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Abstract

Semi-circle bending (SCB) test is an important test in the field of rock fracture. In order to investigate the propagation process of 3-D 

internal cracks under semi-circular bending, numerical simulations of SCB specimens were carried out based on the finite element 

method and adaptive mesh technique. The results show that the numerical simulation results of this method are in good agreement 

with the previous laboratory test. The symmetrical loading model belongs to the pure I loading where the value of KI is positively 

related to the bottom load span S/R. The asymmetric loading model belongs to mix-mode loading. With the increase of unilateral 

load span S2/R, there is a decline and then a rise of the value of SIF at the same point at the crack tip. The S2/R is an important factor 

affecting the mechanical properties of rock specimens. The crack propagation path was obtained based on the maximum tensile 

stress (MTS) criterion. In-plane propagation of the internal crack in the symmetrically loading model leads to failure of the specimen. 

Wing propagation of the internal crack in the asymmetrically loading model causes the specimen to fracture into two asymmetrical 

parts. Quantitative analysis of the internal crack propagation of the symmetrical loading model shows that the growth rate of the 

lower end of the crack is the largest, and the upper end of the crack is the smallest. The above results can provide a reference for the 

research on the propagation of 3-D internal cracks of SCB specimens.
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1 Introduction
Semi-circular bend (SCB) specimens are widely used in the 
study of fracture behavior of brittle materials such as rocks 
due to their simple geometry, manufacturing process, and 
test operations [1]. The SCB specimen was first proposed 
by Chong and Kuruppu [2] and Chong et al.  [3] to deter-
mine the fracture parameter KIC. Further, some scholars 
changed the initial position of the prefabricated crack of the 
specimen, so that the SCB specimen has the ability to deter-
mine the fracture parameters in the mixed mode [4–7].

Since the SCB specimen was proposed, many scholars 
have carried out a lot of research on the laboratory test and 
numerical research. In recent years, in the field of labora-
tory tests, Aliha  et  al.  [8–9] conducted SCB tests on the 
PMMA panels by controlling the specimen geometry and 
loading parameters, and used the SCB specimens to carry 
out the research on the mixed fracture toughness charac-
teristics of asphalt mixtures. Huang et al. [10] explored the 

flexural properties of asphalt mixtures with notched SCB 
specimens. Zhao  et  al.  [11] carried out research on the 
tensile properties and fracture properties of coal by SCB 
test. Jiang  et  al.  [12] used gypsum 3D printing materials 
to carry out SCB tests, and the test results were consistent 
with the fracture paths of rocks. Feng et al. [13] used SCB 
test to study the effect of temperature on the mode-I frac-
ture toughness and fracture characteristics of sandstone. 
Wang et al. [14] conducted laboratory experiments on the 
interaction between natural fractures and hydraulic frac-
tures using SCB specimens. Fu et al. [15] studied the effects 
of interaction between concrete-gypsum interface and edge 
crack on the failure behavior of the specimens in semicir-
cular bend (SCB) test. Further, Fu  et  al.  [16] carried out 
the notched NBD tests and the SCB tests. The results show 
that the fracture toughness of rocks' specimens obtained by 
NBD tests was higher than that of the SCB tests.
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In the field of theoretical and numerical research, 
Lim et al. [17] proposed the calculation method of stress 
intensity factor (SIF) for notched SCB specimens in 
1993, which provided a means for the study of fracture 
parameters in mixed mode. Zhao et al. [18] used the dis-
crete element model to numerically simulate the dynamic 
fracture toughness of the SCB specimen with bottom 
groove. Eftekhari et al. [19] discussed the fracture prop-
erties of notched SCB specimens under mixed mode load-
ing using the extended finite element method. Fayed [20] 
used a  finite element program to evaluate the mode I/II 
SIF of SCB specimens of quasi-brittle materials with 
edge cracks. In recent years, Haeri et al.  [21–22] carried 
out numerical simulations of edge notched disk (END) 
and hollow center cracked disc (HCCD) in Brazilian test, 
taking into account the effect of particle size on tensile 
fracture toughness. It should be pointed out that the above 
numerical simulation methods also have the potential abil-
ity to simulate SCB tests.

