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Abstract

Contemporary life streams, more often than ever, impose the necessity for construction of new underground structures in the vicinity 

of existing tunnels, with an aim to accommodate transportation systems and utility networks. A previously uninvestigated case, in which 

a newly-constructed tunnel opening is closely positioned behind an existing tunnel, referred to as the tunnel–cavity configuration, has 

been considered in this study. An exact analytical solution is derived considering a pair of parallel circular cylindrical structures of 

infinite length, with the horizontal alignment, embedded in a boundless homogeneous, isotropic, elastic medium and excited by time-

harmonic plane SV-waves under the plane-strain conditions. The Helmholtz decomposition theorem, the wave functions expansion 

method, the translational addition theorem for bi-cylindrical coordinates, and the pertinent boundary conditions are jointly employed 

in order to develop a closed-form solution of the corresponding boundary value problem. The primary goal of the present study is 

to examine the increase in dynamic stresses at an existing tunnel structure due to the presence of a closely driven unlined cavity, 

as well as in a localized region around the tunnel (at the position of the cavity in close proximity), under incident SV-waves. A new 

quantity called dynamic stress alteration factor is introduced and the aspect of the minimum seismically safe distance between the 

two structures is particularly considered.
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1 Introduction
For the reasons of the overpopulation, lack of space, and 
rising density of transportation, nowadays, tunnels have 
a significant role in the development of urban areas. 
Transportation networks, with tunnels as their integral 
parts, are considered to be of paramount importance when 
the risk under strong earthquakes is considered [1], since 
the accessibility of roads affects the speed and scope of 
emergency measures to be provided in very immediate 
post-earthquake emergency and relief operations, and 
since the earthquake-induced damage to infrastructure 
could severely affect the economy of a region due to the 
time required to restore the functionality of the network.

Recently, two smaller one-way tunnels have usu-
ally been built, which have numerous advantages, such 
as the reduction of both the tunnel diameter and the soil 

movement resulted from the construction of the tunnel. 
Furthermore, the construction of a third tunnel between 
two main structures is also becoming a practice, to pro-
vide protection in the event of accidental fire incidents or 
to connect the main tunnels located deep underground 
with the ground level [2]. Moreover, there are cases of 
even four tunnels in close proximity, among which the 
most famous is the Wushaoling Tunnel as the longest tun-
nel in China at present with the length of 22 km [3], as 
well as the four closely running subway tunnels in Kyoto 
City in Japan [4]. In many cases, for the need of accom-
modation of transportation systems and utility networks, 
a new tunnel has to be constructed closely located to an 
existing one. The construction of an adjacent tunnel open-
ing will certainly affect the design ground motion along 
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the cavity, and further affect seismic safety of the exist-
ing underground structure nearby. Therefore, its effect on 
the seismic performance of the existing tunnel structure in 
close proximity is quite significant and interaction mech-
anisms are highly complex, as the calculation should be 
based on an analysis of the interaction of the entire com-
plex of structures with the surrounding medium [5].

Considering that quite often tunnels are located under 
densely populated urban areas, these structures require 
very high standards in terms of their stability and safety. 
Nevertheless, even in the most developed industrial coun-
tries, a perceptible discrepancy between the presently rele-
vant provisions for underground structures and the require-
ments for design and construction of safe and cost-efficient 
underground facilities is observable nowadays, whereas 
the efficiency in terms of systematic and precisely estab-
lished design and construction rules from the seismic point 
of view is even poorer [6]. The worst scenarios related to 
the seismic failure of two tunnels in close proximity impose 
the need for deeper consideration in terms of the design and 
construction of these structures, in particular given the fact 
that investigations of the mutual effect of closely spaced 
structures are still in the preliminary stage. The case of 
closely running tunnel structures should be turned into an 
important direction of the further development of seismic 
design codes, where the aspect of their minimum seismi-
cally safe distance should be a matter of concern.

