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Abstract

This article introduces experimental and analytical studies on the resistance under eccentric loads of reinforced fly ash concrete 

(RFAC) columns, in which fly ash (FA) is used to partially replace ordinary Portland cement (OPC) with a by-mass ratio of 20%. Based 

on experimental results of concrete specimens with mean 28-day cylinder strength of 30 MPa, modifications on simplified bi-linear 

and tri-linear models of stress-strain relationships of OPC concrete specified in the Russian and Vietnamese design standards are 

proposed. These nonlinear deformation models are incorporated into an analytical approach to establish the resistance of RFAC 

columns in the form of interaction surface, associated with an assessment method for safety factor based on the principle of inverse 

distance weighted average (IDWA). Parameters of the proposed analytical approach are determined by test results obtained from 

eight RFAC column specimens having 150 × 200 (mm) rectangular cross-section, 1600 mm-height, and 4Φ14 longitudinal rebars with 

yield strength of 362.6 MPa. In the tests, the specimens were loaded with uniaxial eccentricities ranging from 0 to 80 mm until failed. 

It is shown that with ε’b1 = 0.0022 and kE = 0.91, the corresponding safety factors of bi-linear and tri-linear models validated for the 

tested specimens are conservative and nearest to unity, proving that the proposed analytical approach is capable of closely predicting 

the RFAC columns’ resistance.
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1 Introduction 
In building structures, piles and columns are vertical ele-
ments transferring gravity loads downward and can be 
primarily considered as compression members. In real 
situations, due to the diversified architectural and struc-
tural arrangements from unequal column grid-lines, the 
variations of the members' dimensions along the building 
height, and the geometric imperfections, both piles and 
columns can be subjected to either bending moment act-
ing about one principal axis, so-called uniaxial bending, 
or simultaneous bending moments about two principal 
axes, so-called biaxial bending. There have been a signif-
icant number of published research works on the behavior 
and load resistance of eccentric compression reinforced 
concrete (RC) members. The eccentricity-dependent 
strengths of the tested specimens were validated with 
a proposed analytical approach [1–8], which then could be 
developed to design provisions [9–12]. 

In the current global trend of sustainable construction, 
the utilization of industrial by-product such as fly ash (FA) 
for concrete to reduce the production of ordinary Portland 
cement (OPC) has attracted researchers' attentions for 
a few decades. Initially, FA was mostly utilized as an 
additive with a limit dose for the concrete admixture to 
improve workability of fresh concrete [13–20]. The actual 
FA amount used varies widely depending on the applica-
tion, mechanical and chemical properties of FA, specifica-
tion limits, as well as on the geographic location and cli-
mate. It is also specified by ACI Committee 232.2R-18 [13] 
that FA can be introduced in concrete either as a separate-
ly-batched material or as a component of blended cement 
to establish fly ash concrete (FAC). In Vietnam, the cur-
rent design standard for concrete structures [12] is estab-
lished based on the corresponding Russian standard [11]. 
However, the use of reinforced fly ash concrete (RFAC) 
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structural members and the associated calculation method 
has been yet specified in the aforementioned standards. 
As far as FA is considered an additive in concrete, it is com-
mon in practice that RFAC structures are calculated sim-
ilarly to those made from OPC concrete having the same 
compressive strength [11, 12]. This may lead to an inac-
curate prediction of the RFAC columns' eccentric loads 
resistance, since the presence of FA produces different 
stress-strain relationship of FAC although the compressive 
strength is kept unchanged, compared to those of OPC con-
crete. Among the research works published on RFAC col-
umns [21–31], there have been limited analytical models to 
be proposed based on material models. This fact motivated 
the authors to perform experimental and analytical stud-
ies on the resistance under eccentric load of a number of 
eight RFAC columns with a by-mass replacement percent-
age of 20% for FA/OPC, which was proved to gain more 
favorable mechanical properties compared to the original 
OPC concrete having mean cylinder compressive strength 
of 30 MPa. The column specimens' resistance was experi-
mentally measured with eccentricities ranging from 0, 40 
and 80 mm and were compared to the results of the nonlin-
ear deformation method proposed by the authors. 

