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Abstract

Functionally Graded Material (FGM) is a new generation of composite materials, it can be used for different engineering fields according 

to the loading environment, but the study of its mechanical behavior requires sophisticated numerical and analytical models. Several 

investigations in these models are available in the literature, however, most of those investigations are based on simplifying assumptions. 

In this paper, we present a three-dimensional finite element modeling of functionally graded material (FGM) beams subjected to static 

loading. Material properties are assumed to vary continuously along the beam thickness according to the power-law distribution with 

linear elastic behavior. The FGM beams are discretized by hexahedral finite elements type C3D20R (continuum stress/displacement, 

three-dimensional 20-node, reduced integration). We studied several numerical examples of FGM beams and compare the obtained 

numerical results with those of analytical models in the literature.
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1 Introduction
Classical composites made of two or more materials have 
been employed a lot to meet high-performance require-
ments. However, due to the mismatch of components, 
stress singularities in such composites can appear at the 
interface between two different materials. A large dis-
parity in thermal expansion coefficients will lead to 
high residual pressures, especially in a high-temperature 
environment, such as the combustion chamber of an air-
craft engine or a nuclear fusion reaction container [1]. 
As a result, the composite may experience delamination 
or cracking. The concept of functionally graded material 
was introduced to meet the demands of an environment 
with extremely high temperatures and eliminate stress 
singularities [2, 3]. The functionally graded material can 
be produced by continuously changing the constituents 
of multi-phase materials in a predetermined profile of the 
constituent material. Because the characteristics of FGMs 
change continuously, the interfaces between two materi-
als disappear but the characteristics of two or more differ-
ent materials of the composite are preserved, and therefore 
their fatigue properties are improved. These materials are 
designed to improve and optimize the thermo-mechanical 

characteristics of structures at different scales. Most FGM 
families are gradually composed of a refractory ceramic 
to metal [4, 5]. 

The ceramic in the FGM protects against thermal 
effects and protects the metal against corrosion and oxi-
dation, as the FGM is hard and reinforced by the metal 
composition. These materials have recently received a lot 
of attention because of their advantages, such as reducing 
material property disparities and thermal stresses, as well 
as their use and growth in the fields of aeronautics and 
aerospace, where they can serve as thermal barriers due to 
their rich ceramic compositions. FGMs are used in a vari-
ety of fields, including medicine, the automotive industry, 
military equipment, electricity, and nuclear power [6, 7]. 
FGMs are also being developed for general use as struc-
tural members in extremely hot environments.

Due to the increasing use of functionally graded mate-
rials in many fields and applications, many studies have 
been carried out on the mechanical and thermal behavior of 
FGMs [8, 9], in-depth theoretical and experimental studies 
have been carried out and published on fracture mechan-
ics [10, 11], the distribution of thermal stresses [12, 13] and 
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the treatment of cracks in FGM structures [14, 15]. Among 
FGM structures are the beams that represent a major focus 
for researchers due to their applications [16].

Several approaches, have been used, including the 
energy method, the finite element method, and the shear 
strain beam theory. The majority of these approaches are 
predicated on simplifying assumptions [17–19].

The higher-order shear deformation theory «HSDT» 
has been employed by Li et al [20] for studying static 
bending and dynamic response of FGM beams. A finite 
element model (FEM) and Navier solutions are devel-
oped by Vo et al. [21], additionally they used the quasi-3D 
theory to determine the displacement and stresses of FG 
sandwich beams for various power-law index, skin-core-
skin thickness ratios and boundary conditions.

A new 2-node beam element based on Quasi- 3D beam 
theory and mixed formulation is developed by Nguyen 
et al. [22] for studying static bending of functionally graded 
(FG) beams, the proposed beam element's transverse shear 
strains and stresses have parabolic distributions through-
out its thickness, and the transverse shear stresses disap-
pear on the top and bottom surfaces of the beam. The pro-
posed beam element is shear-free and does not use selective 
or reduced integration.

Chikh [23] developed various higher order theories for 
bending of FG beams using hyperbolic shear deformation 
beams. These theories are developed as a function of the 
assumption of constant transverse displacement and vari-
ation in axial displacement of the higher-order through the 
thickness of the beam, and they satisfy the zero stress on 
the top and bottom surfaces of the beam, eliminating the 
need for a shear adjustment factor.

