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Abstract

Determining the optimal location of sensors in order to identify modal parameters in large structures such as dams is one of the most 

important and widely used topics in damage detection and health monitoring of structures. In this research, the modal parameters 

including the natural frequency and mode shape of two arched concrete dams have been calculated using the finite element method 

for healthy and damaged dams. The reduction of the elastic modulus of concrete in different parts and percentages has been used as 

the degree of damage. Then, using the modal confidence criterion (MAC) method, the optimal location of the sensors is determined, 

then the results of this method are compared with the new method. The results show that in both dams, the new method matches 

the MAC method with 90% accuracy. This new method is a fast and suitable measure to determine the optimal location of sensors in 

arched concrete dams.
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1 Introduction
Historically, the science of structural health monitoring 
evolved simultaneously with the development of engi-
neering structures, utilizing various methods for mea-
suring and optimizing the performance of the structural 
system. For instance, in the early nineteenth century, the 
sound produced by a hammer striking a railway track was 
regarded as a criterion for diagnosing damage to or the 
health of this type of system [1]. 

Developed various techniques have been developed 
regarding rotating machinery to monitor the structural 
health of this type of structure using vibration measure-
ment [2]. Since then, various structural systems such as 
buildings, bridges, among others, have been investigated, 
and various methods have been developed in this regard.

Since the dawn of humanity, the construction of dams 
for flood control, the storage of drinking and agricultural 
water, and the maintenance of electricity, among other 
purposes, has been considered. Historically, depending on 

the need of local communities, an effort has been made to 
construct a dam, barrage, or offtake. These types of struc-
tures were primarily constructed for water maintenance 
and storage. 

In some regions, dam building has been practiced to 
raise the water level and direct it to appropriate locations 
for agricultural or other civil purposes and divert the 
flow direction of rivers. Water has long been regarded as 
a valuable resource in Iran, both urban and rural, due to 
water scarcity and unique climate conditions. This issue 
is evident in the construction and development of dams in 
Iranian communities and the preservation of monuments 
from previous eras that demonstrate the value of water to 
them. It is self-evident that any damage to vast structures 
and infrastructure deprives communities of their benefits, 
imposes significant financial losses, may result in irrevers-
ible fatalities and severe damage to intellectual and envi-
ronmental capital. 
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Considering that dams are critical strategic and essen-
tial structures for any country, their safety and perfor-
mance are essential in designing novel structures and 
monitoring their health during operation. Among the var-
ious concrete dam types, arch dams are the most critical, 
both economically and structurally. Arch dams, particu-
larly when compared to concrete gravity dams, are signifi-
cantly more cost-effective and can be built faster. They do, 
however, require high-quality concrete in higher-quality 
and more expensive forms. Additionally, they necessitate 
a more involved design process [3].  

The use of structural modal parameters in structural 
health monitoring dates to the late 1970s. Initially, changes 
in the system's natural frequency were examined in order 
to detect structural damage. Cawley and Adams's [4] 
research is an example of relevant work on this subject. 
Rather than examining the effect of damage on frequency 
changes, some researchers examined the changes in mode 
shapes caused by structural damage. For example, West 
introduced the Modal Assurance Criterion (MAC) con-
cept and attempted to establish a mathematical relation-
ship between the analytical mode shapes and the experi-
mental results. Additionally, some researchers investigated 
alternative methods for detecting damages, such as mode 
shape characteristics [5].

Ghasemi et al. [6] proposed a Monte-Carlo simula-
tion-based approach for accounting for uncertainty effects 
when developing a probabilistic surrogate model. In this 
study, the model was updated using the Enhanced Ideal 
Gas Molecular Movement (EIGMM) algorithm, and the 
proposed method was applied to truss structures. In sum-
mary, this research established that the proposed tech-
nique for detecting structural damage might provide supe-
rior performance while requiring less computational effort 
than the direct finite element method.

Zhu et al. [7] used the quantum genetic algorithm to 
determine the optimal location of sensors on a concrete 
dam. Their primary objective was to ascertain the struc-
tural modal parameters. They accomplished this by pre-
senting an effective and independent criterion using the 
Modal Strain Energy (MSE) method to determine the 
optimal location of sensors on the upstream face of high 
concrete arch dams. 

Chen et al. [8] proposed a combined method for deter-
mining the optimal location of sensors to obtain the dynamic 
response of hydraulic structures. They combined the modal 
assurance criterion (MAC) method with the modal strain 
energy method (MSE) to introduce a new approach for 

mitigating the sensors' initial location effect. This study 
conducted simulations of an arch dam using 20 sensors 
and the structure's first six vibration modes. Additionally, 
this study examined the proposed method's advantages 
and disadvantages compared to other methods such as the 
MAC, Modal Kinetic Energy Criterion, Fisher Information 
Matrix, and Root-Mean Square Error Criterion.

Esmaeilzadeh et al. [9] conducted a study on a con-
crete gravity dam and used the MAC method to deter-
mine the location of damage caused by the Hilbert-Hung 
transfer technique to the concrete gravity dam. They then 
introduced a relative frequency error parameter based on 
changes in the frequencies of damaged points. According 
to the proposed criterion, the results indicated that the pre-
cise length and location of damage in a concrete gravity 
dam could be determined.

Shi et al. [10] used a concrete dam as the case study 
and designed various dam sections by altering the dam 
body's constituent materials. They also conducted stress 
analysis for six different states based on the gravity dam's 
elasto-plastic behavior. The models used in their analy-
ses were the Concrete Damaged Plasticity (CDP) model, 
the Lagrangian Finite Element Model (FEM), and the 
surface-to-surface contact model. Finally, a comparison 
study was conducted, and a design for the combined dam 
structure was optimal.

