 which covered the stiffness parameter &, and
k, of the supports, takes the following form Eq. (18):

F(A)+k Fy(2) }
K2(2)= , (18)
() { Fy(A) F(A)+k,
where:
k, =S,//EJ and k, = S,l/EJ (19)

are the non-dimensional parameters of the rotational stiff-
ness dependent on the rotational stiffness S, and S, of semi-
rigid supports contained within the range 0 (a hinge) < k <o
(arigid joint).

When the determinant of the matrix of dynamic stiff-
ness in the girder fixed at both side (Fig. 13(a)) was com-
pared to zero, the following equation was obtained Eq. (20):

F(A)-F (A) +kky +k B (A)+k,F (A)=0.  (20)
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Fig. 13 A girder fixed semi-rigid on both ends: a) continuous mass

distribution; b) discrete mass distribution
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At the defined non-dimensional parameter of rotational
stiffness k, and k,, the coefficient of natural frequencies A’
in the single-span girder with the semi-rigidly joined sup-
ports was determined from the Eq. (20).

Using the force method (Fig. 13(b)) the equation
describing the first frequency of free vibrations w and the
coefficient 4, of natural frequencies was worked out on the
basis of the flexibility matrix. This equation depended on
the non-dimensional parameters of the rotational stiffness
k, and k, in joints of the girder supports.

1 EJ
JO.S mzl3 (2 1)

Tk +Tky + kik, +48
768k, + 768k, +192kk, +2304

1 1
N Thy + Thy + kyk, +48
768k, + 768k, + 192k k, +2304

jO.S (22)

The equivalent concentrated mass m_ ,depended on the
non-dimensional parameters of rotational stiffness k, and
k, of the semi-rigidly joined supports in the single-span
girder, was determined by comparing the natural frequen-
cies obtained by the displacement method and the force
method in accordance with the Eq. (13).

The formula of a change in the equivalent concentrated
mass m, as a function of the non-dimensional parameter
of the joint stiffness in the single-span girder fixed at both
ends is illustrated in Fig. 14. For the girder fixed at both
ends with semi-rigid joints, a change in the equivalent con-
centrated mass m_ was included in a very narrow range of
13/35 pl <m_ < 17/35 pl (from the rigidly fixed at the both
ends at the joint stiffness k, = k, = to the simply supported

m, = 1AA* pl

m; =17/35 pl

0.45

A

& e
04 - /.

m, = 13135 pl
\a 7z B
i L4 i

| k=ki=k
0 20 40 60 80 100

0.35

Fig. 14 Change of the equivalent concentrated mass m, into a single-
span girder fixed with a semirigid on both ends vs stiffness &
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beam at the joint stiffness &, = k, = 0). The equivalent con-
centrated mass was changing relatively slowly within this
narrow range. However, at the joint stiffness k, = k, = 10
the equivalent concentrated mass m_ reached the value of
0.429 ul which constituted a half of the range of the change
interval, and then reached the value 0.412 ul at the stiff-
ness k, = k, =20 A further change was slow and only at the
joint stiffness k = k;, = k, = 100 it reached the limit value
corresponding to the full stiffness of the supports.

6 The effect of span flexibility in the multi-span girders
on a change in the equivalent concentrated mass m_
Multi-span girders are often used as purlins in hall build-
ings or as load-bearing elements in bridges. Therefore,
they are subjected to the action of variable loads causing
natural vibrations. An important issue is the assessment of
the value of the equivalent concentrated mass of individual
spans of the girder, which directly affects the natural fre-
quency o of the system. This applies in particular to multi-
span girders with spans semi-rigid connected on supports,
where a change in the rotational stiffness of the span con-
nections leads to a change in the natural frequency.

Therefore, the change in the value of the equivalent
concentrated mass of three-span girders of constant stiff-
ness EJ with semi-rigid connected spans was analyzed.
It is known that in the case of three-span girders the first
frequency of vibrations is constant [17]. Thus, the deter-
mination of intermediate values of the equivalent concen-
trated mass m, was performed for the second and the third
mode of vibrations dependent on the change in the stiff-
ness of the connections of the spans of the three-span gird-
ers. Determination of the intermediate values of the equiv-
alent concentrated mass m_ enables the comparison of the
changes in the natural frequency calculated with the con-
tinuous mass distribution (Fig. 15(a)) and with the discrete
mass distribution (Fig. 15(b)).

k
= i X
EJ EJ EJ
L | S P S A | |
@)
k k
m, /J" My : My
i iy —L_EI ! ol ]

(b)
Fig. 15 A three-span girder with semi-rigid joint connected spans:
a) continuous mass distribution; b) discrete mass distribution

In the case of the stiffness method with continuous
mass distribution, as a result of aggregation of the unit
matrices to the global matrix, the multipliers of the func-
tion F were obtained, respectively, 1 and 2. Therefore, the
global dynamic stiffness matrix K3 taking into account
the stiffness parameters k; and k, of the semi-rigid connec-
tion of spans takes the following form Eq. (23):

(23)
F(2) Fy(4) 0 0
Fy(A) 2R(A)+k Fy(A) 0
BT R Rk G|
0 0 £y (%) F(2)

where &, and k, are non-dimensional parameters of the
rotational stiffness which depend on the rotational stiff-
ness S, and S, of the semi-rigid joints between spans.
The non-dimensional stiffness parameters &, and k, were
within the range of 0 (a hinge) < £ < (the continuous con-
nection between the spans).

When the determinant of the matrix of dynamic stiff-
ness in the three-span girder with the continuous mass dis-
tribution (Fig. 15(a)) was compared to zero, the following
equation was obtained Eq. (24):

2B () =SE(A)F5 (A)+ 27 (A)+ 4R (4)+
FH(2) -k F () F (2) 4
~ky F (M) F5 (A) + ke, 7 (1) =0.

