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Abstract

The current inquiry aims to scrutinize the porosity's effect on the buckling response of carbon nanotube reinforced composite (CNTRC) 

imperfect beams. The developed theories account for higher-order variation of transverse shear strain through the depth of the 

beam and satisfy the stress-free boundary conditions on the top and bottom surfaces of the beam. Single-walled carbon nanotubes 

(SWCNTs) are distributed and aligned in a polymeric matrix with various reinforcement patterns to create CNTRC porous beams. 

The material properties of the functionally graded beam  determined using the mixture rule are assumed to vary according to the 

power law distribution of the volume fraction of the constituents. The mathematical models presented in this study are validated 

through numerical comparison with existing results. The new buckling results of carbon nanotube-reinforced porous beams are 

analyzed considering the influence of several parameters, including volume fraction, aspect ratios, degree of porosity, and types 

of reinforcement. The results stipulate that the above parameters play a significant role in the critical buckling load variation. It is 

proclaimed that the critical buckling load dwindled as porosity increased and that the X-CNT reinforced beam has a high resistance 

against buckling compared to other reinforcement types.
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1 Introduction
Due to their discovery in the last 30 years, carbone nano-
tubes (CNT) are among the most exciting and overwhelm-
ing new materials, owing to their mechanical properties, 
high elastic modulus, and low density. The why and where-
fore make nanotubes excellent and peerless candidates for 
engineering requirements and have taken significant and 
noteworthy interest from the scientific community and 

moreover, from industry. The explosion of interest in CNTs 
can be traced back to a 1991 Nature paper by Sumio Iijima. 
Currently CNTs are the substantial subject of around 
seven papers per day. Deploying composite materials 
empowers different advantageous properties and combina-
tions of diverse material classes, for instance, polymers. 
The development of fiber reinforcement in polymer matrix 
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composites has been an active area of research for well 
over two decades due to their higher-ranking and superior 
mechanical, thermal, and electrical properties  1–3  [1–5]. 
Compared to classical carbon fiber-reinforced poly-
mer composites, carbon nanotube-reinforced composites 
(CNTRCs) can greatly enhance strength and stiffness. 

Functionally Graded Carbon Nanotube (FG-CNT) 
stands for functionally graded carbon nanotube-reinforced 
composite, which is a novel nanomaterial that has excel-
lent mechanical and electrical properties. There are various 
technological methods used to create FG-CNT materials, 
each with its own advantages and limitations. The solu-
tion mixing method involves dispersing CNTs in a poly-
mer solution and then mixing it with carbon nanotubes to 
form a composite [4]. The in situ polymerization method 
involves growing CNTs on the surface of carbon fibers and 
then polymerizing them with a matrix resin [5]. The elec-
trospinning method involves spinning CNTs and polymers 
into nanofibers and then aligning them into a composite. 
By varying the solution composition and spinning parame-
ters, a gradient in the CNT content and distribution can be 
obtained [6]. The layer-by-layer assembly method involves 
depositing CNTs and polymer layers alternately on a sub-
strate and then peeling off the composite film [7]. This cre-
ates a gradual change in the CNT composition along the 
material’s length. The results of Olek et al. [7] confirm the 
potential of the layering method for the manufacturing 
of composites with the high load of strong filler and the 
importance of uniform distribution and good interconnec-
tivity between carbon nanotubes and the polymer matrix.

The aligned CNT arrays formed by polymer compos-
ites were explored by Ajayan et al. [8]. From then on, many 
researchers [9–11] studied the material characteristics of 
CNTRCs, GNPRCs, and graphene platelet-reinforced com-
posite laminated. Shokrieh and Rafiee [12] analyzed the 
mechanical properties of carbon nanotube composites and 
isolated carbon nanotubes using a finite element. Srivastava 
et al. [13] expressed the thermal-mechanical behaviorstrain 
sensing of polystyrene composite films/flexible multi-walled 
carbon nanotubes. Alibeigloo [14] examined a thermoelastic 
analysis of the FG-CNTRC plate using the theory of elas-
ticity. Hamidi et al. [15] investigated the vibration effects 
of embedded armchair single-walled carbon nanotubes at 
a small scale. Esen et al. [16] studied the free vibration and 
buckling stability of FG nanobeams while taking into con-
sideration the impact of magnetic and thermal fields.