Zhang et al. [11] conducted extensive research on the 
location of damage to the concrete dam and concluded that 
the seismic damage diagnosis system could be used to mon-
itor seismic damage by recording the dynamic stress his-
tory. Furthermore, this feature was used to determine the 
damage distribution within the dam body's affected area.

Hamidian et al. [12] presented a combined wavelet 
method for damage diagnosis in 2D and 3D irregular contin-
uum structures. They incorporated a neural network model 
and detected the damage location based on the displacement 
and stress outputs from the analysis of the damaged struc-
tures. The results obtained from the analysis were compared 
before and after the damage for detecting damages in the 
presented method. The applied method was highly effective 
at detecting damaged areas within the structure.

Gomez and Purcino Pereira [13] demonstrated how to 
optimize a Fisher Information Matrix using the Firefly 
Algorithm (FIMFA). The optimized sensors effectively 
detected damage in this method, particularly in large and 
complex structures. They demonstrated that the FIMFA 
method could detect damage optimally in various SHM 
applications in complex structures.
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Honarbakhsh et al. [14] conducted numerous studies on 
different structures, including a truss, to identify sensitive 
points. The assumed damage in the members was mod-
eled in this study by decreasing the stiffness of the corre-
sponding element. A truss was subjected to various dam-
age scenarios to evaluate the proposed methods' efficacy. 
The results demonstrated the effectiveness of the methods 
mentioned above. Both methods for detecting damage in the 
truss structure and the two-dimensional frame could accu-
rately determine the location and extent of damages [14].

In 2007, Cotae et al. [15] performed optimization of 
sensor locations and sensitivity analysis to monitor health 
using minimal interference algorithms. The general opti-
mization of sensor locations and sensitivity analysis based 
on minimizing the interference caused by wireless com-
munication between sensors in the presence of additional 
white Gaussian noise (AWGN) has been studied. In this 
study, when the data measured for sensitivity analysis 
by AWGN is variable, we obtain the necessary condi-
tions under which the number of sensors and the optimal 
placements of the sensor remain unchanged. Theoretical 
results are confirmed by simulations that provide details 
of numerical implementations. Li et al. [16] found the opti-
mal placement of thermal sensors for the Shanghai Bridge. 
Yi et al. [17] found the optimal placement of sensors for 
high-rise buildings.

Vegrzyn and Fonseca [18] in 2021 studied the optimiza-
tion of sensor locations to improve the worst detection per-
formance of sensor detection systems. Consider design-
ing a sensor system to detect the emitter in an unknown 
location. For this scenario, the sensors have been placed 
in a typical network pattern. This paper shows that we can 
improve the worst-case detection mode on a network pat-
tern by optimizing sensor locations. Using the Torczon 
local search algorithm, our results show that this algo-
rithm can improve the worst-case scenario by up to 23% 
in the given scenario.

In 2000, Shi et al. [19] studied the placement of an opti-
mal sensor to detect structural damage. A method for opti-
mizing sensor locations and detecting damage in a struc-
ture using the information collected in this study has been 
presented. Unlike most available methods, sensor loca-
tions are prioritized based on their ability to determine the 
location of structural damages based on the specific sensi-
tivity vector method. This is in line with the requirements 
for localization of structural damage. Only a small subset 
of total structural degrees of freedom has been measured, 
and the incomplete states resulting from these optimized 

sensor locations are used to determine the location of 
structural damage. Numerical examples and test results 
show that this method is effective for detecting structural 
damage directly using optimal and incomplete test modes.

In 2020, Han et al. [20] performed a statistically opti-
mized neural network model and its application to monitor 
deformation and predict failure on concrete gravel dams. 
Monitoring the deformation and safety function of CFRDs 
is important in ensuring the safety of human life and prop-
erty in downstream areas. A new predictive model for hor-
izontal displacement of CFRDs, the statistically optimally 
propagated neural network model, combining a statisti-
cal model and a backpropagation neural network model 
(BPNN), located at Dez Dam, Yunnan Province, south-
west China was presented. Accordingly, an improved 
statistical model for the horizontal displacement of con-
crete-face rockfill dams (CFRDs) has been proposed.

In 2021, Altunisik et al. [21] have studies the optimal 
placement of sensors and the capabilities of this method 
to identify the dynamic properties of arch dams. For this 
purpose, a prototype of the arch dam is made in labora-
tory conditions. The Barakeh Arch Dam, located on the 
Ceyhan River in the Ottoman city, is one of the tallest 
arch dams built in Turkey and has been selected for field 
research. Ambient vibration tests are performed using the 
initial locations of Candida sensors at the beginning of the 
study. Advanced frequency amplitude analysis methods 
and stochastic spatial identification methods are used to 
derive experimental dynamic properties. Then, the mea-
surements are repeated according to the optimal sensor 
locations of the dams. These sites are identified using the 
effective independence method. To determine the optimal 
sensor locations, target state matrices obtained from vibra-
tion tests of the selected dam environment with a large 
number of accelerometers are used. The dynamic prop-
erties of each environmental vibration test are compared. 
It is concluded that the dynamic properties obtained from 
the initial measurements and those obtained from a lim-
ited number of sensors are compatible with each other. 
This situation shows that the optimal placement of sensors 
with effective independence method is useful for identify-
ing the dynamic properties of arch dams.