Analytical studies of the seismic response of a pair of 
embedded structures, starting from the 60s and 70s of the 
last century, were related to the problem of P-, SV-, and 
SH-waves diffraction by two unlined cavities or two lined 
tunnels, in which the surrounding ground was considered 
as an infinite or a semi-infinite elastic medium [7–16]. 
The problem involving the multiple scattering of seismic 
waves by a pair of cavities or tunnels by treating the soil 
medium poroelastic has recently been intensively investi-
gated [17–20]. It is evident that the literature deals with the 
seismic wave scattering involving twin cavities, as well 
as twin tunnels, considering both the case of an elastic 
(single-phase) medium and the case of a poroelastic (multi-
phase) medium, whereas it seems that to date the dynamic 
problems that accompany the case of a new unlined tunnel 
under construction near a lined tunnel in operation have 
not been investigated extensively. 

Considering all the former facts, in the focus of this 
study is the dynamic response of a system comprised 
of an existing tunnel (lined structure) in the vicinity of 
which an unlined circular tunnel (tunnel opening, cavity) 

arises (i.e.,  the tunnel–cavity system). For that purpose, 
an exact analytical solution was derived, based on which 
an increase of seismically induced stresses in the existing 
tunnel lining and in the medium surrounding the tunnel 
due to the presence of a new adjacent tunnel opening is 
investigated, considering the effects of incident SV-wave 
frequencies and the distance between these two struc-
tures. The results obtained by this study are considered 
valuable for establishing design rules, whereby the aspect 
of the minimum seismically safe distance of the newly 
constructed tunnel opening in the vicinity of the existing 
tunnel was of a special importance. To date, research has 
mainly focused on determining the critical center-to-cen-
ter distance between a new bored tunnel and an existing 
one from the static (construction) aspect (2D–3D, D  being 
a tunnel diameter  [21–23]). So that, another important 
goal of this research was to examine whether the stati-
cally assessed values of the minimum tunnel distance are 
appropriate from the dynamic aspect as well.

2 Analytical solution 
The problem geometry is depicted in Fig. 1. A circular 
tunnel with the center at the origin O1 of the cylindrical 
coordinate system (r1, θ1), external radius b1, and internal 
radius a1 and a circular cavity with the center at the ori-
gin O2 of the cylindrical system (r2, θ2) and radius b2 are 
parallel linear circular cylinders of infinite lengths and of 
the same size (b1 = b2), and placed side by side at a cen-
ter-to-center distance d. The structures are deeply embed-
ded, thus the effect of the ground surface is neglected. 
The rock material surrounding the tunnel and the cavity 
is considered as a boundless homogeneous, isotropic, elas-
tic medium with material properties presented in terms of 
Lame's constants λmed and μmed and mass density ρmed. The 
tunnel lining is also assumed to behave in the linear elastic 
manner, and analogously, its material properties are λlin, 
μlin, and ρlin. It is considered that the transverse response 
is separated from the longitudinal response (assuming 

Fig. 1 Geometry of the tunnel–cavity system
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uniform properties of the tunnel lining and rock mass 
along the lengths of the tunnels), with the direction of 
wave propagation in planes perpendicular to the longitu-
dinal axes of the structures (two-dimensional 2D plane-
strain conditions). The propagation of incident seismic 
plane SV-waves with an in-plane incidence angle θ0 rela-
tive to the horizontal is considered. The multiple scatter-
ing of waves between the tunnel and the cavity, as well as 
the waves refracted into the tunnel lining, are fully taken 
into account in the formulation. The construction effects 
for the newly built tunnel opening are disregarded.

For a homogeneous, isotropic, and elastic medium, the 
displacement vector components umed are presented by 
a following system of partial differential equations [24]:

λ µ µ ρmed med med med+( ) ⋅ + ∇ =∇∇∇∇ u u umed med med
2

 ,	 (1)

in which ∇ is the vector differential operator (nabla), ∇2 is 
the Laplacian, and dots over a quantity umed mean its par-
tial derivative with respect to time. 

