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Abstract

Nowadays, attention to railways has been increased as one of the important transportation methods. Various factors can cause 

longitudinal forces on the railway tracks, so the most important factors are the temperature changes due to the rail contraction 

and expansion (thermal forces), train braking system forces and acceleration, etc. Increasing longitudinal force can lead to buckling 

phenomena in railway tracks. In this paper, the effects of tensile and compressive longitudinal forces on the parameters of rail, 

sleeper, and ballast layers under vertical moving loads are investigated by using the finite element method. In this regard, by 

performing sensitivity analyses for different values of longitudinal forces and train speeds dynamic responses (displacement, velocity, 

and acceleration) of railway track components like rail, sleeper, and ballast have been studied. The results show that increasing the 

values of longitudinal axial force from –2000 [kN] up to 2000 [kN] as well as increasing the train speed from 10 [m/s] (36 [km/h]) up to 

100 [m/s] (360 [km/h]) increases the rail displacement and velocity in the range of 25% up to 37% also the rail acceleration in the range 

of 9% up to 14%. The velocity and acceleration of the sleeper also the ballast velocity increase in the range of 24% up to 30% and 7% up 

to 9%, respectively, by increasing the speed of the train from 10 [m/s] (36 [km/h]) to 100 [m/s] (360 [km/h]) in all three modes without 

applying axial force, considering compressive and tensile one in the train-track interaction system.
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1 Introduction 
Due to the dynamic nature of the train-track interaction 
problem, researchers have interest to analyze the dynamic 
effects of the different forces on the railway tracks [1]. 
One of the main considerations in analyzing the dynamic 
behavior of rail is the evaluation of the stiffness matrix of 
the system as it changes constantly over [2]. Since the past, 
different methods have been developed for the dynamic 
analysis of the train-track interaction used by researchers. 
Over the years the researchers have taken more complete 
assumptions to resolve the issue, from the moving load 
to more complete models of the moving vehicle [3]. Also 
besides, the track and infrastructure system models have 
been considered by researchers from simple models such 
as beam on an elastic foundation to more accurate mod-
els today [4]. There are various methods used to solve the 
train-track interaction problems, such as closed-loop solu-
tions (Fourier transforms), and numerical solutions (the 
finite element method). Xu et al. [5] analyzed the effect 

of lateral and local rail displacement on the train–track 
dynamic interaction in high-speed railway tracks. In this 
study, they assumed the laterally and locally deformed rail 
as a curved rail and simulated the train–track interaction 
with lateral and local rail deformation using a reduced 
beam model with required modifications to provide the 
curved rail. In the finite element method due to the spec-
ified model, degrees of freedom have clarified and the 
related equations of motions of the model also have been 
obtained. Then by solving these equations of motions, the 
expected analysis is performed. It should be noted that in 
the mentioned method because of the varying load of the 
vehicle, the stiffness matrix in each time step has been 
changed that research are dealing with a new stiffness 
matrix or new equations of motions in the system [6, 7].