2 Research significance
In this article, the following research objectives are 
achieved: (i) Bi-linear and tri-linear stress-strain relation-
ships of OPC concrete specified in some national design 
provisions [11, 12] are modified based on the experimental 
results obtained from material tests to propose nonlinear 
deformation models of FAC; (ii) An analytical approach 
incorporating the proposed material models is developed 
to establish the RFAC columns' resistance in the form of 
interaction surface, associated with an assessment method 
for safety factor; and (iii) The proposed analytical models 
are well validated by structural experiments conducted on 
RFAC column specimens subjected to different levels of 
load eccentricities. It is shown that the safety factor val-
idated by experiments is close to and smaller than unity, 
meaning that the proposed approach is capable of predict-
ing the RFAC columns' resistance under eccentric loads in 
a conservative manor.

3 Mechanical properties of FA concrete
An experimental program was conducted to determine 
the FA concrete mixture that is capable of providing more 
favorable mechanical properties compared to those of the 
control OPC concrete having mean cylinder compressive 
strength of 30 MPa. The original OPC concrete mixture, 
namely MS-30-00, consists of OPC, fine aggregate, coarse 
aggregate and water with the corresponding weight of 380, 
760, 1140 and 205 kg, respectively. Then, the OPC mass is 
replaced by 20% by FA, whereas all the remaining mate-
rials are kept unchanged, establishing the corresponding 
mixture of MS-30-20 (Table 1).

The materials used for FA concrete mixtures in this 
experimental program consist of: (i) Fly ash having spe-
cific gravity of 1.80 g/cm3, loss on ignition of 0.47, Blaine 
fineness (specific surface area) ranging from 1686 to 
1891 cm2/g, chemical compositions of SiO2 + Al2O3 + Fe2O3 
(79.25%) and CaO (5.49%). More detailed information on 
the granulometry, composition and mechanical properties 
of the FA used in this research can be referred to in [33]; 
(ii) Local ordinary Portland cement (OPC) with specific 
gravity of 3.10 g/cm3; (iii) Fine aggregate with unit weight 
of 2.64 g/cm3; (iv) Coarse aggregate with unit weight of 
2.69 g/cm3; and (v) Domestic water.

It should be noted in Table 1 that: (i) The total binder 
weight and water/binder ratio were both kept constant at 
380 kg and 0.54 for all the mixtures, respectively; and 
(ii) Due to the difference between OPC and FA specific 
gravities, there is an increment in total FA concrete volume 
when OPC is replaced by FA. Then, the proportions calcu-
lated for 1 m3 FA concrete are put in parentheses in Table 1.

A significant number of 150 × 300 mm-cylinder and 
150 mm-cube concrete samples were prepared for test-
ing at 7, 14, 28, 56 and 90-day ages, with three samples 
for every testing group. The tests were prepared and con-
ducted at Laboratory LAS-XD 125, Hanoi University of 
Civil Engineering (HUCE), Vietnam, conforming the 
related international testing standards [32].

The cylinder compressive strength at the ages of 7, 14, 
28, 56 and 90 days as well as the split tensile strength 
measured for MS-30-00 and MS-30-20 are shown Table 2. 
The standard deviation values are shown in parentheses. 

Table 1 Mixtures of concrete

Mixtures FA/OPC replacement 
percentage

Binder (kg) Fine aggregate 
(kg)

Coarse aggregate 
(kg) Water (l)

OPC Fly ash

MS-30-00 0% 380 0 760 1140 205

MS-30-20 20% 304 (298.7) 76 (74.7) 760 (746.8) 1140 (1120.2) 205 (201.4)
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It can be seen that from the age of 28 days, MS-30-20 per-
formed better than MS-30-00 in terms of both cylinder 
compressive strength and split tensile strength.

The stress-strain relationships of unconfined cylinder 
concrete specimens for MS-30-00 and MS-30-20 admix-
tures are shown in Fig. 1 [33].

It can be seen from the experimental results that the 
20% FA concrete mixture MS-30-20 has more favorable 
mechanical properties in terms of compressive strength and 
its' development, split tensile strength compared to MS-30-
00. The different in stress-strain relationship between the 
two mixtures will be used in the analytical analysis. 

4 Analytical approach
4.1 Nonlinear deformation models for FA concrete
In this proposed analytical approach, the FA concrete's 
nonlinear deformation models are established by simpli-
fying the experimental stress-strain relationship shown in 
Fig. 1 associated with a modification of the corresponding 
nonlinear model for OPC concrete specified in [11, 12], 
which are in the forms of bi-linear and tri-linear models as 
shown in Figs. 2(a) and 2(b), respectively.