In 2020, Gomes and Pereira [22] studied the optimiza-
tion of sensor placement and damage detection in the body 
structure using the inverse and firefly algorithm. In this 
study, damages are identified by solving an inverse prob-
lem. An E190 fuselage model has been considered and the 
firefly algorithm (FA) has been used to solve the inverse 
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problem to identify structural damage (location and sever-
ity). This method is then solved on two main fronts: (1) 
direct problem using finite element analysis and (2) inverse 
problem by minimizing an objective function. For this pur-
pose, the sensor optimization method is performed using 
Fisher information matrix (FIM). The results are compared 
according to the problem of sensor placement optimization. 
It has been noted that optimized sensors help to improve 
damage detection mainly for complex and large-scale 
structures. Optimal Damage Identification Process Using 
FIM-FA can extend to a wide range of SHM applications 
in complex structures. Therefore, traditional NDIs have 
many defects due to the complexity of large-scale struc-
tures as well as modern design structures, and if access 
to the structure is limited, it is not possible. Accordingly, 
a damage enhancement detection method has been devel-
oped to better manage measurement data to find structural 
changes (or damage) in complex aerospace structures.

In 2018, Gomes et al. [23] studied the optimization of 
sensor placement in vibrating multilayer composite pan-
els. In this study, the optimal sensor placement optimi-
zation for structural health monitoring systems has been 
studied. Several sensor optimization techniques are used 
in the shell structure. The structure, a sheet of carbon 
fiber, was modeled by the finite element method (FEM) 
and then exposed to free vibration. Genetic algorithms 
(Gas) are then used to determine the best sensor distribu-
tion to cover a certain number of low frequency modes. 
Numerical results show the overall efficiency of sensor 
delivery methods.

In 2019, Gomes et al. [24] conducted research on opti-
mizing the multi-purpose sensor placement for SHM sys-
tems by considering the Fisher information matrix and 
interpolating the shape of the mode. Global multifunc-
tional optimization of sensor locations for structural health 
monitoring systems has been studied in this research. 
First, a multilayer composite plate has been modeled using 
the finite element method (FEM) and placed in modal 
analysis. Then, multipurpose genetic (GA) algorithms 
are used to search for the optimal location of the sensors. 
Numerical issues arising from the selection of the opti-
mal sensor configuration in structural dynamics are inves-
tigated. A method for optimizing multi-purpose sensor 
locations using data collected by the FIM and state shape 
interpolation has been presented in this paper. Sensor 
locations are prioritized according to their ability to locate 
structural damage based on the specific sensitivity vector 
method. The method proposed in this paper allows you to 

distribute the acquisition points on a structure in the best 
possible way so that both more modal information and 
data can be obtained from minimum point interpolation 
for better modal reconstruction.

In 2020, Hernandez et al. [25] studied verifying of the 
finite element model of the bridge based on the vibra-
tion monitoring at different stages of construction. Modal 
parameters experimentally obtained for the second stage 
were used to update its corresponding FE model consid-
ering two scenarios, before and after the installation of 
the asphalt pavement. The results presented in this study 
demonstrated that a rigorous construction control is 
needed in order to effectively calibrate FE models during 
the construction process of segmental bridges.

In 2020, Mehboob et al. [26] studied on numerical study 
for evaluation of a vibration-based damage index for effec-
tive damage detection. An improved damage detection 
index for a structural component is proposed, using eigen-
values estimated by means of frequency domain decom-
position and mode contribution subjected to ambient exci-
tation. It is based on vibration measurements obtained 
from the acceleration data of a simple steel beam. Since 
the extraction of modal parameters involves practical 
limitations and, in general, it is difficult to obtain accu-
rate results, therefore in the proposed method a deriva-
tive value of the time series acceleration response, termed 
modal contributing parameter (MCP), is used in combi-
nation with eigenfrequencies. The damage is indicated by 
element stiffness reduction (ESR). Different damage cases 
for various stiffness reduction values of 1% to 15% were 
investigated. Damage identification indices for every sin-
gle damage and multiple damage cases were calculated. 
The modified MCP damage detection index showed a high 
index value, even for low-level damage with an element 
stiffness reduction of as low as 1% over the existing fre-
quency drop and indices based on mode shape change. 
MCP index derived from the modal response, considering 
modal contributions to the entire structural response and 
eigenvalues for damage detection, improved overall sensi-
tivity and reliability of index results. Both single and mul-
tiple cases of damage provided equally accurate results 
based on the MCP index value.

A review of the published research indicates that dam-
age detection in concrete arch dams has received less atten-
tion. Most of studies on dam health monitoring have relied 
on collecting instrumentation data and developing statis-
tical models for predicting likely damages. Examining the 
research conducted on damage detection revealed that the 
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methods examined primarily involved simple structural 
elements such as frames, beams, and trusses (which pos-
sess much more simple governing equations than those 
needed for a dam's behavior).

To this end, the following questions should be addressed: 
what is the optimal location on the arch dam body for col-
lecting the most data from the structure's modal response, 
and how could the optimal location of sensors be deter-
mined through the interpretation of these data and the 
application of modal assurance criterion methods. The cur-
rent research will address these questions by examining 
the detrimental effect on the modal characteristics of con-
crete arch dams. The numerical analysis method in the 
finite element software Abaqus was used to accomplish 
this goal. Finally, the optimal location for placing the sen-
sors is determined by examining the corresponding results 
of the modal deformations in each mode using the modal 
assurance method.