Considering the plane-strain nature of the problem, by 
applying the Helmholtz decomposition theorem (according 
to which the displacement field umed can be represented as 
a superposition of longitudinal and transverse vector com-
ponents), for the time-harmonic plane incident SV-wave, 
Eq. (1) are reduced to decoupled Helmholtz equations for 
a steady-state response, satisfied by the scalar potentials 
φmed, related to the longitudinal P-wave, and ψmed, related 
to the vertically polarized shear (SV-) wave, which propa-
gate through the medium:

∇ + =2 2
0ϕ ϕmed P medk

med
, (2)

∇ + =2 2
0ψ ψmed S medk

med
. 	 (3)

In these expressions, kPmed and kSmed are wavenumbers 
of the compressional P-waves and the shear SV-waves 
in the medium, respectively, which are the functions of 
the circular frequency of the input motion ω and the rele-
vant wave propagation velocity in the elastic medium cmed 
depending on the properties of the medium:
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Equations (1)–(5) also refer to the elastic tunnel lining 
with the replacement of the subscript "med" with "lin". 

The method of wave function expansion [25] is applied 
to obtain the series solution to Eqs. (2) and (3). 

In determining the frequency equation, the expansion 
of the incident plane SV-wave of potential amplitude ψ0 
equal to unity, for the cylindrical wave functions in the 
coordinate system of each cylinder, is given as:

ψ θ ω ϑ θ
i
inc

i i
n

in n S i
nr J k r

med
i, , .( ) = ( )

=−∞

∞

∑ e
i (6)

Jn is the cylindrical Bessel function of the first kind of 
integer order n, which simulates incoming waves propa-
gating towards the cylinders, i= −1  is the imaginary 
unit, i = 1, 2 denotes the corresponding coordinate system 
(1 related to the tunnel, 2 to cavity), ϑ θ

1 0n
n n= −( )i iexp , 

ϑ ϑ θ
2 1 0n n Sk d

med
= exp( cos )i  .

In general, it should be anticipated that a transverse 
SV-wave, incident on the tunnel–cavity system, will give 
rise to scattering (reflection) of SV-waves (ψ1

scat by the tun-
nel and ψ2

scat by the cavity), but also scattering (reflection) 
of longitudinal P-waves (φ1

scat by the tunnel and φ2
scat by the 

cavity). Hence, the corresponding scattered wave poten-
tials from the origin (center) of each structure, represented 
in terms of infinite Fourier–Bessel series, are:

ϕ θ ω ω θ
i
scat

i i
n

in n P i
nr A H k r

med
i, , ,( ) = ( ) ( )
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∞
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e
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=−∞

∞
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e
i 	 (8)

Here, Hn
(1) is the cylindrical Hankel function of the first 

kind of integer order n and it represents outgoing waves 
that propagate away from the cylinders. Ain (ω) and Bin (ω) 
are unknown scattering coefficients.

The total wave field potentials in the elastic medium 
in the presence of the tunnel–cavity system are com-
prised of the incident wave field and the scattered wave 
field (φmed = φi

scat + φj
scat and ψmed = ψi

inc + ψi
scat + ψj

scat for 
i, j = 1, 2 (i ≠ j)). Before applying the boundary conditions, 
the scattered field from the j-th structure, expressed in the 
j-th coordinate system, has to be transformed to the coor-
dinate of the i-th structure (in this way, the dynamic inter-
action between the tunnel and the cavity is fully consid-
ered) by the aid of the translational addition theorem [26]:

H k r
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which applies both to the compressional wavenumber 
(kPmed) and the shear wavenumber (kSmed) and in which θij is 
an angle between the OjOi line and the xi-axis. Thus, the 
total wave field potentials with respect to only one coor-
dinate system (the coordinate system of the i-th cylinder) 
will be:
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n m
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for i, j = 1, 2 (i ≠ j). From Fig. 1, it can be seen that for 
the considered horizontally aligned tunnel–cavity system, 
with a common x-axis, the angle θ12 is equal to 0 and the 
angle θ21 is equal to π (180°).

When considering the lining of the existing tunnel, in 
addition to the two reflected waves, which arise from the 
incident SV-wave arriving at the rock–lining interface, 
two waves, a P-wave and an SV-wave, refracted through 
the elastic tunnel liner also arise. These waves are consid-
ered as standing waves, reflected back and forth between 
the two surfaces of the lining. The relevant scalar poten-
tials of the refracted waves in the elastic tunnel lining are:
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Yn is the cylindrical Bessel function of the second kind 
of integer order n, whereas C1n (ω), D1n (ω), E1n (ω), and 
F1n (ω) are uncertain refraction coefficients to be obtained.