In the analysis of train-track interaction problems for 
the moving load of the vehicle, the load vector is required 
to be modified at any time step to enter the correct position 
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of the load at any moment into the related calculations [8]. 
Also, due to the contact stiffness between the vehicle and 
the rails in considering the effect of vehicle load and its 
mass and stiffness, the analysis is required to correct the 
stiffness and damping matrices and also the mass matri-
ces according to the motion of the vehicle at each time 
step [9]. In this analysis, also it is necessary to create artifi-
cial boundary conditions at the end of modeled rail. Fryba 
investigated the behavior of railway track as a beam on an 
elastic foundation under moving loads [10]. Hou et al. [11] 
considered an asymmetrical finite element method from 
the track and train system. In their study, the vehicle as 
a two-dimensional wagon with two-axle bogies with 10 
degrees of freedom and rail as a continuous beam were 
considered. The results of the various components of the 
track were then presented as time history graphs of dis-
placement, velocity, and acceleration. Zhai and Sun  [12] 
arranged complete modeling to understand how train-track 
interaction is occurred. In their research, they divided the 
model into two subsystems of vehicle and track, as well 
as a three-layers-model for the track subsystem including 
rail, sleeper, ballast is assumed. In this research, rail is 
modeled as an infinite Euler-Bernoulli beam supported on 
a discrete-continuous elastic foundation. Wang et al. [13] 
evaluated the coupled effect on the running safety between 
elastic railway tracks and longitudinal stimulation of Long 
Heavy Haul Train (LHHT) using a train-track dynamic 
interaction model based on connection substructure the-
ory. Zakeri and Xia [14] applied a two-dimensional finite 
element model to solve the dynamic train-track interac-
tion problem. They used a combination of finite elements 
and two infinite elements to reduce the effects of bound-
ary conditions on the dynamic response of the track and 
train. Zakeri et al. [15] investigated the effect of partially 
and unsupported sleepers on the rail's vertical displace-
ment via a numerical analysis and under varied circum-
stances. In this research, and Euler-Bernoulli beam was 
used for a railway track model on discrete elastic supports 
as a system with connected mass, spring, and damper. 
Alkaissi  [16] generated a combined 3D finite element 
model to simulate a railway track system with a ballast 
foundation that could better anticipate the train-induced 
vibrations and obtain dynamic responses of the train-track 
interaction system. Liu  et  al.  [17] suggested connecting 
the two calibrated FEM (finite element model) and DEM 
(discrete element model) models to create a more realistic 
ballasted railway track model for predicting the dynamic 
responses of the train-track system.

In this research, the effects of tensile and compressive 
longitudinal forces on the parameters of rail, sleeper, and 
ballast layers under vertical moving loads have been inves-
tigated by using the finite element method. In this regard, 
by performing sensitivity analyses for different values of 
longitudinal forces and train speeds, parameters of railway 
track components have been studied as time history graphs.

2 Train-track model
In this paper, the ballasted railway track including rail, 
sleeper and ballast layers was simulated as a three-layer 
mass-spring model and also the moving vehicle was mod-
eled as a two-dimensional car body with two-axle bogies 
and four wheel-sets with total 10 degrees of freedom. 
The  numerical simulation is used in this research via 
MATLAB coding software [18] based on the finite element 
method. For analyzing the model, the Wilson-Theta numer-
ical method was utilized, and sensitivity analyses were 
done based on train speed changes from 36 up to 360 km/h 
for various models with and without applying longitudinal 
compressive and tensile forces. Also, the results achieved 
in this research are compared with the results of other 
numerical results. The model of the track and the moving 
vehicle can be seen in Fig. 1. In this paper, the track model 
was studied in three states without considering longitudi-
nal force, considering compressive longitudinal force (C) 
(positive value [+]) and also considering tensile longitudi-
nal force (T) (negative value [–]) as shown in Fig. 1. 

The general equations of motion for a multiple-degree 
of freedom discrete system with n degrees of freedom are 
written as [19–21]:

M C X K X FXT T T� �� ��� �� ��� �� ��� �  	 (1)

Fig. 1 Track and moving vehicle model without and with considering 
compressive longitudinal force(C) (positive value [+]) and tensile 

longitudinal force (T) (negative value [–])
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Parameters of the mentioned equation are presented in 
Table 1.

Since the purpose of this study is to investigate the effect 
of the longitudinal force, the Rail New Stiffness Matrix 
[KRail(New)] will be given below by considering the longitu-
dinal axial force effect:
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(3)

In these Matrices, parameters of E, I, L, and P are the 
modulus of elasticity, moment of inertia of the beam ele-
ment, the length of the element and the longitudinal axial 

force in the form of tensile and compressive force, respec-
tively. Also, the form of the stiffness matrix for both rail-
way track and train model will be as follows (Eq. (4)):
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In Eq. (4). KC and KW = carbody and wheel stiffness 
matrix; KC/W and KW/C = car body-wheel and wheel-car body 
interaction stiffness matrix; KW/Rn and KRn/W = wheel-Rail 
new and Rail new-wheel stiffness matrix; KS = sleeper 
stiffness matrix; KB = ballast stiffness matrix; KS/B and 
KB/S = sleeper-ballast and ballast-sleeper stiffness matrix; 
KRn = Rail new stiffness matrix; KRn/S and KS/Rn = Rail new-
sleeper and sleeper-Rail new stiffness matrix, respectively. 
The equations of motion for the railway track components 
are similar to the ones used in Zakeri et al. [22] and for the 
vehicle including car body, bogie and wheels are as Table 2. 