Khebizi et al. [24] recently investigated the mechanical 
behavior of FGM beams using a three-dimensional mod-
eling method based on Saint Venant's exact theory, which 
takes into account the deformation of the FGM beam sec-
tion. Guendouz et al. [25] studied the bending-torsional 
behavior of FGM cantilever beams using a refined beam 
theory (RBT). Boumezbeur et al. [26] have studied the 
response of FGM beams subjected to static and cyclic load-
ing using finite element numerical modeling. Bhandari 
and Sharma [27] investigated thin and thick beams in 
terms of temperature, displacements, and stresses using 
a unified formulation, offering many one-dimensional dis-
placements-based beam models that could be easily trans-
lated into higher-order theories, classical Euler-Bernoulli 
and Timoshenko models, although the thermo-mechani-
cal problems studied offer global bending deformation, 

they are governed by three-dimensional stress fields that 
call for very accurate models. Althoey and Ali [28] pre-
sented a streamlined method and solution for FGM beam 
normal and shear stress analysis based on two material 
functions: power-law (P-FGM) and exponential (E-FGM). 
Furthermore, the influence of material functions on FGM 
beam deflection has been investigated using analytical 
solutions involving simply supported and cantilever FGM 
beams, which exhibited less deformation when compared 
to homogenous steel beams of the same size and loadings, 
they concluded from their findings that the non-dimen-
sional normal stress and shear stress in the E-FGM mate-
rial function model are independent of the elastic modu-
lus values of the constituent materials, but rather depend 
on both the ratio of the elastic modulus and the location 
across the beam thickness. Nguyen et al. [29] used large 
deflection analysis of functionally graded beams based on 
geometrically exact three-dimensional beam theory and 
isogeometric analysis to model the spatial behavior of the 
beams under different loading conditions, with five stan-
dard benchmark test cases carried out to validate the accu-
racy and efficiency of the proposed approach. Guendouz 
et al. [30, 31] Presented a bending-torsional behavior anal-
ysis of the functionally graded materials (FGMs) cantile-
ver beams (I-section, U-section and square-section) were 
studied using a refined 1D/3D beam theories (RBT, RBT* 
and RBTd based on the 3D Saint Venant's solution).

The size-dependent wave dispersion in FG GPLs rein-
forced bi-layer nanobeams embedded in Pasternak elastic 
foundation and subjected to an axial compressive mechan-
ical load and axial magnetic field is investigated by 
Zenkour and Sobhy [32]. Giunta et al. [33] proposed sev-
eral axiomatic refined theories for the linear static analy-
sis of FGM beams whose properties are graded along one 
or two directions, as these beams are subjected undergo 
bending and torsional loadings. Zghal et al. [34] presented 
a first attempt to explore the influence of porosity on bend-
ing static analysis of functionally graded (FG) beams using 
a refined mixed finite element beam model, where a para-
metric study was carried out to show the effects of power 
law index, porosity coefficient, boundary conditions and 
types of porosity distributions on deflections and stresses 
of the studied FG beams.

In this study, we present a three-dimensional model-
ing of the static response of FGM beams using the finite 
element method, in which the FGM beams are modeled 
by hexahedral elements type C3D20R. Numerical results 
are compared with those predicted by other theories and 
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analytical models in the literature to show the effects of 
the power-law index on the flexural response and stresses 
of the FG beams are investigated.

2 Modeling of FGM beam 
FGMs are composed of two or more materials that have var-
ious structural and functional qualities, and the mechani-
cal properties of these elements are optimally dispersed to 
enhance the performance of their overall structure. FGMs 
are often made of a combination of metal and ceramic 
(Fig. 1). The low thermal conductivity of the ceramic com-
ponent provides resistance to high temperatures. On the 
other hand, the ductile metal component resists fracture in 
a remarkably short time when subjected to stresses caused 
by a high-temperature gradient. FGMs are distinguished 
by their non-uniform microstructures and macro-proper-
ties that graduate in space. The variation of the volume 
fractions can be used to characterize how gradually and 
continuously their mechanical properties change from one 
surface to another across the thickness of the beam. 

Many approaches exist in the literature [19, 24, 35, 36] for 
the computation of Young's modulus E(z) and Poisson's ratio 
ν(z), we have the distribution of the power-law functions 
(P-FGM), exponential functions (E-FGM), Mori Tanaka 
functions (M-FGM) and sigmoid functions (S-FGM).