In the bi-linear deformation model of OPC concrete, the 
compressive stress σb can be determined from the strain 
and elastic modulus as follows [11, 12]:

� � � �b b red b b bE� � �
,

when 0
1 , (1)

� � � �b b b b bR� � �when
1 2

, (2)

where εb1 = εb1,red = 0.0015; εb,red = Rb/εb1,red; εb1 = 0.0035 and 
Rb is the design cube compressive strength of OPC concrete.

In the modification of bi-linear deformation for FA con-
crete, based on Fig. 2(a) and Table 1, it is proposed by the 
authors that εb2 = ε'b2 = 0.0035 and ε'b1 will be varied from 
0.0015 to 0.0025 to determine the most appropriate value 
based on test results.

The tri-linear deformation model of OPC concrete can 
be expressed as [11, 12]:
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where εb0 = 0.002; σb1 = 0.6Rb; εb1 = 0.6Rb/Eb; εb2 is similar 
to that of the bi-linear model; Eb is the elastic modulus of 
OPC concrete.

Fig. 1 Test results on stress-strain relationship of FAC

Table 2 Experimental results of concrete strength

Concrete Compressive strength (MPa) at the ages of 28-day tensile split

mixture 7 days 14 days 28 days 56 days 90 days strength (MPa)

MS-30-00 16.07 (0.06) 20.84 (0.035) 30.44 (0.115) 30.61 (0.205) 31.31 (0.329) 2.78 (0.201)

MS-30-20 13.51 (0.146) 20.35 (0.428) 31.10 (0.172) 32.03 (1.114) 32.48 (1.161) 3.07 (0.312)

(b)
Fig. 2 a) Bi-linear model (B-LM); b) Tri-linear model (T-LM)

(a)
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In the modification of the tri-linear deformation model 
for FA concrete, based on Fig. 2(b), one gets R'b = kER'b 
where the factor kE is to account for the reduction in elastic 
modulus of FA concrete (E'b) compared to that of OPC con-
crete (Eb). In this analytical approach, it is proposed that 
all the strain limits are kept constant, such as σ'b1 = σb1; 
ε'b0 = εb0 = 0.002 and εb2 = ε'b2 = 0.0035 (Fig. 2(b)), whereas 
the reduction factor kE will be varied from 0.85 to 0.95 to 
determine the most appropriate value based on test results.

In the analytical approach proposed this article, the 
bi-linear material model for reinforcing steel specified in 
[11, 12] shown in Fig. 3 is also utilized.

In the bi-linear model for reinforcing steel (Fig. 3), stress 
can be calculated from strain and elastic modulus with 
εs0 = Rs/Es and εs2 = 0.0025 as follows:

� � � �s s s s sE when� � �0 0 , (6)

� � � �s s s s sR when� � �
0 2

, (7)

where σs1 = 0.9Rs; εs1 = 0.9Rs/Es; εs2 = 0.015; εs0 = Rs/Es and 
εs0 = Rs/Es + 0.0002 for reinforcing steel having actual and 
conventional yield strength, respectively.

4.2 Principles of cross-sectional analysis for columns
The following conventional assumptions are incorporated 
into the analysis: (i) The distribution of strains in concrete 
and steel reinforcement along the cross-section height is 
linear (plane strain assumption); (ii) Nonlinear deforma-
tion models introduced in Section 4.1 are used for con-
crete; and (iii) Concrete tensile stress is ignorable.

The resistance on normal section of both RC and RFAC 
columns can be determined from the condition for ulti-
mate strains: |εb,max| ≤ εbu; εs,max ≤ εbu. The ultimate strains 
values of materials can be calculated as follows: (i) 
When neutral axis is within the column's cross section: 

εb,u = εb2 = 0.0035; (ii) When neutral axis is out of the cross 
section: εb,u = εb2 – (εb2 – εb0)ε1/ε2 where εb0 = 0.002; ε1 and 
ε2 are the strains at opposite extreme fibers and |ε2| ≥ ε1; 
and (iii) For reinforcing steel, εs,u = 0.0025.

Consider a rectangular column subjected to an axial 
load N with eccentricities ey and ex corresponding to bend-
ing moments My = Nex and Mx = Ney (Fig. 4). 