In Table 2 MC and JC = mass and inertia of car body; 
Mtd and Jtd = mass and inertia of d bogie; Mwp = mass of 
p wheel; Ktd and Ctd = stiffness and damping matrix of 
d bogie; Kwp and Cwp = stiffness and damping matrix of 
p wheel, respectively [22]. 

Table 1 Parameters of Eq. (1)

Parameters Descriptions

[MT] Total mass matrix of the system [MT]: [MC] + [MR]

[CT] Total damping matrix of the system [CT]: [CC] + [CR]

[KT] Total stiffness matrix of the system [KT]: [KC] + [KR]

Acceleration vector of the train-track system

Velocity vector of the train-track system

{X} Displacement vector of the train-track system

{F} Externally applied force to the train-track system

[MC] mass matrix of the vehicle [MC]: [MCarbody] + [MBogie] + [MWheel]

[MR] mass matrix of the railway track [MR]: [MRail] + [MSleeper] + [MBallast]

[CC] damping matrix of the vehicle [CC]: [CCarbody] + [CBogie] + [CWheel]

[CR] damping matrix of the railway track [CR]: [CRail] + [CSleeper] + [CBallast]

[KC] stiffness matrix of the vehicle [KC]: [KCarbody] + [KBogie] + [KWheel]

[KR] stiffness matrix of the railway track [KR]: [KRail] + [KSleeper] + [KBallast]

[KRn[kN/m]] Rail new stiffness matrix [KRn]: [KRail] – P × [KGSM]

[CRail] damping matrix of the Rail [CRail]: α[MRail] + β[KRn]

α Rayleigh coefficient for mass matrix α: 400 [–]

β Rayleigh coefficient for rail new stiffness matrix β: 4 × 10–7 [–]

[KGSM] Geometric Stiffness Matrix of the rail including longitudinal (axial) force (P) [kN/m]

X� �
X� �
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The behavior of dynamic systems under the influence 
of time-dependent variations can be investigated based 
on ordinary differential equations. Numerical methods 
are very helpful when the differential equations of motion 
cannot be solved in a closed-form. Also, there are many 
numerical integration methods used to solve such equa-
tions of motion. The two main methods used for direct 
integration are: 1) explicit method, 2) implicit method. One 
of the methods used in the collection of implicit methods 
is the Wilson-Theta numerical integration method. Due 
to the accuracy and precision of the method and its high 
applicability used by previous researchers, this method is 
used in this paper to solve the final equations which will 
be described in following.

3 Wilson-Theta numerical integration method
The complete algorithm used in the Wilson-Theta method 
is showed in Fig. 2.

Fig. 2 shows the algorithm of the Wilson Theta numeri-
cal method [23–25] to solve the problem of dynamic train-
track interaction. As can be seen in this method, first the 
stiffness, damping, and mass matrices of the whole sys-
tem are calculated, and by estimating the initial values for 
displacement (X0), velocity (Ẋ0), and acceleration (Ẍ 0) and 
selecting a specific time step (∆t), the constant coefficients 
(α0 to α8) of this method calculated. Then, by using these 
coefficients and within a loop and for the next time steps, 
the external load, acceleration (Ẍ t+θ∆t), velocity (Ẋt+θ∆t), and 
displacement (Xt+θ∆t) matrices of the system are calculated.

4 Analysis algorithm of train–track dynamic problem
In the current study, four vertical moving loads are mod-
eled on the rail by using finite element method. In this 
case, the length of the railway track is assumed to be 100.2 

meters, including 167 beam elements with 0.6 meters long 
and also 168 nodes, that starting and ending nodes are 
considered to be the fixed joint supports in the modeling 
and considered sleeper is 0.6 m. In this situation, the ver-
tical loads on the rail are introduced as vertical loads with 
a value of 100 kN. These moving loads run at a speed of 
20 [m/s] (72 [km/h]) along the track. Fig. 3 shows the anal-
ysis algorithm of train – track dynamic interaction.