As each of three spans in the discrete system had the
concentrated mass, the system was characterized by three
degrees of dynamic freedom. Consequently, the coefficients
of the frequency of 1, 2 and 3 mode of vibrations had to be
determined. At the defined non-dimensional parameters of
rotational stiffness k, and k,, the coefficient of natural fre-
quencies A* in the three-span girder with the semi-rigidly
joined supports was determined from the Eq. (24).

On the other hand, the method of forces at the discrete
mass distribution (Fig. 15(b)) used the flexibility matrix to
work out the equations for the first w,(k), second w,(k) and
third w,(k) modes of the natural frequency and the coefficients
Ag125 of natural frequencies depending on the non-dimen-
sional stiffhess parameters k, and £, of the span connections:

1 EJ
wlzs(k)zr —3> (25)
” lsl’m m.l

1 p—

s [L

4

) (26)

2-1-
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, @7

VAs, \/ 1769472k, + 17644k, + 7296k ky + 2304\ k22 + 3k2k, + k7 + 3kyk2 — Ok k, +9Kk2 +36864

1179648k, +1179648k, + 737280k k, +1769472

1 1

(28)

1179648k, +1179648k, + 737280k k, +1769472

Vs, \/ 1769472k, +17644k, + 7296k k, — 2304\/1{121(22 +3klk, + 9k +3kk5 — 9k k, + 9k +36864

The equivalent concentrated mass m_ depended on the
non-dimensional parameter of rotational stiffness &, and &,
of the semi-rigid joint in the three-span girder was deter-
mined for the second and third mode of the vibrations by
comparing the natural frequencies obtained by the stiff-
ness method and the force method in accordance with the
Eq. (13). The dependence of a change in the equivalent
concentrated mass m_ as a function of the non-dimensional
parameter of the joint stiffness in the three-span girder is
illustrated in Fig. 16.

In the three-span girder with semi-rigid joints between
the spans, the first mode of vibration frequencies was con-
stant and corresponded to the frequency of vibrations in
the simply supported beam. But the second and third fre-
quencies were changed. Thus, a change in the equivalent
concentrated mass m_ was only observed at the second and
third mode of vibrations. A change in the equivalent con-
centrated mass m, was within a relatively narrow range for
both the second and third mode of vibrations. It began at the
point common for both modes of vibrations which specified
the equivalent concentrated mass equal to the concentrated
mass of the simply supported beam m_= 17/35 pl (the sim-
ply supported beam at the joint stiffness &, and k, = 0). When
the stiffness of connections between the spans approached

, M= 1/AsA* pl
m,= 1735 pi

k Ieigenmode k;
P

0.48

m,=0.476 pl- EJ o __f;f o é'ﬂ.m, -
. 1 1 |
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Fig. 16 Change of the equivalent concentrated mass m_ in a three-span
girder with semi-rigid joints between spans vs stiffness &

infinity, that is, &, and k, = oo, then at the second mode of
vibrations the equivalent concentrated mass reached the
value m, = 0.476 pl, and the third mode m, was 0.424 pl.
It means only a 2% change for the second mode of vibra-
tions, and a 15% change for the third mode of vibrations.

The equivalent mass m_ for the second mode of vibra-
tions was rapidly changed, and reached the value of
0.48 pl, which practically meant the full stiffness of the
spans, at stiffness &, and k, = 5. A change was much gentler
for the third mode of vibrations. But at the joint stiffness
k, and k, = 5, the equivalent concentrated mass m_reached
0.446 pl constituting 2/3 of the change interval range,
and reached 0.431 pl at stiffness k, and k, = 20. A further
change was slow and only at the joint stiffness k, and £,
= 100 it reached the limit value corresponding to the full
continuity of the supports. Hence, as in the case of the sin-
gle-span girder, a relatively low stiffness of the span con-
nections allowed the use of the values m_ corresponding to
the beam of full continuity to calculate the natural frequen-
cies in the discrete system. It should be mentioned that both
the second and third mode of free vibrations in the three-
span girders can create problems related to the occurrence
of resonant of exceeded maximum displacements.

7 Conclusions
The bolted connections in the single- and multi-span gird-
ers affect the frequency of vibrations of the elements in
steel structures. They also change the equivalent concen-
trated mass which directly affects the frequency of vibra-
tions in the discrete systems. A small change in frequen-
cies results in the significant changes in the rotational
stiffness of joints. The reduced stiffness of semi-rigid
joints reduces the frequency of vibrations in the girders.
And an increased rotational stiffness of the semi-rigid
joints increases vibrations, which are then stabilized at the
level typical for the continuous beams

The experimental tests indicate that an increase in the
joint stiffness by replacing the corrugated web with strips
of the flat one caused a slight increase in both the joint
stiffness and the natural frequencies. On the other hand,
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preloading of joints with geometrical imperfections of end
plates (pw-cw and pw-pw joints in the girder BP) led to
a rapid increase in the vibration frequencies at a signifi-
cant increase in the rotational stiffness of the joint.

The experimental tests also showed that a slight mate-
rial damping occurred in the single-span girders with
semi-rigid joints at midspan. Damping vanished as the
joint stiffness increased. Thus, the semi-rigid joints can
serve as specific dampers of vibrations by adjusting the
size of displacements. It particularly refers to the struc-
tures exposed to cyclic loads, e.g., blasts of wind.

A change in the equivalent concentrated mass directly
affected the natural frequencies in the system w when per-
forming calculations for the discrete systems. While esti-
mating the natural frequencies, it was necessary to include
the equivalent concentrated mass of the girder in the total
mass of the vibrating system.
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