An arbitrary neutral axis (n.a) can be expressed by its 
angle β with X-axis and the distance Cn to point A. Each 
neutral axis is corresponding to a set of ultimate forces 
resistance (Nu, Mxu, Myu), which can be determined by set-
ting the concrete strain of extreme fiber at point A equal 
to εb,u. Gradually increase angle β from 0 to 90° and put 
Cn into an iteration loop, the column load resistance can 
be established in the form of interaction surface following 
the below equilibrium conditions:
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Fig. 3 Bi-linear deformation model for reinforcing steel

              (a)                                                               (b)                                                (c)                                             (d)
Fig. 4 Discretization of column cross section a) 3D view; b) Position of neutral axis; c) Modeling of concrete; d) Modeling of rebars
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where m and n are the sizes of the two-dimensional array of 
(m × n) rectangular concrete sub-elements having a unique 
area of Acij = dux × duy(i = 1 ~ m, j = 1 ~ n) and a number 
of round-shaped sub-elements representing reinforcing bars 
(rebars), namely, S1 to Sp, with the corresponding areas 
Ask = (k = 1 ~ p) (Figs. 4(b, c)). The compressive stress σcij 
is assumed to be uniformly distributed within a sub-element. 

The resistance of the column (Nu, Mxu, Myu) can be 
expressed in the form of an interaction surface as shown 
in Fig. 5. It is noteworthy that when angle β equals to 0 
and 90°, one obtains the cases of uniaxial bending resis-
tances (Nu, Mxu) and (Nu, Myu) of the cross-section princi-
pal planes parallel with X- and Y-axis, respectively.

4.3 Moment magnification factor
In [11, 12], the moment magnification factor (MMF) is 
specified as η = 1/(1 – N/Ncr) where N is the acting axial 
force; Ncr is the conventional Euler load Ncr = π2D/L0

2; D is 
the stiffness od reinforced concrete section D = kbEbIb + 
ksEsIs ; Eb and Es are elastic moduli of concrete and rein-
forcing steel, respectively; Ib and Is are the moments of 
inertia of the concrete and rebars areas to cross-sec-
tion's centroidal axes, Ibx = CvCx

3/12 and I A ysx sk sk�� 2 ; 
Iby = CxCy

3/12 and I A xsy sk sk�� 2 , respectively. The param-
eter ks taking into account the reinforcing steel stiffness 
is set to 0.7; kb = 0.15/[φL(0.3 + δe)]; φl = 1 + ML/ML1 ≤ 2;  
ML and ML1 are respective bending moments to the cen-
troid of the extreme tensile rebars of the whole loads and 
of the long-term loads acting on the cross-section. To val-
idate with experiments which was conducted under short-
term loading condition, one can give φl = 1; δe = e0/h and is 
within the range from 0,15 to 1,50; e0 is the initial eccen-
tricity; e0 = max(M/N, ea) for indeterminate structures and 

e0 = M/N + ea for determinate structures; ea is the acci-
dental eccentricity, in a principal bending plane of col-
umn's cross-section parallel to cross-section side h, 
ea = max(L/600, h/30,10 mm), where L is the column height.

For each critical set of acting loads (N, Mx, My), there 
will be a corresponding couple of moment magnification 
factors for two principal bending planes of the cross-sec-
tion (ηx, ηy). Then, the set of design load (N, ηx, Mx, ηy, My) 
can be determined and evaluated with the column strength 
in the form of interaction surface (Nu, Mxu, Myu) deter-
mined in Section 4.2.

4.4 Assessment of safety factor
For the experimental validation purpose, the safety factor 
can be determined based on the in-space relative position 
of a point L representing the test failure load by coordi-
nates (N, ηx, Mx, ηy, My). There exists a so-called interpo-
lated point C (Nu, Mxu, Myu) on the interaction surface that 
sits on the line connecting the origin O (0,0,0) to point L. 
When point L is outside the interaction surface with 
a ratio CR OL OC� �/ 1, it is safe since the predicted col-
umn load resistance is lower than the actual failure load. 
Then, the proposed model is conservative when the safety 
factor is FS OC OL� �/ 1 (Fig. 6).

In fact, the interaction surface established in Section 4.2 
is only a set of individual points. Hence, an interpolation 
method is proposed to determine the position of point C. 
Based on the method of Inverse Distance Weighted Average 
(IDWA), the authors calculate the effect of the investigated 
point to the adjacent known points. In order to interpo-
late, the Descartes coordinate system (N, Mx, My) should 
be converted into spherical coordinate system (u, v, R) fol-
lowing the below expressions:

(a)                                                                                                            (b) 
Fig. 5 a) Cross-sectional analysis with an arbitrary neutral axis; b) Resistance of RFAC columns in the form of interaction surface
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where N0 and M0 are the respective unit values of axial force 
and bending moment for the normalization of the term R.