Functionally graded CNT beams have numerous practi-
cal applications, including aerospace structures, civil engi- 

neering, nuclear reactors, the biomedical industry, optical 
semiconductors, defense industry, automotive industry, and 
smart structures. These applications of (FG-CNTs) make 
them very attractive for many current and future engineer-
ing applications, more so than conventional carbon fiber 
reinforced composites. The FGNTs can also be used in the 
development of high-performance filtration systems. By tai-
loring the properties along their length, it is possible to cre-
ate a gradient that filters out particles of different sizes. This 
can be useful in applications such as water treatment, where 
the removal of contaminants of different sizes is critical [17]. 
Another potential application of FGNTs is in energy storage 
and conversion. The spatial variation in material properties 
in FGNTs can be used to create electrodes for batteries or 
fuel cells with enhanced performance [18].

FG-CNT has an impact on mechanical and economic 
aspects. Mechanically, the graduated distribution of CNTs 
has proven its effect by increasing the rigidity of the beam 
compared to the unidirectional distribution. Note that 
this increase in stiffness due to the same amount of CNT 
used. This reinforces the importance of graduated distri-
bution in the economic aspect. For example: the mechan-
ical properties of the beam are improved by changing the 
distribution rather than increasing the volume fraction of 
CNTs. In current applications, reinforcement based car-
bon nanotubes (CNTs) have been widely adopted in place 
of conventional fiber [19, 20]. Wang et al. [21] analyzed the 
effect of fiber orientation on Young's modulus for unidi-
rectional fiber reinforced composites. 

For the combination on a microscopic scale, a novel 
generation of composite materials introduced in nanotech-
nology, which are called "Functionally Graded Materials 
(FGM)", has provided solutions to many technical problems 
in aerospace engineering [22, 23]. Adıyaman et al. [24] pre-
sented a study on the contact problem of a layer consisting 
of functionally graded material (FGM) in the presence of 
body force. Yaylacı et al. [22] evaluated the contact prob-
lem of a functionally graded layer resting on a rigid founda-
tion pressed via a rigid punch by analytical and numerical 
(FEM and MLP) methods. The contact problem of the func-
tionally graded layer resting on a rigid foundation pressed 
via a rigid punch has been studied by Yaylacı et al. [25].

The combination of MD simulations and continuum 
mechanics provides a comprehensive understanding of 
nanocomposite materials. MD simulations provide insight 
into the behavior of CNTs and their interactions with 
the matrix at the nanoscale, while continuum mechan-
ics provides a macroscopic description of the mechanical 
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properties [26–28]. Other methods, like finite element and 
artificial neural network methods, were used to analyze 
the contact problem of a functionally graded layer [29, 30]. 
Öner et al. [31] investigated the contact between two func-
tionally graded layers on the plane receding using com-
putational, finite element, and artificial neural network 
methods. Edge and an internal crack problem and estima-
tion of the stress intensity factor through the finite element 
method are used by Yaylaci [32].

Nonetheless, composite manufacturing processes are 
complex and can lead to the occurrence, evolution and build 
out of defects, for instance, porosity, which influences struc-
ture mechanical properties. A porosity defect is elucidated 
by the presence of small cavities, which contain gaseous 
matter called pores and are classified according to their size 
(micro, meso, and macro-pores). This shortcoming is due 
to inappropriate air extraction ascribed to miscellaneous 
constants such as the viscosity of the matrix, vacuum pres-
sure, or humidity of the material. A recent study by Sisodia 
et al.  [33] involved the effects of voids on the quasi-static 
and tension fatigue behavior of carbon-fiber composite lam-
inates. Using analytical, finite element, and artificial neural 
network methods, Turan et al. [34] present the free vibration 
and buckling of functionally graded porous beams.

The existence of porosity in composite parts is 
an unavoidable fact. Consequently, limits have been fixed in 
obedience to the applications: in aerospace, structures work 
forcefully. Moreover, it's not tolerable when the porosity 
rate exceeds 1% [35], dissimilar to other applications where 
a level of 5% or more can be tolerated [36]. In the current 
analysis of fully isolated pores of nearly spherical or ellip-
tical shape, the rate of porosities used doesn't exceed 4%.