In the study of Khebizi et al. [24], the distribution meth-
ods of the mechanical properties of FGM beams are pre-
sented in detail.

In this work, the material properties of a P-FGM, such 
as Young's modulus E(z) can be determined by the law of 
mixtures as following:

E z E E V z Ec m c m( ) ( ) ( )� � � , (1)

where Ec and Em are respectively the Young's modulus at 
the top (z = +h/2) and bottom (z = –h/2) surfaces of the 
FGM beam, Vc(z) is the volume fraction of the P-FGM 
class, it obeys a power law function according to the fol-
lowing equation:

V z z
h

p

( ) � ��
�
�

�
�
�
1

2
, (2)

where p(0 ≤ p ≤ ∞) is a variable parameter (is the vol-
ume fraction index) that dictates material variation profile 
through the thickness and z is the distance from the mid-
plane of the FG beam.

The volume fractions of the metal (Vm) and the ceramic 
(Vc) constituents related by:

V Vc m� �1  (3)

Hence, from Eqs. (1), (2) and (3), The FG beam becomes 
a fully ceramic beam when p is set to be zero, whereas 
infinite p indicates a fully metallic beam. 

Fig. 2 clearly illustrates how the volume fraction for 
p < 1 changes quickly near the bottom surface and quickly 
increases for p > 1 near the top surface of FGM beams. 

For the present FGM beam model, the top beam surface 
(z = +h/2) is purely ceramic and the bottom beam surface 
(z = –h/2) is purely metal. It is to be mentioned that the 
subscripts m and c refer to the metal and ceramic constit-
uents respectively.

Poisson's ratio has a very small impact on strain when 
compared to Young's modulus. Therefore, Poisson's ratio 
can be assumed to be constant (Khebizi et al. [24], Guenfoud 
et al. [35], Hadji et al. [36], Delale and Erdogan [37], Ben-
Oumrane et al. [38]).

Fig. 1 FGM beam with dimensions and coordinate axes

Fig. 2 Variation of volume fraction of FGM beam along the thickness 
for various power law indexes
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3 Mathematical formulation of C3D20R finite element 
In the present work, the twenty-node brick element (C3D20R) 
with reduced integration points (3 × 3 × 3) is used (Fig. 3), 
where and despite the reduced integration, this element 
behaves very well in bending and rarely displays hourglass-
ing. According to Dhondt [39], the displacement of each 
element is a continuous function of the nodal displacement 
utilizing the shape functions of displacement and geometry.

In traditional finite element formulations, each element 
is given a preset set of material properties, ensuring that 
the property field is constant inside each individual ele-
ment. The material's property function must be discret-
ized in accordance with the element's mesh size in order to 
model a continuously non-homogeneous material.

The formulation provided by Smith [40] indicates 
that this approach can produce significant discontinu-
ities. The assumption of constant properties for each ele-
ment may result in inaccurate conclusions because each 
Gaussian point of the element has its own stress-strain 
curve in the elastic analysis of FGMs. The graded finite 
element is therefore far superior for modeling issues with 
non-homogeneous materials. According to Zafarmand and 
Kadkhodayan [41], second order three-dimensional con-
tinuum (solid) elements should be taken into account while 
doing a 3D elastic analysis. These elements are excellent 
in bending-dominated issues and offer higher accuracy 
than first-order ones for smooth situations that do not 
entail severe element distortions. A hexahedral C3D20R 
element's local domain is a cube that spans from −1 to +1 
(−1 ≤ g, h, r ≤ 1) along each coordinate axis. This ele-
ment has 20 nodes, which are distributed evenly along the 
edges and at the vertices as illustrated in Fig. 3. According 
to Smith's [40] description of the Abaqus node number-
ing standard, for second-order elements, the corner nodes 
are numbered first, followed by the midside nodes as also 
illustrated in Fig. 3. Additionally, it has been demonstrated 
by Liew and Rajendran [42] that the decreased integration 

locations are the so-called superconvergent point, where 
the stress is one order more accurate than at any other point. 
But with less integration, so-called zero-energy modes 
might appear and produce hourglassing.