Fig. 3 shows how to perform and analyze for solving 
train–track dynamic problem by using finite element cod-
ing method. In this algorithm, first, the specifications 
of the railway track and the moving vehicle are given 
to the software as input data, and by using these data in 
the next step, the mass, stiffness, and damping matrices 
of these two parts had calculated. Also, the rail stiffness 
matrix had been calculated according to investigate the 
effects of a considering longitudinal force in the railway 
track. Then, the coding software is starting to obtain the 
dynamic responses by using an iteration loop that con-
tinues until the moving loads are on the railway track. 
The approach used for numerical simulation in this soft-
ware is the Wilson-Theta method. In the continuation of 
the research, diagrams related to sensitivity analysis for 
changes in longitudinal forces and velocity had been pre-
sented. The various values of the track components and 
the different parameters of the moving vehicle in the bal-
lasted-railway track system used in MATLAB coding are 
in Table 3 as follows: [26, 27]

5 Validation of the research results
This section presents a graph of numerical simulation 
results obtained using the Wilson-Theta method and com-
pared with the results of Zakeri and Xia's [14] research on 
rail displacement.

Table 2 derived equations of motion of moving vehicle 

Vehicle 
components Vehicle motion Derived equations

Car body

Vertical motion (XC)

Rotational motion (φC)

Bogie

Vertical motion of d bogie 
(Xtd)

Rotational motion of d 
bogie (φtd)

Wheel Vertical motion of p wheel 
(Xwp)
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As shown in the Fig 4. diagram, the results obtained 
through software simulation are in good accordance with 
the results of previous study on the rail displacement of 
four moving loads at a train speed of 20 [m/s].

6 Dynamic responses of train-track system
In this section, output results for rail displacement, 
sleeper velocity, ballast acceleration, at a speed of 20 [m/s] 
(72 [km/h]) and also a longitudinal force with the amount 
of 1500 [kN] are presented as follows:

Fig. 5(a) shows a chart of the vertical displacement 
changes of the rail according to the position of the mov-
ing loads on the railway track with and without applying 
a compressive and tensile axial force of 1500 [kN] at T = 
2.5 seconds. As shown in Fig. 5(a), the maximum displace-
ment of the rail that occurs in the middle of the railway 
track decreases by moving away from wheel loads. Fig. 
5(b) shows a peak values of sleeper velocity chart accord-
ing to the position of the moving loads on the railway track 
with and without applying a compressive and tensile axial 
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Fig. 2 The analysis algorithm of train–track dynamic interaction based on Wilson-Theta integration method [23–25]
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force of 1500 [kN] at T = 2.5 seconds. As shown in Fig. 
5(b), the maximum velocity of the sleeper that occurs in 
the middle of the railway track decreases by moving away 
from wheel loads.

Fig. 6 shows a peak values of ballast acceleration chart 
according to the position of the moving loads on the rail-
way track with and without applying a compressive and 
tensile axial force of 1500 [kN] at T = 2.5 seconds. As 
shown in Fig. 6, the maximum acceleration of the ballast 
that occurs in the middle of the railway track decreases by 
moving away from wheel loads.

7 Sensitivity analysis on the train-track parameters
The tensile and compressive longitudinal forces with dif-
ferent values are applied to the railway track system, and 
also the train speed is changed simultaneously, which 
results on the different parameters are as follows:

Fig. 7(a) and 7(b) are related to the velocity, displace-
ment of the rails, respectively. As can be seen, increasing 
the speed of the train and the longitudinal force increases 

these values for rail. Fig. 7(a) and 7(b) shows maximum 
rail velocity and displacement in the application of differ-
ent longitudinal forces and train speeds for the first wheel 
load, in the state of applying four moving loads.

Fig. 8(a) and 8(b) are related to the rail acceleration and 
sleeper velocity, respectively. Fig. 8(a) shows maximum 
rail acceleration in the application of different longitudi-
nal forces and train speeds for the first and second wheel 
load, in the state of applying four moving loads. Fig. 8(b) 
demonstrates maximum sleeper velocity in the applica-
tion of different longitudinal forces and various train 
speeds for the first wheel load, in the state of applying 
four moving loads.