Current research is mostly limited to surface and pen-
etrating cracks, whether in laboratory tests or numerical 
research. However, the 3-D internal cracks in the rock 
have a great influence on its fracture failure performance. 
In the field of fracture mechanics, the arbitrary propaga-
tion of 3-D internal cracks has difficulties in modeling 
and mesh processing [23]. In view of the above problems, 
based on the finite element method, this paper adopts the 
adaptive mesh technique to establish the SCB model with 
symmetrical loading and the SCB model with asymmetric 
loading. Based on M-integral, the SIF distribution of I, II 
and III at the crack front is given. Numerical research is 
carried out on the fracture mode, propagation path, failure 
pattern and propagation rate of the SCB model, which pro-
vides a numerical basis for 3-D internal crack propagation 
path simulation and fracture characteristics research.

2 Numerical methods and models
Numerical simulation method is an effective means to 
analyze the fracture process of rocks containing inter-
nal cracks. In terms of the accuracy of the SIF values, the 
interaction integration method is the most accurate method 
for extracting mixed-mode of SIF [24]. Combining the 
M-integration method with the adaptive mesh technique 
can better solve the problem of the calculation accuracy of 
the SIF values at the crack front and the grid processing. 
Therefore, in this paper, the above method is used to simu-
late the fracture process of the SCB model containing 3-D 
internal cracks.

2.1 Numerical models
In this paper, two sets of SCB models with three-dimensional 
internal cracks are established, as shown in Fig. 1. The model 
is semicircular with a radius R of 50 mm and a thickness t of 
50 mm. The shape of the internal crack is circular, and the 
diameter a is 10 mm. The internal crack depth h was 15 mm. 
In the Fig. 1, 2S is the bottom loading span, and S1 and S2 
are the left and right loading spans, respectively.

The research plan is shown in Table 1. In the symmetri-
cal loading model, the values of a/R and t/R are fixed, and 
the effect of S/R changes on the fracture characteristics of 
the SCB model containing 3-D internal cracks is explored. 
Correspondingly, in the asymmetric loading model, the 
values of a/R, t/R, and S1/R are fixed to explore the effect of 
changes in S2/R. It should be noted that in order to verify 
the accuracy of this numerical simulation method in sim-
ulating the crack propagation path, two numerical models 
are established, and the above models are not included in 
the research plan.

Fig. 2 shows the mesh properties of internal cracks in 
the SCB model. The Cartesian coordinate system X-Y rep-
resents the long axis and short axis directions of the ellip-
tical crack surface, respectively. In Fig. 2(a), the length of 
one rotation along the long axis A point counterclockwise 

(b)
Fig. 1 The Schematic Diagram of the SCB Model; (a) the symmetric 

loading model, (b) the asymmetric loading model

(a)
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is defined as 1. The singular elements are implanted at the 
crack fronts and a symmetric mesh is used to reduce the 
local discrete error. The actual crack surface mesh pattern 
is shown in Fig. 2(b). Conservative integration evaluation is 
performed on two element rings around the crack front. The 
inner ring of a 15-node singular wedge element and the outer 
ring of a 20-node hexahedral element are shown in Fig. 2(c). 

In this study, the model is set to isotropic elasticity, 
where elastic modulus E  =  17.92  Gpa, Poisson's ratio 
v  =  0.192, density ρ  =  2.3  g/cm3. A stress boundary in 
the Y-direction is applied to the upper part of the model, 
while a fixed displacement constraint in the Y-direction is 
applied to the bottom of the model.

2.2 Calculation principle of SIF and T-stress
M-integration is used to calculate the value of SIF. The 
J-integration [25] of the superposition of two equilibrium 
states can be assumed as:
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For linear elastic materials, the strain energy density 
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The relationship between the energy release rate G and 
the stress intensity factor K in the two equilibrium states 
is as follows:

Table 1 Research plan

Model type Model Number R (mm) a (mm) t (mm) a/R S/R 2S (mm) S2/R S1 (mm) S2 (mm)

Symmetric 
loading 
(Group-A)

A-1 50 10 50 0.2 0.5 50 / / /

A-2 50 10 50 0.2 0.6 60 / / /

A-3 50 10 50 0.2 0.7 70 / / /

A-4 50 10 50 0.2 0.8 80 / / /

Asymmetric 
loading 
(Group-B)

B-1 50 10 50 0.2 / / 0.1 25 5

B-2 50 10 50 0.2 / / 0.2 25 10

B-3 50 10 50 0.2 / / 0.3 25 15

B-4 50 10 50 0.2 / / 0.4 25 20

B-5 50 10 50 0.2 / 0.5 25 25

B-6 50 10 50 0.2 / 0.6 25 30

B-7 50 10 50 0.2 / 0.7 25 35

B-8 50 10 50 0.2 / 0.8 25 40

Fig. 2 Crack Surface Coordinate System and Mesh Properties; (a) the schematic diagram of the crack surface, (b) the mesh pattern of crack surface, 
(c) The form of elements
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By choosing a specific auxiliary field, the solution of 
the SIF of KI, KII and KIII at the crack front can be obtained 
by using the interactive M-integration of the far field, as 
follows:
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In the above equation, Γ is the integral curve away from 
the front edge of the crack front. δ1j is the Clodic symbol. 
q is the smooth function. σij

(1), εij
(1) and ui

(1) is the finite ele-
ment solution.