Based on the study of Smith [40]. The interpolation 
function is given as below:
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Fig. 3 hexahedral finite element (C3D20R); (a) Hexahedral C3D20R 
components with a 3 × 3 × 3 integration point arrangement, (b) Twenty 

nodes of C3D20R element 

(a) (b)
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Reduced integration is used to numerically integrate 
each isoparametric solid element. Gauss integration is uti-
lized for the second-order elements because it is effective 
and particularly suitable for the polynomial product inter-
polations employed in these elements. The interpolation 
function given in Eq. (4) can be expressed as follows for 
the 20-node brick elements:

u u� � �N g h r II I, , sum on . (5)

The isoparametric shape functions can be written as 
(Smith [40]):

N g h r g h r
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and the node of the element is indicated by the super-
script I. The next four vectors Γα

I, ( has a range of four), 
are the hourglass base vectors, which are the deformation 
modes connected to no energy in the 1-point integration 
element but leading to a non-constant strain field in the 
element.

The gradient matrix BI in the uniform strain formula-
tion is defined by integrating across the element as follows 
(Smith [40]):

B
V

N g h r dVI

el V
i
I

el
el
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1

, , , (8)

N g h r N
xi

I
I

i
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�
, (9)

where Vel is the element volume and i has a range of three. 
In the centroidal strain formulation the gradient matrix is 
BI simply given as:

B Ni
I

i
I� � �0 0 0, , , (10)

which has the following antisymmetric property:
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The centroidal strain formulation makes it easier 
to compute the gradient matrix, as can be shown from 
Eqs. (4) to (11). Due to the gradient matrix's antisymmet-
ric property, cost savings also apply to calculations of 
strain and element nodal forces. When the components are 
skewed, the centroidal strain formulation is less precise. 
According to Smith [40], the uniform strain approach and 
the centroidal strain approach are the same for hexahedral 
elements in a parallelepiped configuration.

4 Numerical results and discussions
Here we present and discuss some numerical examples to 
confirm the accuracy of 3D numerical modeling using the 
finite element method in the simulation and prediction of 
free bending responses of a simply supported FGM beam. 
In this work, the P-FGM beam is modeled using Abaqus 
software.

4.1 Numerical applications 
4.1.1 Geometric and materiel properties of FGM beam 
The present work aims at studying a simply supported 
FGM beam. A uniform rectangular beam with length L, 
height h and unit width b is considered for which the ratio 
between its length and height (L/h) is equal to twenty (20). 
A beam with symbolic dimensions is shown in Fig. 1, 
where, x, y and z denote the coordinate axes along the 
length, width and thickness directions, respectively. The 
bottom surface of the beam is assumed to be aluminum 
(Al), while its top surface is assumed to be pure alumina 
(Al2O3), this beam is made of elastic and isotropic material 
with material properties varying smoothly in the z thick-
ness direction. 

The various material properties of the FGM constitu-
ents are presented in Table 1.

This beam is subjected to a uniformly distributed load 
of q = 10 N/m (Fig. 4).

Table 1 Materiel properties of the FGM constituent

Material property Al Al2O3

E (GPa) 70 380

ν 0.3 0.3
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4.1.2 Investigation on mesh dependence/accuracy 
In this section, we investigate the mesh dependence and 
accuracy in beam. The Finite Element Method (FEM) is 
used to model the beams by hexahedral elements of type 
C3D20R with 20 nodes and 27 integration points, and the 
effect of the mesh density on the accuracy of the results 
is examined. A series of numerical simulations are per-
formed with different mesh densities, and the results are 
compared to determine the impact of the mesh density 
on the accuracy of the results. Our findings suggest that 
the accuracy of the results is significantly influenced by 
the mesh density, and that there is a critical mesh density 
beyond which further refinement does not lead to a signif-
icant improvement in the accuracy of the results. These 
simulations are carried out using Abaqus software. The 
effect of mesh density on the accuracy of results is only 
performed for homogeneous beams.

Fig. 5 shows five numerical simulations performed 
with different mesh densities. The mesh density is varied 
by changing the number of elements used to model the 
beams. The number of elements used in the simulations 
ranges from 300 to 60000 as shown in Table 2.

Fig. 6(a) and Table 2 show that the deflection of the 
homogeneous beams (full metal and full ceramic) obtained 
from different mesh densities is not influenced by the mesh 

density. However, the normal stress is significantly influ-
enced by the mesh density (Fig. 6(b) and Table 2). It can 
be noted that beyond a certain mesh density, the improve-
ment in accuracy is marginal, for this reason we have cho-
sen the mesh density of model 5 (Fig. 5(e)). 