In spherical coordinate system, since the interpolated 
point C sits on line OL, the coordinates (u, v) of point C are 
also the coordinates (u, v) of point L. The distance RC from 
point C to point O can be calculated as below, where di is 
the distance from point C to the adjacent point number (i):
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The above interpolation method is incorporated into 
the analytical approach as follows: With a set of arbitrary 
acting forces (Ni, Mxi, Myi), there exists a set of param-
eters (ui, vi, Ri) calculated from Eqs. (11)–(13), where 
(Ni, Mxi, Myi) are all the positive values. Based on the val-
ues of ui and vi, the nearest adjacent points among 5096 
points of the interaction surface will be determined with 
a tolerance of ±2.0%. Applying Eq. (14) for the investi-
gated points to obtain Rci, the safety factor then can be 
determined as FS R Rc L= =OC OL/ / .

5 Experimental validation
5.1 Experimental program
In order to verify the analytical approach proposed in 
Section 4, a number of eight RFAC column specimens 
were cast using MS-30-20 proportion, which was initi-
ated from OPC concrete having mean cylinder strength 
of 30 MPa. Basically, all the columns had identical design 
but were subjected to different uniaxial eccentricities of 0, 
40 and 80 mm in the tests. Hence, they were divided into 
three corresponding groups, namely, C-30-00, C-30-40 
and C-30-80, which consisted of 2, 3 and 3 specimens, 
respectively. Then, specimens were labeled by combining 
the group name with its order number in the group, i.e., 
C-30-00-1, C-30-00-2, C-30-40-1, C-30-40-2, C-30-40-3, 
C-30-80-1, C-30-80-2, and C-30-80-3.

The columns were cast in two batches. The first batch 
consisted of five specimens of C-30-00 and C-30-40 
groups. After formwork removal, the three remaining 
specimens of C-30-80 group were cast in the second batch. 
A sufficient number of cylinder and cube concrete samples 
were cast together with the columns to determine the scat-
ter of the mechanical properties of the batches.

Details and instrumentations of column specimens are 
shown in Fig. 7. All the test specimens had identical geo-
metric properties of 150 × 200 mm rectangular cross-sec-
tion and 1.6 m-height. Two ends of the specimen were 
designed with larger dimensions of 150 × 400 (in mm) to 
accommodate the uniaxial eccentricities that parallel to 
the side h of the column cross-section. Reinforcing bars 
and steel plates were also designed in these column heads 
to avoid local failure in the tests.

(a)                                                                                                            (b) 
Fig. 6 a) Determination of safety factor; b) Interpolation of unknown point C from adjacent known points
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All column specimens were reinforced with four 14 mm- 
diameter longitudinal reinforcing bars (4Φ14), which had 
mean yield strength of fy = 362.6 MPa, and 6 mm-diam-
eter stirrups at a distance of 100 mm (ϕ6@100). C-30-
00 and C-30-40 specimens, which were both cast in 
the first batch, had design concrete cylinder strength of 
fcd = 24.613 MPa. For C-30-80 specimens, the concrete 
cylinder strength was fcd = 24.386 MPa.

It can be seen in Fig. 7 that a number of steel strain gauges 
were bonded to longitudinal rebars at the column mid-height 
cross section. Concrete strain gauges were also mounted 
at the compression surface at the column's mid-height. 

The steel and concrete strain gauges were KFG-5-120-C1-
11L8M3R and TML PL-60-11-5LT with gauge factors of 
2.07 and 2.12 (±1%), respectively. Fig. 8 illustrates the test 
set-up for determining the resistance of RFAC columns 
subjected to different levels of eccentricity. The test spec-
imen was installed inside the frame of a hydraulic com-
pression machine and was subjected to an axial load from 
the upper end. The lower end of the specimen was con-
nected to the base having a Φ30 mm steel rod so that the 
column could be tested in pinned and pinned-on-roller end 
conditions. The eccentricity was produced by the distance 
between the column centroidal axis and the rollers. A load 
cell was positioned in between the machine and the spec-
imen. Longitudinal deformation of the column was mea-
sured by four linear variable displacement transducers 
(LVDTs), namely, T1, T2, T3 and T4, that were installed 
around the four sides of the cross-section at the mid-height 
of the specimen. Lateral deformation at column's mid-
height was measured by LVDT I2. Another two LVDTs, 
I1 and I3 were located at 150 mm from the column ends 
for checking purpose. Strains in concrete and longitudi-
nal rebars were measured from the corresponding steel 
and concrete gauges instrumented before the tests. This 
test setup was chosen owing to these reasons: (i) The load 
eccentricity is produced at both ends of the specimens, 
where there are pined connections; and (ii) Material fail-
ure is to be occurred at the mid-height cross section of the 
specimen when its load resistance is reached.