In the series expansion of the linear elastic crack tip 
stress field in Williams [26], the second non-singular term 
is called the elastic T-stress and represents the stress act-
ing parallel to the crack surface. In this study, the general 
method of T-stress solution is adopted [27, 28]. 

2.3 Validation of numerical methods
Before carrying out the numerical simulation of the SCB 
model, the validity of the simulation method is firstly 
verified. Two more conventional models are established, 
namely the model with horizontal internal crack under uni-
axial tension [29] and the sandstone SCB model with bot-
tom cuts [4] at different angles (β = 0°, β = 30°, β = 54°). 
The numerical simulation results and laboratory test results 
are shown in Fig. 3. 

It can be seen that the numerical method in this paper 
can simulate the whole process of 3-D internal crack from 
propagation to specimen fracture. At the same time, the 
simulation results are in good agreement with the labora-
tory test results.

3 Analysis of numerical calculation results
The SIF (KI, KII and KIII) for the three fracture modes can 
be calculated simultaneously using M-integration. The SIF 
describes the severity of the stress singularity near the 
crack tip. T-stress can significantly affect crack initiation 
and crack propagation path.

3.1 Symmetrically loading model
Fig. 4 shows the typical distribution of KI and T-stress 
values in Group-A models. Considering that the models 
in Group-A belong to mode-I fracture, only the variation 
curve of the relative position of dimensionless KI along 
the crack front is shown in Fig. 4(a). The Kn/│Knmax│is 
defined as the dimensionless SIF, where n = I, II, III. 
Similarly, the  variation curve of the relative position of 
the dimensionless T-stress along the crack front is shown 
in Fig. 4(b).

(b)
Fig. 3 Numerical simulation and laboratory test results; (a) comparison 
of numerical simulation results and literature [29], (b) comparison of 

numerical simulation results and literature [4]

(a)
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It can be seen from Fig. 4 as follows: 
(1) Relative to the magnitude of KI, the values of KII 

and KIII are almost negligible to zero, which means that 
the crack surface is under great tension before crack ini-
tiation, so the crack is more inclined to expand along the 
original crack surface. This is consistent with the crack 
propagation along the plane in the subsequent crack prop-
agation path simulation.

(2) The KI at the lower end of the crack is the largest and 
the upper end is the smallest, indicating that the lower end 
of the crack is more prone to cracking and the extent of 
propagation is relatively greater.

(3) When a/R and t/R are fixed, KI increases with the 
increase of S/R, which is the same as that of the SCB spec-
imen with notches [19].

(4) Under the pure mode-I loading, the T-stress is always 
negative. In this mode, the crack propagation is stable, and 
the propagation direction is not deflected [30−31]. The 
variation of T-stress with S/R at the lower end of the crack 
front is more severe than that at the upper end of the crack.

3.2 Asymmetrically loading model
The variation of dimensionless SIF of Group-B is given as 
shown in Fig. 5. 

It can be seen as follows: 
(1) The SIF distribution of the B-4 and B-5 models is 

consistent with the symmetrical loading model, and the 
fracture mode is pure mode-I fracture. The numerical 
simulation method is not sensitive to the identification 
of asymmetric loading modes of small-scale eccentricity 
along the model center direction. The value of KII and KIII 
were found in other models in group B, which were judged 
to be mixed-mode fracture.

(2) With the increase of S2/R, the value of KI at one 
point on the crack front first decreases and then increases. 
Models B-1, B-2, and B-3 have the strongest mode-I effect 
at the upper end of the crack and the weakest at the lower 
end. The rest of the models are the opposite.

(3) With the increase of S2/R, the value of KII first 
changed to 0, then increased gradually, and the direction 
of shear action changed. It should be noted that when the 
S2/R value is small, the mode-II effect is stronger. Models 
B-1, B-2, and B-3 have the strongest mode-II effect at the 
lower end of the crack, and models B-6, B-7, and B-8 have 
the opposite effect.

(4) Similar to the change trend of KII, with the increase 
of S2/R, the value of KIII first changed to 0, and then grad-
ually increased. In all models in this group, the value of 
KIII peaked at the relative positions of 0 and 0.5 along the 
crack front.