Fig. 9(a) shows maximum sleeper acceleration in the 
application of different longitudinal forces and various 
train speeds for the first wheel load, in the state of apply-
ing four moving loads. Fig. 9(b) displays maximum bal-
last velocity in the application of different longitudinal 
forces and train speeds for the second wheel load, in the 
state of applying four moving loads.

Fig. 3 The algorithm for how to use MATLAB software
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Fig. 10 expresses comparison diagram of the maximum 
displacement of the rail in the state of applying four mov-
ing loads for the first- and second wheel loads considering 
longitudinal force simultaneously with different values. 
The diagrams in Figs. 7 to 10 show the effect of increasing 
the axial (longitudinal) force and speed of the train on the 
maximum values of displacement, velocity, acceleration of 
different railway track components. Train speeds of 10, 20, 
50, and 100 meters per second (36, 72, 180 and 360 [km/h]) 
assumed in this study, and the range of changes in longi-
tudinal force is from –2000 [kN] to 2000 [kN]. A negative 
force indicates a longitudinal tensile force, and a positive 

one shows the compressive longitudinal forces. Also, 
increasing the speed of the train from 10 [m/s] (36 [km/h]) 
to 100 [m/s] (360 [km/h]) and increasing a longitudinal 
force from –2000 [kN] of tensile to 2000 [kN] of compres-
sive increases the velocity and acceleration of the sleeper 
in Figs. 8(b) and 9(a) and also ballast velocity in Fig. 9(b).

Fig. 4 Validation results of current and reference study

Table 3 Various values of the track components and vehicle model 
[26, 27] 

Description Value Unit

Rail modulus of elasticity 206 GPa

Rail profile moment of inertia 32,200,000 mm4

Rail mass per unit length 60 kg/m

Sleeper mass 320 kg

Ballast stiffness 70,000 kN/m

Ballast mass 1400 kg

Ballast density 1800 kg/m3

Ballast thickness 30 cm

Rail pad stiffness 240,000 kN/m

Rail pad damping 248 kN.s/m

Subgrade stiffness 130 kN/m

Subgrade damping 62.3 kN.s/m

Car body mass 49,500 kg

Car body polar moment of inertia 1,700,000 kg.m2

Car body length 15.06 m

Car body width 2.095 m

Bogie mass 10,750 kg

Bogie polar moment of inertia 9600 kg.m2

Bogie length 4.2 m

Bogie width 2.095 m

Bogie height 1.15 m

Gravity acceleration (g) 10 m/s2

Wheel mass 2200 kg

Wheel radius 0.46 m

Train speed 10 to 100 m/s

Train speed 36 to 360 km/h

Halves of wheels axles 1.5 m

Halves of bogies axles 7 m

Primary suspension system stiffness 4360 kN/m

Primary suspension system damping 220 kN.s/m

Secondary suspension system stiffnessv 1720 kN/m

Secondary suspension system vertical 
damping 300 kN.s/m

(a)

(b)
Fig. 5 Output results for rail displacement, sleeper velocity with and 
without applying compressive and tensile longitudinal force with the 

value of 1500 [kN] at T = 2.5 [s]
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8 Conclusions
In the present study, the dynamic train – track interac-
tion problem was simulated by using the finite element and 
Wilson-Theta numerical integration method focused on 
the effects of longitudinal forces for vertical moving loads 
with the value of 100 [kN]. The results are presented for 

different railway track components such as rail, sleeper, 
ballast layers. Also, by sensitivity analysis for changing 
the longitudinal forces from –2000 [kN] to 2000 [kN] 
and for different train speeds from 10 [m/s] (36 [km/h]) 
to 100 [m/s] (360 [km/h]) applied to the railway track, the 
effects of these factors on the different parameters like dis-
placement, velocity and acceleration were presented and 
important results are summarized as follows:

•	 The values of rail displacement increase significantly 
by 33 percent when both the compressive force and 
the vertical moving loads are applied to the track 
simultaneously compared with the state of just con-
sidering vertical moving loads.

•	 The values of rail displacement decrease by 25% 
when the tensile force and the vertical moving loads 
are applied to the track simultaneously in compari-
son with the case of not applying them.

•	 The values of sleeper velocity increase by 25.9% 
when the compressive force and the vertical moving 
loads are applied to the track simultaneously com-
pared with the state of just considering vertical mov-
ing loads.