Previous studies have proposed a variety of approaches 
to damage identification. However, the methodologies that 
need the installation of too many sensors at different posi-
tions are known to be costly and in need for carful and 
frequent inspections. In this study, mode shapes and arbi-
trarily imposed damages to different points of a dam were 
used to identify the most appropriate position for install-
ing the sensor for the dam. Therefore, a novelty of this 
research comes in the face of presenting a simple equa-
tion that agrees well with the modal assurance criterion 
(MAC) method.

2 Ease of use assessment criterion
With the limitations inherent in measuring dynamic 
responses in systems with a high degree of freedom, such 
as concrete dams, where the necessary data for identify-
ing structural parameters are not determined adequately, 
diagnosing the structure's health would be prone to errors 
and problems. For this purpose, a selection of the vibration 
measurement points would be addressed first.

By considering the importance of measuring a struc-
ture's vibration motions to determine its vibration modes, 
the question of where to place the sensors to obtain the 
most data and information about the structure is raised.

This study's criterion is based on the minimization 
of the modal assurance matrix (Min-MAC). The modal 
assurance criterion (MAC) is defined in terms of the MAC 
matrix's off-diagonal terms, such that a lower maximum 
value for the matrix's off-diagonal terms indicates greater 
linear independence of the measured modes. 

3 Modeling
Two double curvature concrete arch dams were adopted 
for this study. The first model of a fictive arch dam with 
the corresponding foundation and reservoir, given by the 
ICOLD benchmark workshop formulators. The dam is 
a 220 meter double curved symmetric arch dam that is 
430 m broad at the crest and 80 m at the bottom. The thick-
ness at the center section varies from8 m at the top, to 55 m 
at the base. The foundation model is 1000 m wide, 1000 
m long and 500 m high with a straight river with the same 
geometry as the dam. The reservoir is 500 m long (that is 
approximately two times the dam height) with a constant 
cross section. The second dam considered was Berke Dam 
in Turkey. This dam is 201 m tall, making it one of the 
largest in Turkey. This project began in 1995, was com-
pleted in 1999, and has been in operation in 2001 under the 
supervision of Turkey's Agriculture Ministry (T.C. Tarım 
ve Orman Bakanlığı). This concrete arch dam is located 
in the Düziçi district of the Osmaniye region and built 
on the Ceyhan River. Berke Dam is the region's primary 
source of energy. This dam generates 1458689000 kWh 
(kilowatt-hours) of electrical energy, enough to supply 
power to 440000 people. Water storage capacity behind 
the Berke Dam could be increased to 427 million cubic 
meters, and the reservoir behind this dam covers an area 
of 8.7 square kilometers. For simplicity, DM1 names first 
Dam and DM2 names Berke Dam in this section. 

The investigated model is a concrete double curvature 
arch dam selected for its geometric characteristics and 
dimensions based on Helgren's research [27]. Fig. 1 depicts 
the dam's plan and southern view. Additionally, Table 1 
illustrates the mechanical properties of the concrete used 
to construct these dams.  

The structure's finite element model was created using the 
8-noded element C3D8R in the Abaqus software (Fig. 2). 
As can be seen, the element type chosen for integration is 

Fig. 1 Description of the model geometry corresponding to the concrete 
double curvature arch dam (a) plan, (b) Southern view (DM1)
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a solid, 3D element with 8 Gauss points. Additionally, Fig. 3 
depicts the dam meshing process using the standard 8-noded 
elements for the dam's body. Fig. 4 showed Berke Dam.

To analyze the dam, the transitional and rotational 
degrees of freedom are closed on the right and lower sides 
of the dam.

In the foundation and sides of the dam, the support has 
been considered in fixed mode.

The dam was divided into three zones, as illustrated in 
Fig. 5, namely upper, middle, and lower. Each zone was 
assumed to have three damaged locations, with a total of 
nine damaged locations. 

In this study, because damage reduces stiffness and 
softens the system, the damage is modeled as a decrease 
in the value of the modulus of elasticity. Three damage 
levels were used for this purpose: a 10%, 30%, and 50% 
reduction in the modulus of elasticity. 

The dam structure was first subjected to a linear modal 
analysis to determine the healthy structure's modal char-
acteristics. As previously stated, it is impossible to con-
sider all vibration modes in the analysis of arch dam struc-
tures due to their extremely high degrees of freedom. 
As a result, the modes exerting the most significant influ-
ence on the modal structure responses should be identi-
fied. The modal participating mass ratio was used in this 
study to determine the system's more significant modes, 
as indicated in Table 2. 

These mode shapes, along with their corresponding 
periods and natural frequencies, are depicted in Fig. 6. 

Fig. 2 Element used for the 3D finite element model of the concrete 
arch dam (DM2) [27]

(a) (b)
Fig. 3 The dam body meshing used in the studied double curvature 

arch dams' finite element model, (a) DM1, (b) DM2

Fig. 4 The Berke Dam

Fig. 5 Dividing the dam into different areas

Table 1 Properties of the studied dams

Properties Value Unit

Density 24 kN/m3

Modulus of elasticity 27 GPa

Poisson's ratio 0.20 -
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The effective mode in each direction is identified using 
the vibrated mass values in the vibration modes. Thus, the 
mode of vibration in which the structure's largest mass 
vibrates can be designated as the effective vibration mode. 