(5) The distribution of normalized T-stress is not given 
here. It should be noted that the discussion of T-stress 
in the current research is mostly based on the 2-D prob-
lem under the mode-I or mode-I/II loading. The effect of 
T-stress on the 3-D internal crack propagation mecha-
nism is one of the problems to be solved in the subsequent 
numerical research. 

3.3 Crack propagation path
Based on the calculated SIF value, the maximum tensile 
stress (MTS) criterion was used in this study to calculate 
the propagation direction of the crack tip. Further, the rela-
tive amount of each crack tip node expansion is calculated 
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to obtain a new crack propagation surface. Fig. 6 shows 
the typical crack propagation paths and failure pattern in 
the two groups of models (models A-1, B-8). 

Observing the fracture process of two specimens in 
Fig. 6, the following rules can be seen as follows: 

(1) The internal crack of the A-1 model expands in plane 
under pure mode I loading. The lower end of the crack 
front reaches the bottom of the specimen first. Further, the 
crack spreads rapidly around, and finally a through crack 
is formed, which divides the specimen into two symmet-
rical parts. The ultimate failure mode of the specimen is 
pure mode I cracking. 

(2) The internal crack of the B-8 model cracked under 
the mixed mode loading, and airfoil wrapping cracks 
appeared at the upper and lower tips of the crack. The pos-
itive and negative values of KII determine the direction of 
shearing action, which further leads to opposite propaga-
tion directions of the upper and lower parts of the wing 
crack. The larger KI value at the lower end of the crack 
causes the lower wing crack to reach the bottom of the 
model first. Further, the crack face expanded around, and 
finally a through crack is formed to broke the specimen 
into two asymmetrical parts. The ultimate failure mode 
of the specimen is mixed mode cracking. In  Fig.  6(b), 
it can be observed that the fracture surface tends to slope 
towards the top of the model, which can be called the "cor-
rection effect" of shear stress. The purpose of the above 
action is to promote crack propagation in the plane per-
pendicular to the maximum principal tensile stress. 

3.4 Crack growth rate
The propagation process of the crack initiation to the bot-
tom of the specimen in the symmetrical loading model 
of Group-A was selected for quantitative analysis. Stud-
ies [32] have shown that the solution is more accurate when 
the median extension defaults to 15%~20% of the crack 
radius and the template radius defaults to 10% of the crack 
radius. In this section, the median extension is set to 15% 
of the crack radius, which is 0.75 mm. In order to obtain 
the growth length of each propagation step, the lower end 
(Point-A), upper end (Point-C), and right end (Point-D) of 
the crack are selected as characteristic points for quantita-
tive analysis. The distribution of characteristic points with 
each propagation step is shown in Fig. 7. 

It can be seen from Fig. 7 that the growth rate of the 
lower end of the crack (Point-A) is the largest, and the upper 
end of the crack (Point-C) is the smallest. Moreover, the 
growth rates of Point-A and Point-C tend to increase. How- 
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ever, the growth rate at Point-B remains almost unchanged. 
In addition, it can be seen that the internal crack of model 
A-2 has the fastest growth rate. After four propagation 
steps, the crack propagates to the bottom of the model.

4 Conclusions
In this paper, the internal crack propagation paths and 
fracture characteristics of SCB specimens under two load-
ing modes are investigated. The main conclusions are as 
follows: 

1. The numerical simulation results of this research 
method are in good agreement with the previous labora-
tory test results, and this method is an effective means to 
simulate 3-D crack propagation.

2. The symmetrical loading model belongs to the pure 
I loading where the value of KI is positively related to the 
bottom load span S/R. The asymmetric loading model 
belongs to mix-mode loading. With the increase of unilat-
eral load span S2/R, there is a decline and then a rise of the 
value of SIF at the same point at the crack tip. 

3. In-plane propagation of the internal crack in the 
symmetrically loading model leads to failure of the speci-
men. Wing propagation of the internal crack in the asym-
metrically loading model causes the specimen to fracture 
into two asymmetrical parts.

4. The quantitative analysis of the growth rate of the 
crack in the symmetrical loading model shows that the 
growth rate of the lower end of the crack is the largest, and 
the upper end of the crack is the smallest. When the load-
ing span to radius ratio (S/R) is 0.6, the growth rate of the 
crack tip is the fastest.
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(b)
Fig. 6 The typical simulation results; (a) simulation results of model A-1, (b) simulation results of model B-8
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