Fig. 6 Output results for ballast acceleration with and without applying 
compressive and tensile longitudinal force with the value of 1500 [kN] 

at T = 2.5 [s]. * Note: r(m)= The wheel position of the moving train 
along the railway track

(b)
Fig. 7 Diagrams of maximum rail velocity and displacement in the 

application of different longitudinal forces and train speeds

(a)

(b)
Fig. 8 Diagrams of maximum rail acceleration and sleeper velocity in 

the application of different longitudinal forces and train speeds

(a)
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•	 The values of sleeper velocity decrease by 15% when 
the tensile force and the vertical moving loads are 
applied to the track simultaneously compared with 
the state of just considering vertical moving loads.

•	 The values of ballast acceleration increase by 27.7% 
when the compressive force and the vertical moving 
loads are applied to the track simultaneously compared 
with the state of just considering vertical moving loads.

•	 The values of ballast acceleration reduce by 20% 
when the tensile force and the vertical moving loads 
are applied to the track simultaneously compared with 
the state of just considering vertical moving loads.

•	 The displacement of the rail increases by 27.12%, 
26.40%, and 27%, respectively, by increasing the speed 
of the train from 10 [m/s] (36 [km/h]) to 100  [m/s] 
(360 [km/h]) in all three modes without applying axial 
force, considering compressive and tensile one (1500 
[kN]), respectively. (For the first wheel load in the 
state considering several moving loads).

•	 The velocity of the rail increases by 25.9%, 25.6%, 
and 36.25%, respectively, by increasing the speed 

of the train from 10 [m/s] (36 [km/h]) to 100 [m/s] 
(360 [km/h]) in all three modes without applying 
axial force, considering compressive and tensile one 
(1500 [kN]), respectively. (For the first wheel load in 
the state considering several moving loads).

•	 The acceleration of the rail increases by 11.6%, 9.56%, 
and 13.84%, respectively, by increasing the speed 
of the train from 10 [m/s] (36 [km/h]) to 100  [m/s] 
(360  [km/h]) in all three modes without applying 
axial force, considering compressive and tensile one 
(1500 [kN]), respectively. (For the first wheel load in 
the state considering several moving loads).

•	 The velocity of the sleeper increases by 29.5%, 
28%, and 24%, respectively, by increasing the speed 
of the train from 10 [m/s] (36 [km/h]) to 100 [m/s] 
(360  [km/h]) in all three modes without applying 
axial force, considering compressive and tensile one 
(1500 [kN]), respectively. (For the first wheel load in 
the state considering several moving loads).

•	 The acceleration of the sleeper increases by 26.03% 
and 26.6%, respectively, by increasing the speed 
of the train from 10 [m/s] (36 [km/h]) to 100 [m/s] 
(360  [km/h]) in all three modes without applying 
axial force and considering tensile force (1500 [kN]), 
respectively. (For the first wheel load in the state 
considering several moving loads).

•	 The velocity of the ballast increases by 7.7%, 7.8%, 
and 9%, respectively, by increasing the speed of 
the train from 10 [m/s] (36 [km/h]) to 100 [m/s] 
(360  [km/h]) in all three modes without applying 
axial force, considering compressive and tensile one 
(1500 [kN]), respectively. (For the second wheel load 
in the state considering several moving loads).

(b)
Fig. 9 Diagrams of sensitivity analysis results on sleeper acceleration 
and ballast velocity in the application of different longitudinal forces 

and various train speeds

(a)
Fig. 10 Comparison diagram of the maximum displacement of the rail 

in the state of applying four moving loads for the first- and second 
wheel loads considering longitudinal force simultaneously with 

different values
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The dynamic responses of the train-track system (dis-
placement, acceleration and velocity) for rail, sleeper and 
ballast increase if the railway track contains geometrical 
faults in all three modes of considering compressive force 
(C), Tensile force (T) and just train vertical moving loads. 
"Investigations on the Effects of Rail Longitudinal Forces 
in Train-Track Dynamic Interaction including track geo-
metrical faults "is one of the future research possibilities 
for the authors and also maybe for other researchers in this 
area to obtain the exact effects of these faults on railway 
track and train safety indices.
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