The three-dimensional field of vertical displacement 
and normal stresses field σxx of the FGM beam are shown in 
Figs. 7 and 8, respectively. The results of deflection along 

Fig. 4 Geometric characteristics and properties of the FGM beam 
(L/h = 20) subjected to a uniformly distributed load

Fig. 5 Different mesh densities of the FGM beam; (a) Model 1 with 300 elements, (b) Model 2 with 1500 elements, (c) Model 3 with 6000 elements, 
(d) Model 4 with 13500 elements, (e) Model 5 with 60000 elements

(a) (b) (c)

(d) (e)

(b)
Fig. 6 Variation of the deflection and normal stress obtained for 

different mesh densities; (a) variation of the deflection, (b) variation of 
the normal stress

(a)
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the length of the mean- line of the beam (W), the normal 
stresses σxx at mid-span of the FGM beam (x = L/2) and 
the shear stresses σxz at the level of the support (x = 0), 
obtained by the finite element method, are shown in 
Figs. 9 and 10, respectively.

4.1.3 Discussion 
The results obtained for the deflection of the FGM beam 
are shown in Fig. 9 for various power law exponents, p. 
This deflection increases as power law exponent p is 
increased, due to the effect of Young's modulus, which is 
higher for ceramics (P = 0) than for metals (P = + ∞).

As seen from Fig. 10 the variation of normal stresses σxx 
(Fig. 10(a)) through the thickness of the FGM beam is not 
linear and also the values of tensile stresses are lesser than 
compressive stresses. In contrast, for the isotropic beams 
(full-ceramic), the variation of the normal stress is linear 
and the value of normal stress is zero at the mid-plane but 
it is clearly visible that the values of normal stresses are 
not zero at the mid-plane of the FG beam for the other val-
ues of power law index, it indicates that the neutral plane 
of the beam moves towards the upper side of the beam for 
FG-beam. This is due to the variation of Young's modulus 
through the thickness of the FG beam.

Table 2 Deflection and normal stress obtained for different mesh 
densities

Model Mesh 
density

Deflection (full 
ceramic) (mm)

Deflection (full 
metal) (mm)

Normal 
stress (Pa)

Model 1 300 
elements -1.06649E-4 -1.06649 2.968E+3

Model 2 1500 
elements -1.06654E-4 -1.06654 3.026E+3

Model 3 6000 
elements -1.06654E-4 -1.06654 3.012E+3

Model 4 13500 
elements -1.06654E-4 -1.06654 3.009E+3

Model 5 60000 
elements -1.06654E-4 -1.06654 3.007E+3

Fig. 7 Three-dimensional vertical displacement field of FGM beam obtained by Abaqus calculation code for different values of P

Fig. 8 Three-dimensional normal stress field σxx of FGM beam obtained by finite element method using Abaqus calculation code for different values of P
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Fig. 10(b) depicts the variation of the shear stress across 
the thickness of FGM beam. With increasing power law 
index p, the tip of shear stress decreases. It is observed 
that the distribution of the shear stresses σxz, through the 

thickness of the beam is parabolic and symmetric about 
the neutral plane for ceramic isotropic (full ceramic or full 
metal) beams only, while the relative location of the neu-
tral plane is not the same for FGM beams with different 
power law indexes. It is also seen that the maximum value 
of the shear stress is located at a point above the mid-plane 
for FGM beam with power law index: 0.5, 1, 2, 5 and 10.

For the validation of our numerical model in the case 
of bending analysis, we present these results in terms of 
non- dimensional quantities. For convenience, the follow-
ing dimensionless forms are used:

Displacement w x L E h
qL

wm��
�
�

�
�
� �
2

100
3

4
, (12)

Normal stress x L y h h
qLxx xx� �� ��

�
�

�
�
� �

2 2
, , (13)

Shear stress x y bh
qLxz xz� �� �� � �0 0, . (14)

The results obtained from our model are displayed in 
Table 3, and for various non-dimensional displacements 
and stresses of FG beams under uniform load q for dif-
ferent values gradient index p. It can be observed that the 
non-dimensional deflections obtained by our model with 
FEM are in good correlation with the provided results by 
the analytical beam theories (Li et al. [20], Vo et al. [21], 
Nguyen et al. [22] and Chikh [23]). But we observed a dis-
crepancy in terms of shear and especially normal stress.

As shown in Table 3, we translated the obtained results, 
which were compared with previous results in the litera-
ture, into graphs to demonstrate the effect of the power law 
index p on the behavior of FGM beams under a uniformly 
distributed static load. 