Considering the boundary conditions, by assuming 
the no-slip condition between the tunnel lining and the 
rock medium, there is a continuity of the radial and shear 
stresses (σrr and σrθ) and radial and shear displacements 

(ur  and  uθ) along the lining's outer surface (r1  =  b1, 
0 ≤ θ1 ≤ 2π): σrr1,med = σrr1,lin, σrθ1,med = σrθ1,lin, ur1,med = ur1,lin, 
and uθ1,med = uθ1,lin. Along the inner surface of the lining 
(r1 = a1, 0 ≤ θ1 ≤ 2π), the radial and shear stress compo-
nents are equal to zero: σrr1,lin = 0 and σrθ1,lin = 0. The lat-
ter boundary conditions also apply to the cavity contour 
(r2 = b2, 0 ≤ θ2 ≤ 2π): σrr2 = 0 and σrθ2 = 0.

Utilizing the expressions for stresses and displacements 
in terms of the displacement potentials and recurrence 
formulas for the derivatives of Bessel functions [25], the 
expressions for the relevant stresses and displacements are 
obtained, with the terms Rhl

(q) (see Appendix, Eqs. (23)–(32)). 
The subscript h = 1,…,5 stands for the relevant stress/dis-
placement components (radial stress σrr, hoop (circumfer-
ential, tangential) stress σθθ, shear stress σrθ, radial dis-
placement ur, and shear displacement uθ, respectively), 
l = 1, 2 for the corresponding potential (φ and ψ, respec-
tively), whereas ℭn

(q) (q = 1, 2, 3) is used to identify Bessel
functions (Jn, Yn, and Hn

(1), respectively).
By substitution of the expressions for stresses and dis-

placements into the given boundary conditions along the 
outer and inner lining surfaces and the cavity contour, 
a linear system of equations of infinite order n is obtained, 
with the unknown scattering and refraction coefficients:
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In Eqs. (14–21), by the ratio of the shear modulus of 
the medium to that of the lining (μ̃ = μmed/μlin), the interac-
tion of the tunnel and the surrounding ground is taken into 
consideration, as a highly significant phenomenon associ-
ated with tunnels [27, 28]. For solving the problem based 
on the derived theoretical solution, a program is developed 
by using the software Matlab®.

3 Convergence of the derived solution 
With an aim to test the convergence of infinite Fourier–
Bessel series of the derived solution, the dynamic stress 
concentration factor (DSCF) [25] at the inner surface of 
the lining (r1 = a1) and at the cavity contour (r2 = b2) of the 
tunnel–cavity system with the truncation of number n is 
firstly evaluated. DSCF is the ratio of the relevant stress 
in the vicinity or along the boundary of an underground 
structure to the effective stress of the incident wave at the 
same point in a medium with no opening. For the hoop 
stress, which is the only one of all stress components that 
exists at the inner surface of a tunnel and at a cavity con-
tour, DSCF = |σθ

*
θ| = |σθθ/τ0| (τ0 = μmedk

2
Smed ψ0 is the stress 

amplitude of an incident SV-wave).
The geometric properties of the tunnel are b1 = 5.0 m 

and b1/a1 = 1.1, and of the cavity b2  =  5.0  m  (=b1). The 
material properties of the rock mass and the tunnel lin-
ing are: λmed = 9.184·109 N/m2, μmed  =  3.936·109  N/m2, 
ρmed = 2242 kg/m3; λlin = 8.75·109 N/m2, μlin = 1.312·109 N/m2, 
ρlin = 2548 kg/m3. The minimum tunnel-to-cavity central 
distance considered in the study is set to be three times 
larger than the radius of the tunnel/cavity (d/b1 = d/b2 = 3), 
so that the width of the rock between the structures is equal 
to the size of their radius. The end-on seismic wave inci-
dence (θ0 = 0) upon the tunnel–cavity system has been 
considered in the analyses, since it is a highly important 
in-plane incidence case for two closely located tunnels 
aligned side-by-side [18, 19] (that is, the new-bored tun-
nel cavity is closely positioned behind the existing tunnel, 
i.e.,  the cavity is "in the shadow" of the tunnel). In addi-
tion, the high frequency incidence case (dimensionless 
wavenumber kSmedb1 ≥ 3.0) is considered in the convergence 
tests, as the series solution converges much more slowly for 
shorter incident wavelengths [25]. According to the per-
formed analysis, the number of the series members (n = m) 
that guarantees the accuracy of the calculation and the con-
vergence of the solution is set to be 30 (Fig. 2(a)).
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Since the following analyses will also consider the 
region around the existing tunnel structure at the site of the 
planned cavity, the convergence tests for distances from 
the single tunnel greater than its radius are also carried out 
for an incident SV-wave of a high frequency. As presented 
in Fig. 2(b), the series solution converges much more slowly 
for greater distances from the tunnel. Hence, to ensure the 
convergence of the solution for this particular case under 
consideration, the series number (n) is set to be 60.