After being installed into the test frame and instru-
mented by LVDTs, RFAC column specimens were tested 
following this procedure: (1) Preload to 5% of the pre-
dicted axial resistance of the column that was according 
to local design equations [12] and then unload to eliminate 
all slacks that possibly existed in the system; (2) Initialize 

Fig. 7 Details of RFAC column specimens

Fig. 8 Test set-up and test specimens
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all instrumentation; and (3) Load in a load-controlled 
mode at a constant rate of 10 kN/min until the applied load 
could not be sustained by the specimen. The maximum 
load recorded was the experimental axial resistance of the 
test column. All the remaining data were recorded by the 
data-logger at 2-second intervals (Fig. 8).

5.2 Experimental results
Experimental relationship between the axial load Ntest 
measured by the load-cell and lateral deflection Δtest at the 
column mid-height measured by LVDT I2 of all the spec-
imens are shown in Fig. 9

It can be observed in Fig. 9 that: 
• The Ntest–Δtest curves of the column specimens in 

a series are relatively close to each other, showing 
the reliability of the test program;

• The Ntest–Δtest curves of C-30-80 series have lowest 
slope value whereas those of C-30-00 and C-30-40 
series have the highest and the medium values, respec-
tively. That means that when the initial eccentricity 
increases, the increment rate of the lateral displace-
ment at the column mid-height section also increases. 

The initial eccentricity is determined as e0 = e1 + ea, 
where e1 is the static eccentricity and equals to 0, 40 and 
80 mm corresponding to the three groups; ea is the accidental 

eccentricity that can be determined as ea = max(Lc/600; 
hc/30,10 mm) = 10 mm. Hence, the initial eccentricities of 
the groups C-30-00, C-30-40 and C-30-80 were 10, 50 and 
90 mm, respectively. The maximum bending moment at 
column mid-height corresponding to the maximum axial 
load then can be calculated as Mtest = Nteste0 + Δtest. The cal-
culated values are shown in Table 3. It should be noted that 
the ratio (e0 + Δtest)/ e0 is also the experimental bending 
moment magnification ratio.

The test results of strain in the mid-height cross-section 
of C-30-80-1 are shown in Fig. 10 as a typical example. 
The similar results were also obtained for the remaining 
column groups of C-30-00 and C-30-40. 

Fig. 10 shows the values measured from concrete strain-
gauges T7 and T8 (which were at the respective distances 
of 200 and 150 mm from the extreme tensile fibers) and 
steel strain-gauges T5 and T6 (which were at the respec-
tive distances of 173 and 27 mm from the extreme tensile 
fibers) (Fig. 10(b)). It can be seen from Fig. 10(a) that T5, 
T7 and T8 constantly developed in compression while T6 
was always in tension. When the corresponding measured 
values of T7, T5, T8, T6 at the load levels of 20, 40, 60, 80 
and 95% of the failure load were put in the same figure, it is 
clearly shown in Fig. 10(b) that the plane strain assumption 
was validated at the load levels of 20, 40, 60 and 80%, and 
could be relatively accepted in the load level of 95%.

Images of the typical failed specimens in each testing 
group are shown in Fig. 11. It is shown that the failure 
occurred at the column's mid-height section, where con-
crete at compression zone crushes and cracks developed 
severely in the tension zone, indicating material failure 
at ultimate limit state. Hence, the cross-sectional analysis 
based on the analytical approach introduced in Section 4 
shall be applied for verification purpose.