Fig. 11 illustrates the variation in non-dimensional 
deflection with respect to changes in the power law index. 
It can be observed that as the power law index parame-
ter is increased, the stiffness of the FGM beam decreases. 
This decrease in stiffness results in an increase in deflec-
tion. This figure also shows a comparison of the results on 
deflection obtained by the present model (with finite ele-
ment method), and these obtained by analytical methods 
(Li et al. [20] model, model of Vo et al. with Navie's the-
ory [21], model of Nguyen et al. with quasi-3d theory [23] 
and Chikh model with HPSDT [23]). As it can be seen 
from Fig. 11, there is a good agreement between the results 
obtained the present model and these obtained by analyt-
ical methods.

Fig. 9 Deflection along the length of the midline FGM beam

(b)
Fig. 10 Distribution of normal stresses σxx at mid-span (at x = L/2) 

and shear stresses σxx at the level of the support (at x = 0) through the 
thickness of P-FGM beam; (a) Normal stresses σxx; (b) Shear stresses σxx

(a)
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Table 3 Comparison of non-dimensional static deflection and stresses of FG beams under uniform load

p Method w̅ = (x = L/2) σ̅xx (x = L/2, z = h/2) σ̅xz (x = 0, y = 0)

0

Present model 2.8747 14.9902 0.6012

Li et al. [20] 2.8962 15.013 0.75

Vo et al. [21] with Navie's theory 2.8947 15.0125 0.7432

Vo et al. [21] with a FEM model 2.8947 15.0200 0.7466

Quasi-3D theory Nguyen et al. [22] 2.8938 15.0079 0.7454

HPSDT (model 1) Chikh [23] 2.8958 15.0087 0.635

HPSDT (model 2) Chikh [23] 2.8962 15.0129 0.7425

0.5

Present model 4.5149 19.5052 0.6145

Li et al. [20] 4.4645 19.7005 0.7676

Vo et al. [21] with Navie's theory / / /

Vo et al. [21] with a FEM model / / /

Quasi-3D theory Nguyen et al. [22] / / /

HPSDT (model 1) Chikh [23] 4.4638 19.6946 0.6526

HPSDT (model 2) Chikh [23] 4.4644 19.7003 0.7595

1

Present model 5.7419 22.2093 0.5991

Li et al [20] 5.8049 23.2054 0.75

Vo et al [21] with Navie's theory 5.7201 23.2046 0.7432

Vo et al [21] with a FEM model 5.7197 23.2200 0.7466

Quasi-3D theory Nguyen et al [22] 5.7179 23.1970 0.7457 

HPSDT (model 1) Chikh, [23] 5.8041 23.1982 0.635

HPSDT (model 2) Chikh, [23] 5.8049 23.2051 0.7425

2

Present model 7.3634 25.0128 0.5692

Li et al. [20] 7.4415 27.0989 0.6787

Vo et al. [21] with Navie's theory 7.2805 27.0988 0.6809 

Vo et al. [21] with a FEM model 7.2797 27.1100 0.6776

Quasi-3D theory Nguyen et al. [22] 7.2770 27.0884 0.6828

HPSDT (model 1) Chikh [23] 7.4403 27.0896 0.5687

HPSDT (model 2) Chikh [23] 7.442 27.0989 0.6795

5

Present model 8.7844 26.5917 0.5509

Li et al. [20] 8.8151 31.8112 0.579

Vo et al. [21] with Navie's theory 8.6479 31.8137 0.6010

Vo et al. [21] with a FEM model 8.6471 31.8300 0.6036

Quasi-3D theory Nguyen et al. [22] 8.6435 31.7987 0.6022

HPSDT (model 1) Chikh [23] 8.813 31.7987 0.481

HPSDT (model 2) Chikh [23] 8.8181 31.8125 0.5988

10

Present model 9.5592 27.4563 0.5521

Li et al. [20] 9.6879 38.1372 0.6436

Vo et al. [21] with Navie's theory 9.5749 38.1395 0.6583

Vo et al. [21] with a FEM model 9.5743 38.1600 0.6675

Quasi-3D theory Nguyen et al. [22] 9.5698 38.1176 0.6595

HPSDT (model 1) Chikh [23] 9.6856 38.1235 0.5364

HPSDT (model 2) Chikh [23] 9.6904 38.1382 0.6563
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Fig. 12 shows the stress variation obtained from the 
present model with FEM and analytical methods. As can 
be seen from this figure and the Table 3, the stress variation 
obtained from the analytical method is generally higher 
than that obtained by the FEM especially if the index 