3.1 Verification  
Helgren's research [27] from 2015 was used to validate the 
model. For modeling purposes in this study, a symmetrical 
concrete double-curvature arch dam with a height of 220 

m was used. The dam spans 430 meters at its crest and 80 
meters at its base. The dam measures 8 m in width at its 
crest and 55 m at its base, and its height is 220 m. Table 3 
lists the properties of the material used in this dam. 

The dam's applied loads are comprised of the dam's 
weight and the hydrodynamic force generated by the 
water in the dam reservoir. The modal analysis results for 
the first to ninth modes are presented in Table 4 for both 
the current study and Hellgren's work.

Table 2 The modal participating mass ratios

Number of Mode Ux sum(Ux) Uy sum(Uy) Uz sum(Uz)

1 1.74 × 10–7 1 × 10–7 3.13 × 10–9 3 × 10–9 0.091801 0.0918

2 0.24976 0.2497 0.004 0.0042 6.3 × 10–8 0.0918

3 0.02955 0.2793 1.9 × 10–3 0.0061 4. × 10–12 0.0918

4 0.22817 0.5075 1.78 × 10–2 0.0240 2. × 10–10 0.0918

5 3.3 × 10–11 0.5075 1.12 × 10–12 0.0240 0.00623 0.098

6 9.2 × 10–12 0.5075 1.14 × 10–10 0.0240 0.15729 0.2553

7 0.03348 0.5409 7.09 × 10–3 0.0311 3 × 10–10 0.2553

8 0.00781 0.5488 1.29 × 10–1 0.1599 5 × 10–12 0.2553

9 0.0090 0.5578 4.26 × 10–1 0.5858 4 × 10–11 0.2553

10 5 × 10–9 0.5578 5.85 × 10–10 0.5858 0.02271 0.2780

Fig. 6 Mode shapes affecting the dams under evaluation (continuation on the next page)
DM1
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As illustrated in Table 4, the results of both models are 
highly compatible. 

3.2 Investigated scenarios
Fig. 7 illustrates the assumed points for determining the 
optimal location of the sensors and the studied scenarios. 

4 Modal Assurance Criterion (MAC)
The modal assurance criterion (MAC) is a widely used 
technique for performing quantitative comparisons of 
modal vectors. This criterion illustrates the relationship 
between two distinct collections of modal shapes. This 
criterion is also used to evaluate the analytical and exper-
imental modal vectors performance. The MAC coefficient 

Fig. 6 Mode shapes affecting the dams under evaluation

Table 3 The studied dam's properties and the water stored behind it [27]

Density [kg/m3] Poisson's ratio Young/Bulk 
Modulus [GPa]

Arch dam 2400 0.2 27

Foundation 0 0.167 25

Water 1000 - 22

Table 4 Frequency modes of the studied dam DM1

Mode DM1 (Hz) Hellgren (Hz) [27] percentage error 

1 1.42 1.52 0.07

2 1.43 1.54 0.07

3 2.08 2.05 0.01

4 2.36 2.27 0.04

5 2.63 2.53 0.04

6 2.99 2.94 0.02

7 3.25 3.19 0.02

8 3.28 3.32 0.01

9 3.68 3.72 0.01

10 3.99 3.90 0.02

DM2

(a) (b) (c)
Fig. 7 Various scenarios for determining the optimal location for 

sensors; (a) First Scenario, (b) Second Scenario, (c) Third Scenario
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is defined as the normalized scalar coefficient between two 
sets of vectors {ϕA} and {ϕB}, and the equation used to cal-
culate it is as follows [28–29]: 

MACij
A i

T
B j

A i

T
A i B j

T
B j

�
� � � �

� � � � � � � �
� �

� � � �

2

( )( )
. (1)

Zero values indicate the absence of a relationship's con-
sistency, while values equal to unity indicate the pres-
ence of a relationship's consistency. The MAC matrix is 
constructed using all the i and j modal vectors from the 
two sets of mode shapes, with the matrix dimensions 
being proportional to the number of mode shapes consid-
ered. The current research considers a total of ten modes. 
As a result, the MAC matrix is 10 × 10. 

Table 5 Number of selected points and their elevations 
relative to the dam bottom and Table 6 Calculation results 
of the MAC matrix for determining the optimal point in 
various scenarios.

The closer the diagonal elements of the MAC matrix are to 
one and the off-diagonal elements to zero, the more logically 
consistent the two sets of obtained responses are. The high-
est point on the dam crest (point no. 1) is selected as the first 
optimal location for the first sensor in this study by calculat-
ing the MAC matrix. The second optimal point is selected 
in this manner to maximize the linear independence of the 
mode shapes. After determining the first point, the optimal 
value of the following matrix is calculated as follows:

MAC j j n( , ) , , ,1 1 2=  . (2)

In the above expression above, n denotes the candi-
date number of points for the optimal location of sen-
sors. Following the calculation of the MAC matrix, each 
matrix's most significant off-diagonal element can be cal-
culated using the following expression:

MAC Non Diag MAC j j n� � �� � �( , ) , , ,1 1 2 . (3)

Following this, the element with the lowest value is 
selected from each matrix's largest off-diagonal elements, 
which indicates the point at which the modes have the 
most significant linear independence. 

As shown in Fig. 8, a sample of the matrices was obtained 
from the MAC method used to determine the optimal point 
in scenario no. 1 in the x-direction. 

Figs. 9 to 12 depict the optimal locations for sensors to 
receive the maximum data of the structure mode shapes in 
the x and y directions, respectively.