5.3 Validation for RFAC columns
The experimental load resistance of the eight RFAC col-
umn specimens tested in Sections 5.1 and 5.2 can be 
used to determined the un-known parameters ε'b1 and kE 
that are respectively proposed in bi-linear and tri-linear 
models for FA concrete as presented in Section 3.1 and Fig. 9 Experimental results of Ntest–Δtest curves

Table 3 Experimental results on load resistance of RFAC columns

Group C-30-00 (e1 = 0) C-30-40 (e1 = 40 mm) C-30-80 (e1 = 80 mm)

Specimen No.1 No.2 No.1 No.2 No.3 No.1 No.2 No.3

Ntest (kN) 738.90 756.19 446.15 434.90 447.89 301.96 291.83 293.39

Δtest (mm) 4.39 3.60 6.46 6.57 6.95 9.77 9.01 10.55

Mtest (kNm) 10.635 10.288 25.191 24.601 25.505 30.127 28.850 29.500
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shown in Figs. 3(a) and 3(b). Using trial-and-error princi-
ple to replace the values of 0.0020, 0.0021, 0.0022, 0.0023, 
0.0024 and 0.0025 for ε'b1 (bi-linear model) and 0.85, 0.87, 
0.89, 0.91, 0.93 and 0.95 for kE (tri-linear model) into the 
analytical approach proposed in Section 4.4 and com-
pare to the experimental results presented in Section 5.2. 
The appropriate values of  and can be determined when 
the corresponding safety factor obtained from Section 4.4 
is smaller than and nearest to unity. The results for RFAC 
columns in C-30-00, C-30-40 and C-30-80 series with 
ε'b1 = 0.0025 and kE = 0.85 are respectively shown in 
Figs. 12, 13 and 14 for illustration.

The safety factors calculated in the proposed analyti-
cal approach for FA concrete (for both bi-linear model - 
B-LM, and tri-linear model - T-LM) are listed in Table 4.

It can be observed from Figs. 12, 13, 14 and Table 4 for 
the comparison results that:

• When the nonlinear models for FA concrete proposed 
in Fig. 2 are incorporated, it can be seen that that all 
the failure load (point L) of eight tested RFAC col-
umns are all outside of the interaction diagram, with 
all the safety factors shown in Table 4 smaller than 
and close to unity (ranging from 0.902 to 0.996). 
This means the proposed material nonlinear models 
are capable of predicting closely and conservatively 
the eccentric load resistance of RFAC columns;

• It is shown from Table 4 that the validation results in 
each group are all in good agreement since the coef-
ficient of variation (COV) is insignificant (ranging 
from 0.008 to 0.023);

(a)                                                                                                            (b)
Fig. 10 Measured strain at mid-height cross section of C-30-80-1 a) Strain development; b) Validation of plane strain assumption

Fig. 11 Failure mode of a) C-30-00-1; b) C-30-40-1; c) C-30-80-1

Fig. 12 Validation for C-30-00 group
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• Figs. 12, 13, 14 also show that the tri-linear model 
for FA concrete generally provide more conservative 
load resistance of RFAC columns compared to that 
of bi-linear model, since the T-LM curves are always 
under the B-LM's.

It can also be seen in Table 4 that with ε'b1 = 0.0025 and 
kE = 0.85, the grand average values of safety factor SF for 
bi-linear and tri-linear models are 0.955 (calculated from 
individual group SF of 0.935, 0.975 and 0.984) and 0.965 
(from 0.902, 0.966 and 0.996), respectively. Similar pro-
cedure for the remaining values of ε'b1 and kE is applied 
to determine the corresponding grand average values of 
safety factor SF. It can be seen from Figs. 15 and 16 that:

• For the proposed bi-linear model, the safety factor SF 
decreases with an increment of ε'b1. At ε'b1 = 0.0021, 
one gets SF > 1. When ε'b1 = 0.0022, SF = 0.994 (see 
Fig. 15);

• For the proposed tri-linear model (Fig. 16), SF and 
kE are proportional. When kE = 0.91, it produces the 
safety factor value of SF = 0.997. 

It can be explained from Fig. 2 and Fig. 5 that when 
ε'b1 increases or kE decreases, the column resistance will 
decrease, leading to a regression of the interaction diagram 
in Figs. 12–14. As a result, the safety factor SF  shown in 
Fig. 6 will decrease.