4 Parametric study and analysis of results
Unlike the cases of two cavities and two tunnels, when 
two structures are constructed simultaneously and when 
DSCF is a relevant indicator of the modification of the pri-
mary dynamic stress state in the ground, in the consid-
ered case of construction of a new tunnel next to the exist-
ing one, the secondary stress field should be taken into 
account. Thus, a new dynamic stress alteration factor |σθ

*
θ
*| 

is introduced as a reasonable indicator for considering the 
effect of the presence of a new bored neighboring cavity 
on the seismic response of an existing tunnel and its sur-
rounding medium. It represents the ratio of the seismically 
induced hoop stress for a tunnel–cavity system (|σθθ|

TC) 
and the hoop stress for a single tunnel (|σθθ|

ST), where two 
asterisks are used to designate the secondary stress field:

σ σ σθθ θθ θθ
**

/ .= TC ST (22)

The effect of the space between the tunnel and the cavity 
on the dynamic response of an existing lined tunnel and its 
surrounding medium due to the presence of a newly driven 
unlined cavity is investigated by the proposed solution, for 
the end-on SV-wave incidence upon the tunnel–cavity sys-
tem, at selected frequencies kSmedb1 = 0.1, 1.0, and 3.0 (a low, 
intermediate, and high excitation frequency, respectively). 

The dynamic response of the tunnel for various tun-
nel–cavity central distances (d = 3b1, 5b1, and 10b1) is dis-
played in Fig. 3. From the polar distribution of the hoop 
stress amplitudes at the inner lining surface, it can be 
observed that at the low excitation frequency, as the dis-
tance between the tunnel and the cavity is increased to 
d = 10b1, the DSCF values considering the tunnel–cavity 
system match the values typical for the single-tunnel case 
(Fig. 3(c)). The values of the dynamic stress alteration fac-
tor |σθ

*
θ
*| match almost perfectly with a circle correspond-

ing to a value of 1.0 (Fig. 3(f)) (exceptions are the sec-
tions at ± π/2, as a factor value slightly higher than 1.0 is 
conditioned by significantly low hoop stress values for the 
single-tunnel case). This implies that at the low incidence 

frequency, at the space ratio between the two neighboring 
structures of d/b1 = 10, the multiple scattering and interac-
tion effects may safely be neglected as the tunnel responds 
to a seismic excitation as a single one. At intermediate and 
high wavenumbers, for the given tunnel–cavity distance, 
the |σθ

*
θ
*| factor curves oscillate around the value of 1.0 

(Figs. 3(l),(r)), which points to the effect of the cavity on 
the adjacent tunnel from the standpoint of multi-scattering 
effects. Yet, this effect is slightly attenuated when com-
pared to that at smaller distances (Figs. 3(j)–(k); (p)–(q)).