5 Proposed equation for optimal location of sensors
In this study, once finished with calculating the modes of 
healthy and damaged dams, all outputs related to the mid 
points as well as the ones on both sides of the dam were 
extracted. Finally, the following equation was used to 
obtain the difference in displacement between the healthy 
and damaged dam modes at different damage percentages. 
The percent displacement difference between the two 
dams was obtained via the following equation. This equa-
tion is based on the displacement difference between the 
healthy and damaged dams.

ei j
i j

d
i j

i j�
� �
�

,
, ,

,�
�

�100  (4)

Table 5 Number of selected points and their elevations relative to the 
dam bottom

DM1

Point No. 1 2 3 4 5

Elevation (m) 219 211 199 187 175

Point No. 6 7 8 9 10

Elevation (m) 161 148 135 123 111

Point No. 11 12 13 14 15

Elevation (m) 99.4 87.5 75.3 63.4 51.6

Point No. 16 17 18 19 20
Elevation (m) 39.8 27.8 15.9 3.97 0

DM2

Point No. 1 2 3 4 5 6 7 8

Elevation (m) 201 201 189 174 159 145 130 115

Point No. 9 10 11 12 13 14 15 16

Elevation (m) 101 86 71 56 41 26 12 0

Table 6 Calculation results of the MAC matrix for determining the 
optimal point in various scenarios

DM1

Scenario
Optimal location 

considering the modes in 
the x-direction

Optimal location 
considering the modes in 

the y-direction

1 1, 5, 7, 9, 10, 14 1, 7, 10, 11, 12

2 1, 2, 3, 5, 7, 9, 10, 11, 15 1, 7, 8, 9, 10, 15

3 1, 3, 5, 7, 9, 10, 14 1, 8, 9, 10, 11

DM2

Scenario
Optimal location 

considering the modes in 
the x-direction

Optimal location 
considering the modes in 

the y-direction

1 1, 3, 4, 5, 6, 7, 10, 14 1, 4, 5, 7, 10, 14

2 1, 4, 6, 7, 8, 9, 10, 11, 12 1, 6, 7, 8, 10, 11, 12

3 1, 3, 6, 8, 10, 11 1, 6, 8, 10, 11
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In this equation, ei jφ
,  us the percent difference in dis-

placement between the two structures in the same mode 
at point j, ϕi,j denotes the displacement of the healthy 

structure in mode i, and ed
i j,  refers to displacement of the 

damaged structure in mode i.
In this research, investigating the displacements along 

x and y axes, it was observed that the displacement along 
y-axis was negligible in majority of modes, leading to 
insignificant displacement differences in this direction. 
Accordingly, investigations were focused on the x-axis 
where the differences, and hence the sensitivity, were higher.

Upon a curve fitting, the following relationship was 
obtained for explaining the association between relative 
height and damage percentage for all points. This relation-
ship was obtained by overlapping more than 90% of the 
data points. All calculations were conducted in MATLAB. 
The following equation was obtained under Scenario I:

The proposed equation for one-eights of the dam length 
from the banks (Scenario I, Fig. 13.) at 100% water level 
is as follows:

Fig. 8 A sample of the MAC matrix calculations corresponding to the 
second optimal point in scenario no. 1, considering the modes in the 

x-direction

Fig. 9 DM1 optimal sensor locations to obtain the maximum data on the 
mode shapes in the x-direction for various scenarios 

Fig. 10 A. DM2 optimal sensor locations to obtain the maximum data 
on the mode shapes in the y-direction for various scenarios 

Fig. 11 DM1 optimal sensor locations to obtain the maximum data on 
the mode shapes in the x-direction for various scenarios 

Fig. 12 DM2 optimal sensor locations to obtain the maximum data on 
the mode shapes in the y-direction for various scenarios 
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e x xi j
�
,

. sin( . . ) . sin( . . )

sin( .

� � � � �

�

94 2 0 184 0 0052 3 49 7 64 1 23

2 38 119 3 306 2 19 25 85 1 19

1 338 61 83 1 5 2 89

x x

x

� � �

� � �

. ) . sin( . . )

. sin( . . ) . ssin( . . )

. sin( . . )

� �

� �

28 23 1 27

2 25 14 42 1 139

x

x

 (5)

Upon a curve fitting, the following relationship was 
obtained for explaining the association between relative 
height and damage percentage for all points. This relation-
shipwas obtained by overlapping more than 90% of the 
data points. All calculations were conducted in MATLAB. 
The following equation was obtained under Scenario II 
(Fig. 14):

And the proposed equation for the middle axis (half-
crown height) takes the following form (Eq. (6)):

e x xi j
�
,

. sin( . . ) . sin( . . )

. sin( .

� � � �

�

213 4 0 78 0 43 3 98 9 43 2 23

2 42 11 226 2 53 194 2 0 84 2 74

8 572 4 19 2 98 7 52

x x

x

� � �

� � �

. ) . sin( . . )

. sin( . . ) . siin( . . )

. sin( . . )

4 615 0 63

2 76 7 06 1 53

x

x

�

� �

 (6)

For Scenario III (Fig. 15), a similar procedure to that 
implemented for Scenarios I and II was undertaken.