values are greater than 2. This can be attributed to the fact 
that the FEM takes into account the effects of section defor-
mations (warping, Poisson's effects, distortions and 3D 
behavior), which are not considered in the analytical meth-
ods and on other hand the analytical methods are based on 
several simplified assumptions such as those related to the 
kinematics of the beams. For example, Euler-Bernoulli and 
Timoshenko theories in which assume that the section is 
undeformable (for Bernoulli, the section remains, further-
more, normal to the beam axis after deformation). but the 
present model with FEM it is independent of any kinematic 
or static assumption. This method is based on a theory that 
allows the deformation of the section in and out of its plane 
via the three-dimensional modelling.

Fig. 12 shows that the results obtained by the finite ele-
ment method are the only ones that have a bias compared 
to the results obtained by all other analytical methods.

Fig. 13 shows the non-dimensional shear stress varia-
tion obtained from the present model with FEM and ana-
lytical methods. As can be seen from the figure, the shear 
stress distribution obtained from the FEM is different 
than that obtained with analytical methods. This can be 
attributed to the fact that the FEM takes into account the 
effects of section deformations (warping, Poisson's effects, 
distortions and 3D behavior), which are not considered in 
the analytical methods. However, the difference between 
the FEM and analytical results is not significant, and the 
analytical method provides reasonable approximations for 
the stress distribution.

From the results shown in Table 3 and in Figs. 11, 12 
and 13 we can conclude that the analytical methods have 
some limitations and disadvantages compared to finite 
element methods:

Analytical methods are generally limited to simple geo- 
metries and boundary conditions. Complex geometries and 
boundary conditions may require more advanced analytical 
methods, which can be challenging or even impossible to 
obtain.

Analytical solutions are based on assumptions and 
simplifications that may not hold in real-world situations. 
These assumptions can lead to inaccuracies in the solution, 
particularly for complex problems.

Analytical methods provide closed-form solutions that 
are specific to the problem being analyzed. Changing the 
problem's parameters, such as material properties or bound-
ary conditions, may require a new solution to be derived.

In contrast, finite element methods have several advan-
tages over analytical methods:

Fig. 12 Variation of non-dimensional normal stress σ̅xx in terms of 
power law index P of FGM beam

Fig. 13 Variation of non-dimensional shear stress σ̅xz in function of 
index parameter P of FGM beam

Fig. 11 Variation of non-dimensional deflection w̅ in terms of power 
law index P of FGM beam
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Finite element methods can handle complex geometries 
and boundary conditions and can be adapted to various types 
of problems, such as nonlinear and dynamic problems.

Finite element methods can provide accurate solutions 
for a wide range of problems, even with irregular geome-
tries and boundary conditions.

Finite element methods can be combined with other 
numerical methods, such as optimization algorithms, to 
solve more complex problems.

5 Conclusions
In this paper, a hexahedral finite element type C3D20R 
"quadratic brick element characterized by 20 nodes with 
27 integration points (3 × 3 × 3) was used for the numerical 
analysis of the static behavior of simply supported elas-
tic rectangular FGM beam subjected to uniform loading, 
where the material properties of the FGM beams change 
continuously throughout the thickness of the beam, 
according to the volume fraction of the constituent materi-
als based on the power law functions.

Through numerical bending applications of FGM beams, 
the performance, reliability and versatility of the C3D20R 
element were evaluated. The static study results were com-
pared to analytical models in the literature. The static study 

results were compared to analytical models in the litera-
ture. These comparisons have shown that the non-dimen-
sional deflections obtained by our model with FEM are in 
good correlation with the provided results by the analytical 
beam theories. But we observed a discrepancy in terms of 
shear and especially normal stress. This can be attributed 
to the fact that the FEM takes into account the effects of 
section deformations (warping, Poisson's effects, distor-
tions and 3D behavior), which are not considered in the 
analytical methods and on other hand the analytical meth-
ods are based on several simplified assumptions.

As a result, our three-dimensional modeling based 
on C3D20R hexahedral finite elements implanted in the 
Abaqus calculation code was able to simulate and describe 
the static behavior of P-FGM beams.
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