The analyses next examine the effect of the pres-
ence of a new bored neighboring cavity on the seismic 
response of the surrounding medium behind an existing 
tunnel (Fig. 4). For the low frequency incidence, an enor-
mous increase of DSCF along diagonal planes of the cavity 
cross-section from the diagrams presented in Figs. 4(a)–(c) 
is evident very clearly when compared to DSCF in the 
ground behind the tunnel for the single-tunnel case. 
Furthermore, at the distance from the tunnel of d = 10b1, the 
DSCF patterns considering the tunnel–cavity system and 
the single-cavity case almost perfectly match (Fig.  4(c)). 
Therefore, as previously inferred considering the tunnel, 
the insignificance of the interaction effects at this distance 
for the low frequency incidence was also confirmed con-
sidering the cavity. At intermediate and high excitation 
frequencies, for the considered distance of d = 10b1, the 

(a)

(b)
Fig. 2 Convergence test: (a) angular distribution of DSCF along the 

inner surface of the lining (r1 = a1) and the cavity contour (r2 = b2) of the 
tunnel–cavity system; (b) distribution of DSCF for increasing distance 

from a single tunnel (r1 > b1) at the considered sections
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Fig. 3 Polar distribution of DSCF and |σθ
*
θ
*| at the inner lining surface for selected frequencies with increasing tunnel–cavity distance (d = 3b1, 5b1, 10b1)

Fig. 4 Polar distribution of DSCF and |σθ
*
θ
*| at the cavity contour for selected frequencies with increasing tunnel–cavity distance (d = 3b1, 5b1, 10b1)
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distribution forms of the DSCF curves at the cavity contour 
in the tunnel–cavity configuration and in the single-cavity 
case can be seen approaching (Figs. 4(i) and (o)). At all the 
selected frequencies, with increasing distance between the 
tunnel and the cavity, the peak values of the dynamic stress 
alteration factor along the cavity contour are also increased, 
being remarkably multiplied (Figs. 4(d)–(f); (j)–(l); (p)–(r)), 
in sections around the horizontal plane (the direction of an 
SV-wave propagation), as a result of the hoop stress ampli-
tude drop in the ground behind the tunnel with increasing 
distance from the tunnel for the single-tunnel case.

The tunnel–cavity system, which is considered in the 
developed solution, in most cases could be considered a 
temporary configuration that occurs at the time of con-
struction of a new (still unsupported) tunnel. However, 
the question logically arises as to whether the minimum 
seismically safe distance determined in the event of an 
earthquake on the tunnel–cavity system would still be 
appropriate in a similar incident after the completion of 
a new tunnel that is expected to be supported during the 
operational stage. Bearing in mind that in that case a part 
of the seismic energy would be additionally transmitted 
through the lining of the newly built tunnel, this may lead 
to the conclusion that the seismic waves, which are scat-
tered through the rock mass between the two lined tun-
nels, could be considered slightly weakened. This could, 
accordingly, indicate that the minimum seismically safe 
distance, established for the former case (ten radii of the 
tunnel, i.e., five diameters of the tunnel), could be consid-
ered sufficiently safe for the latter case as well. Considering 
a single tunnel structure, it has been proven that in case of 
a stiffer liner in soft rock medium, an increase of the lin-
ing thickness yields the reduction of the dynamic stress 
concentration factor in the medium, as well as the decreas-
ing of the stress in the lining [25]. 

When considering the minimum seismically safe dis-
tance between twin-tunnels, there is a rather modest vol-
ume of research on this issue. What is known in this sense 
so far is that, for the case of deeply embedded twin unsup-
ported tunnels (as the most unfavorable case, when both 
openings are unsupported) and the coinciding affection by 
compressional and shear waves (as the worst possible case) 
of arbitrary direction in the plane of the cross-section of 
two circular tunnels, in terms of the stability of the rock 
pillar between the two tunnels in the sense that it does not 
exceed the ultimate rock strength, the minimum seismi-
cally safe distance between the centers of the cross-sec-
tions of parallel tunnels of about four tunnel diameters is 

established [29]. This is a slightly lower value than that 
determined by the results of our study. In addition, it was 
found that the presence of a lining as a whole has a small 
effect on the load being carried by the rock pillar in-be-
tween two tunnel structures, i.e. an increase of the lining 
thickness of the tunnel to provide preservation of the rock 
pillar is not as efficient as would be expected. 

All the aforementioned findings, however, should cer-
tainly be checked by a possible upgrade of the developed 
solution for the tunnel–cavity system for the case when the 
newly built tunnel is supported by a lining.