The proposed equation for one-four of the dam length 
from the banks (Scenario I) at 100% water level is as follows:

e x xi j
�
,

. sin( . . ) . sin( . . )

. sin(

� � � �

�

12 84 2 54 0 19 1 29 21 79 6 785

1 36 311 39 4 45 3 24 12 36 2 304

37 63 97 3 07 0 3

. . ) . sin( . . )

. sin( . . ) .

x x

x

� � �

� � � 77 54 22 0 14

1 079 47 62 2 646

sin( . . )

. sin( . . )

x

x

�

� �

 
(7)

Considering the plots, the peaks indicate the points that 
correspond to the maximum difference between healthy 
and damage modes, making the best positions for install-
ing the sensors for maximizing the information acquisi-
tion and reporting. The following tables (Tables 7–8) pro-
vide a list of the optimal sensor positions as per MAC and 
the proposed relationship. These tables refer to the first 
dam, i.e., Dam DM1. All values under different scenarios 
are indicated on the basis of relative heights with reference 
to the dam height.

Fig. 13 Curve fitting to all calculated points with different damage percentages over Dam DM1 under Scenario I.

Fig. 14 Curve fitting to all calculated points with different damage percentages over Dam DM1
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Fig. 15 Curve fitting to all calculated points with different damage percentages over Dam DM1 under Scenario I. (water level 100 percent)

Investigating the optimal positions on the studied dam 
under Scenarios II and III based on the MAC, we observed 
that distribution of the optimally-positioned sensors 
extends from a relative height of 0.32 up to the dam crown. 
Indeed, the points at relative heights of 1 (the dam crown), 
0.95, 0.64, 0.41, and 0.32 were optimal under all of the 
three scenarios. Optimal sensor positions are compared 
between the MAC and the proposed equation in Table 9.

Considering the best positions for sensors as per MAC 
and the peaks of the fitted curve based on the proposed 
equation, it is evident that these two sets of positions closely 
resemble one another, being within 5% of one another. 
In the proposed methodology, one should further consider 
a constraint for point selection to ensure that the selected 
positions fall in a relative height of at least 0.3. Therefore, 
the following relationships can be developed to give the 
optimal sensor position based on the proposed equation:

According to the proposed equation, best sensor posi-
tions under Scenario I (i.e., one-eights of dam length from 
banks) are as follows:

( )

. . cos( . . ) . cos( . .

,e

x x

i j
� � �

� � � �

0

17 3394 2 0 184 0 0052 26 59 7 64 1 23))

. cos( . . ) . cos( . . )

. cos(

� � � �

�

78 38 38 19 3 306 56 61 25 85 1 19

82 73 6

x x

11 83 1 5 81 58 28 23 1 27

32 445 14 42 1 139

. . ) . cos( . . )

. cos( . . )

x x

x

� � � �

� � �� 0

 

(8)
Under Scenario II, the proposed equation gives the fol-

lowing best sensor positions:

( )

. cos( . . ) . cos( . . )

.

,e

x x

i j
� � �

� � �

�

0

166 45 0 78 0 43 37 53 9 43 2 23

27 25ccos( . . ) . cos( . . )

. cos( . .

11 26 2 53 163 13 0 84 2 74

35 92 4 19 2 9

x x

x

� � �

� � 88 34 7 4 615 0 63

19 49 7 06 1 53 0

) . cos( . . )

. cos( . . )

� �

� � �

x

x

 (9)

Under Scenario III, the proposed equation gives the fol-
lowing best sensor positions:

Table 7 Optimal positions for the sensors in x-direction of the structure 
under different scenarios, as per MAC, in Dam DM1

Scenarios I Scenarios II Scenarios III

one-eights half dam one-four

1 1 1

0.95 0.95 0.95

0.81 0.86 0.86

0.68 0.77 0.82

0.64 0.64 0.80

0.52 0.52 0.66

0.48 0.41 0.64

0.41 0.36 0.41

0.32 0.32 0.32

Table 8 Optimal positions for the sensors in x-direction of the structure 
under different scenarios, as per MAC, in Dam DM2

(H/Hmax) Relative height

Scenarios I Scenarios II Scenarios III

1 1 1

0.95 0.95 0.95

0.81 0.86 0.86

0.68 0.77 0.82

0.64 0.64 0.8

0.52 0.52 0.66

0.48 0.41 0.64

0.41 0.36 0.41

0.32 0.32 0.32
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In order to investigate the precision and accuracy of 
the results of the proposed equation, optimal sensor posi-
tions were calculated for Berke Dam in Turkey with the 
specifications given in Fig. 2, with the results presented in 
Table 10. The positions were once more calculated by the 
MAC, and the table further compares the results of the two 
methodologies. 

Comparing the results on the Berke Dam by using the 
MAC and the proposed methodology under the three sce-
narios, it was observed that the two techniques returned 
very close outcomes with a maximum difference of 6%, 
indicating good agreement of the results. Nevertheless, the 
proposed methodology identifies more positions for sen-
sors, which can be utilized should a higher level of accu-
racy be required for a particular project.

The present study is aimed at proposing a fast, inexpen-
sive, and reliable method for locating sensors to acquire 
information for dam monitoring and damage prevention.

6 Conclusions
In the present research, the modal assurance criterion was 
used to analyze data from a modal analysis conducted on 
a large double curvature arch dam in three scenarios. Identify 
potential damage points, and the optimal locations for sen-
sors were identified and presented. Overall, the research's 
most significant findings can be summarized as follows:

• The elevations for placing sensors and sensitive points 
in each of the three defined scenarios are nearly iden- 
tical.

• On all elevations, the optimal location for sensor 
installation in all scenarios was the dam crest. 
As a result, the dam crest is a critical and sensitive 
location that should be considered.

• Along with the point specified on the dam crest, 
points in the middle of the dam body are also desir-
able locations for the sensors.