Fig. 13 Validation for C-30-40 group Fig. 14 Validation for C-30-80 group

Table 4 Safety factor determined on the tested RFAC columns with ε'b1 = 0.0025 and kE = 0.85

Group C-30-00 (e1 = 0) C-30-40 (e1 = 40 mm) C-30-80 (e1 = 80 mm)

Specimen No.1 No.2 No.1 No.2 No.3 No.1 No.2 No.3

SF for B-LM 0.942 0.927 0.970 0.994 0.961 0.963 1.004 0.986

Mean (COV) 0.935 (0.011) 0.975 (0.017) 0.984 (0.021)

Grand mean value 0.955

SF for T-LM 0.908 0.896 0.961 0.984 0.952 0.975 1.016 0.998

Mean (COV) 0.902 (0.008) 0.966 (0.017) 0.996 (0.021)

Grand mean value 0.965

Fig. 15 Determination of analytical value of ε'b1
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Hence, the analytical values of the proposed bi-linear 
and tri-linear models for FA concrete to determine the 
resistance of RFAC columns under eccentric loads are the 
values smaller than and nearest to unity compared to the 
remaining investigated cases. They are ε'b1 = 0.0022 and 
kE = 0.91, respectively.

6 Discussions
In this article, experimental and analytical approaches are 
performed to determine the load resistance of RFAC col-
umns subjected to axial loads with various values of eccen-
tricity. Experimental studies are conducted in both mate-
rial and structural levels. The material tests on concrete 
samples provide the premise for the analytical approach 
proposed whereas the structural tests on RFAC column 
specimens are for the validation purpose.

Based on the material tests, it is shown in the stress-
strain relationship in Fig. 1 that although the compressive 
strength is not reduced, there is a certain increment in 
the ultimate strain as well as a reduction in elastic mod-
ulus of FAC, compared to those of the original OPC con-
crete before 20% of cement mass is replaced by FA. This 
is a basis to propose the nonlinear deformation models 
of FAC in the forms of simplified bi-linear and tri-linear 
stress-strain relationships shown in Fig. 2. The models are 
proposed with pre-assumed ranges of the ultimate strain 
ε'b1 (for bi-linear model) and the reduction factor kE (for 
tri-linear model), which both account for the disadvantage 
effect of FA to the mechanical properties of FAC. 

In the analytical approach proposed in this study, 
a number of new calculation techniques are adopted in the 
conventional sectional analysis for RFAC columns, they 
are: (i) An arbitrary position of neutral axis represented 

by a set of parameters (cn, β) shown in Fig. 4(b) can be 
considered; (ii) The proposed nonlinear material models 
for FAC are incorporated as shown in Fig. 5(a) to establish 
the column biaxial bending resistance in the form of inter-
action surface (Fig. 5(b)); and (iii) The Inverse Distance 
Weighted Average (IDWA) method is utilized to deter-
mine the safety factor used in the validation (Fig. 6).

The structural tests on three groups of eight RFAC col-
umn specimens has provided the following meaningful 
observations: (i) The testing program is capable of captur-
ing the load resistances of RFAC columns which are the 
peaks of the N-D curves shown in Fig. 9; (ii) The assump-
tions used in the analysis are proved to be reliable via the 
strain measurements shown in Fig. 10; (iii) The material 
failure criteria observed in Fig. 11 is proved to be the basis 
of the analysis; (iv) The proposed analytical is capable of 
predicting RFAC columns' resistance accurately and con-
servatively; and (v) It can also be observed from Figs. 12 
to 14 that the tri-linear model provides more conservative 
resistance of RFAC columns since the curves in hidden 
lines are lower than those of bi-linear model, which are the 
curves in continuous lines.

7 Conclusions
A number of conclusions can be withdrawn as follows:

• It is rational to calculate RFAC columns' resistance 
using the proposed nonlinear models of FAC in the 
forms of bi-linear and tri-linear stress-strain rela-
tionships modified from those of OPC concrete with 
the corresponding modification parameters of ε'b1 = 
0.0022 and kE = 0.91 determined from experiment;

• The proposed analytical approach can be sufficiently 
used for the sectional analysis to provide close and 
conservative prediction of RFAC columns load resis-
tance. It can also be flexibly modified for any other 
types of new concrete material provided that an 
appropriate nonlinear material model is incorporated;

• The experimental program performed at structural 
level in this study provides new results and obser-
vations on the behavior and load resistance of RFAC 
columns, as well as good validation of the proposed 
analytical method. 

The analytical approach proposed by the authors can 
be further developed for three-dimensional computa-
tional models to apply for RFAC beams, slabs, walls, pipe 
caps, etc. Besides, studies on Serviceability Limit States 
of RFAC structures should also be performed in future.

Fig. 16 Determination of analytical value of kE
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