5 Conclusions
The present study sheds light on another significant aspect 
of the problems in elastodynamics that hasn't been exten-
sively investigated so far, considering the influence of 
a  newly-constructed neighboring cavity on the seismic 
response of an existing tunnel and surrounding medium 
associated with the multiple scattering and interaction 
effects. For this purpose, a new dynamic stress alteration 
factor is introduced, which represents the ratio of the seis-
mically induced tangential stress for a tunnel–cavity sys-
tem to the circumferential stress of a single tunnel. 

The most significant observation is that the distance of 
five tunnel diameters could be considered a threshold that 
provides insignificance of the seismically induced inter-
action effects between a tunnel and a neighboring cav-
ity, especially at lower incidence frequencies. Minimal 
distances between two parallel horizontally aligned tun-
nels, recommended in the literature from the static aspect, 
based on the results of this study, do not meet the safety 
requirements regarding the earthquake-induced multiple 
scattering and interaction effects between two structures 
in close proximity. 

Nevertheless, there is a need for further investigations 
on a variety of cases, such as various incident angles of 
seismic waves and/or various relations between the ground 
stiffness and the tunnel lining stiffness.

The solution derived in this study is of closed form 
obtained for a specific case of a tunnel–cavity system, by 
establishing a constitutive model of material behavior, iden-
tifying boundary conditions, and combining them with equi-
librium and compatibility equations. The solution is exact 
in the theoretical sense, but on one hand, it still represents 
an approximation of the real problem, since it is necessary 
to make assumptions on geometry, applied boundary condi-
tions, and constitutive behavior in order to idealize the real 
physical problem and present it  in a relatively simple and 
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comprehensible mathematical form. Nevertheless, on the 
other hand, analytical methods provide exact solutions that, 
with greater accuracy, continue to be of the utmost impor-
tance in studying the physical nature of the problem. They 
represent the best criteria for checking other approximate 
solutions, as well as for verifying the accuracy of softwares 
based on numerical methods for modeling the problems.

The presented solution with respect to the tunnel–cav-
ity system is derived for the case of circular-cylindri-
cal tunnels, horizontally aligned and deeply embedded 
in an elastic, homogeneous, infinite medium, with a lin-
ing–ground interface of perfectly tied behavior, under the 
plane-strain conditions. The solution enables the consid-
eration of a tunnel and a cavity with different diameter 
ratios, having in mind that the adjacent cavity can be built 
for different purposes. It also allows the seismic waves to 
be considered for a variety of in-plane incidence angles 
(e.g., diagonally or vertically propagating seismic waves), 
as well as for different layouts of neighboring tunnels (e.g., 
vertical or inclined alignment).

On the other hand, the derived solution can also be 
upgraded for a number of other particular cases. In addition 
to the hoop stress, the remaining stress components may 
also be taken into consideration. In particular, the ampli-
fication factor of shear stress on the interface between lin-
ing and surrounding rock would be of great importance 
to study. The interface region between the lining and the 
ground could be considered as partial slip or full-slip, par-
ticularly relevant for the case of high frequency excitation, 

as well as for shallow-laid tunnels. For  the case of shal-
low-buried structures, the presence of the ground surface 
should be taken into account (additional reflected waves 
in the half-space). For the case of poroelastic medium, the 
additional scattered Biot slow compressional wave, due to 
displacements of the solid frame with respect to pore water, 
must not be overlooked, pore fluid pressure has to be taken 
into account, and additional specific boundary conditions 
in terms of the interface permeability should be employed. 
In order to consider a degraded or disturbed zone, typi-
cal for the rock medium in real tunneling conditions, an 
attempt could be made toward implementing complex 
frequency dependent constants, thus accounting for the 
material damping and attenuation. The proposed solution 
can be extended to a three-dimensional 3D dynamic solu-
tion by considering the additional scattered field potential 
associated with the horizontal component of a shear wave 
(SH-wave). In addition, 3D analysis enables an obliquely 
incident seismic wave, with an arbitrary out-of-plane inci-
dence angle, to be accounted for. Given the geometry of 
tunnels, it should be said that the applied method of wave 
function expansion is suitable for structures of regular 
shape, except for circular ones, and for cylinders of ellipti-
cal or parabolic cross-section.
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( ) ( ) ( )q q qk r n k r k r k rS n S S n S( ) = − − ( ) + ( )



−C C (32)
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