• When the optimal points were located using the 
modes at the x-direction, the ratio of the optimal point 
height to the dam height (from the bottom) was 0.8, 
0.68, 0.56, 0.51, and 0.29 in scenario no.1. This ratio 
indicates that the middle portion of the dam body 
between 0.51 and 0.68 includes the optimal x-direc-
tion points in scenario no.1. The investigation of sce-
nario no. 2 revealed that the optimal point height to 

Table 9 Comparison of proposed equation with MAC in terms of 
optimal positions for the sensors in x-direction of the structure under 

different scenarios in Dam DM1

Relative height (H/Hmax)

Scenarios I Scenarios II Scenarios III

MAC Proposed 
relationship MAC Proposed 

relationship MAC Proposed 
relationship

1 1 1 1 1 1

0.95 0.95 0.95 0.96 0.95 0.97

- 0.86  - 0.92 0.86 0.86

0.81 0.81 0.86 0.84 0.82 0.82

 - 0.78 - 0.77 0.80 0.75

 - 0.71 0.73 0.71 0.66 0.69

0.68 0.66 0.64 0.63 0.64 0.62

0.64 0.62 0.52 0.52 - 0.53

0.52 0.54 - 0.43 - 0.48

0.48 0.45 0.41 0.41 0.41 0.41

0.41 0.38 0.36 0.34 0.32 0.38

0.32 0.32 0.32   0.12

 0.23    0.08

 0.19     

 0.15     

Table 10 Comparison of the proposed relation of the optimal location 
of sensors and the MAC method in the X direction for the DM2 dam in 

different scenarios

Relative height (H/Hmax)

Scenarios I Scenarios II Scenarios III

MAC Proposed 
relationship MAC Proposed 

relationship MAC Proposed 
relationship

1 1 1 1 1 1

0.91 0.95  0.96  0.97

0.86 0.86  0.92 0.91 0.86

 0.81  0.84 0.82 0.82

0.76 0.78 0.76 0.77  0.75

0.71 0.71 0.71 0.71 0.68 0.69

 0.66 0.62 0.63 0.57 0.62

 0.62 0.57  0.53 0.53

0.57 0.54 0.52 0.52 0.48 0.48

 0.45 0.48   0.41

 0.38 0.43 0.43  0.38

 0.32 0.38 0.41  0.12

0.24 0.23 0.31 0.34  0.08

 0.19     

 0.15     
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the dam height (from the bottom) ratios were 0.96, 
0.91, 0.8, 0.68, 0.56, 0.51, 0.45, and 0.24, respec-
tively. As demonstrated in this scenario, the opti-
mal points at the top and middle portions are critical. 
The ratio of optimal point height to dam height (from 
the bottom) was 0.96, 0.91, 0.80, 0.68, 0.56, 051, and 
0.29 in the third scenario. It is worth noting that the 
optimal points in this scenario are nearly identical to 
the optimal points in the second scenario, implying 
that the results are nearly identical.

• When the optimal points were located using the modes 
at the y-direction, the ratio of the optimal point height 
to the dam height (from the bottom) was 0.68, 0.51, 
0.45, and 0.40 in scenario no.1. This ratio indicates 
that the middle portion of the dam body between 0.40 
and 0.68 contains the optimal points for the y-direction 
modes. Investigating scenario no. 2 in the y-direction 
revealed that the ratio of optimal point height to dam 
height (from the bottom) was 0.68, 0.61,0.56,0.51 
0.24, respectively. As demonstrated in this scenario, 
the optimal points in the middle portion are also criti-
cal. In the third scenario, the optimal point height was 
equal to the dam height (from the bottom) by a factor 
of 0.62, 0.56, 0.51, and 0.24, respectively. It is noted 
that the optimal points in this scenario are nearly sym-
metrical concerning the optimal points in the second 
scenario, which produces nearly identical results.

• Analyses of the results in both the x and y directions 
revealed that the points located on the dam crest are 
critical for dam control because they are located in 
an area critical for dam control. As the client deter-
mines the number of sensors to be used, one could 
be installed one on the dam crest and the remaining 
sensors distributed throughout the body, as shown in 
the relevant table.

• The points closest to the lower portion of this dam 
have a high sensitivity. At the points corresponding 
to the right and left portions, it is observed that the 
middle points are more sensitive. Where damage 
occurs at the upper, middle, and lower portions, the 
middle points exhibit a greater sensitivity.

• Additionally, when examining the middle points, it is 
observed that the points closest to the dam's upper 
portion have a higher sensitivity than the points clos-
est to the dam's base.

• When all points are investigated, it is observed that 
points 1, 6, and 10 have a similar sensitivity to all 
scenarios, and their sensitivity is significant.

• Point 8 is critical in both the left and right corner 
scenarios, and it is significant and sensitive in both 
scenarios.

• Following an examination of the data presented 
in this study, it was determined that the second 
and fifth modes are more sensitive than the others. 
The difference is calculated using the modal assur-
ance criterion method. However, the proposed cri-
terion identifies the sensitive modes first and then 
the sensitive points for sensor installation. Both the 
proposed method and the MAC method demonstrate 
that the points in the middle of the dam body up to its 
crest are the most sensitive and that as we approach 
the lower portion of the dam, the difference between 
healthy and damaged dam displacements decreases.

• By selecting the second and fifth modes as the dom-
inant modes, a relationship between dam height 
and the ratio of healthy-dam displacement to dam-
aged-dam displacement could be derived.

• The relationship proposed in this paper is highly 
compatible with the MAC method, which can be 
used more reliably in its place.
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