For these applications, polymer behavior analysis 
with porosity is foremost and essential because porosity 
increases, which is usually accompanied by alterations 
in the polymer's mechanical properties. Carbon nano-
tubes superlatives lend a hand to an excellent build-up 
for polymer matrix. Wan et al. [37] supported this argu-
ment, as they conducted an analysis on the effective mod-
uli of CNT-reinforced polymer composites, with a focus 
on the impact of CNT length and CNT matrix interphase 
on the overall stiffening of the composite material. On the 
other hand, the functionally graded distributions of carbon 
nanotube (FG-CNT) along the thickness direction with 
and without porosity have been widely investigated in 
recent years [38, 39]. Yaylacı et al. [40] Studied the vibra-
tion and buckling analyses of FGM beam with edge crack: 
Finite element and multilayer perception methods.

The buckling behavior of beams is significantly affected 
by the alignment and distribution of single-walled carbon 
nanotubes (SWCNTs) in a polymeric matrix with vary-
ing reinforcement patterns. The material properties of the 
CNTRC porous beams are gauged using the mixture rule. 
The righteous agreement and concord between the cur-
rent query results and those available within easy reach in 
the literature endorse the introduced approach. The crit-
ical buckling loads for porous beams are presented and 
bestowed with changing porosity coefficient, mode num-
ber, volume fraction, types of reinforcement, and slender-
ness ratio. A detailed and delineated parametric study is 
accomplished to spotlight and emphasize the influence 
and leverage of porosity parameters on the structural per-
formance of porous beams.

2 Functionally graded carbon nanotube-reinforced 
composites porous beams
The CNTRC porous beam is composed of a polymer 
matrix mixed with SWCNTs. Fig. 1 (a) shows a CNTRC 
porous beam, having length (L) and thickness (h).

This study considers and appraises dissonant rein-
forcement patterns over the cross-sections, as indicated in 
Fig. 1 (b). Besides, the rule of the mixture can be used to 
determine the effective mechanical properties of CNTRC 
porous beams [41]:

E V E Vp11 1 11
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CNT

CNT Ep , 	 (1)

�
2

22 22
E

V
E

Vp� �CNT

CNT Ep
, 	 (2)

Fig. 1 (a) geometry of a CNTRC beam and (b) cross sections of 
different patterns of reinforcement
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(b)
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where: E
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CNT
,  E22, Ep and G

12

CNT
,  Gp are Young's modulus 

and shear modulus of SWCNT and the polymer matrix, 
respectively.

The Young's modulus of the polymer matrix, under 
porosity, which may be a function of porosity change, 
is defined by Kováčik [42]:

E E P Pp
p

c� �� �0
1 , 	 (4)

where Ep is the effective Young's modulus of the porous 
matrix with porosity P, E p

0  is Young's modulus of the 
matrix without porosity, Pc represents and constitutes the 
porosity at which the effective Young's modulus becomes 
zero. In experimental works, either (Pc = 1) is preferably 
used. Other properties in terms of mass density (ρ) and 
Poisson's ratio (ν) can be defined as [41]:
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Presuming that VCNT and Vp are the volume fractions of 
the CNT and porous matrix, respectively. The mass den-
sity may also be a function of porosity change [42].

� �p p
cP P� �� �0

1 . 	 (7)

Below are the mathematical functions required to intro-
duce various patterns of carbon nanotube reinforcement 
distributed within the beam's cross-sections, as depicted 
in Fig. 1 (b) [43]:

UD-Beam:
CNT CNT

V V= *
, 	 (8)
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CNT CNT
V

z
h
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�2 1 2
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X-Beam:
CNT CNT
V

z
h
V= 4 *

. 	 (10)

With the supposition, V
CNT

*  the considered volume frac-
tion of CNTs is determined and purposeful from Eq. (11) 
[42]:

V
W

W WmCNT

CNT

CNT

CNT

CNT

*
.�
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	 (11)

The symbol WCNT denotes the mass fraction of carbon 
nanotubes (CNTs). Equations (5) and (6) shows that the 
O-, X-, and V-Beams represent examples of FG beams, 

where the material composition changes continuously 
throughout the thickness of the beam. On the other hand, 
the UD-Beam has a uniform distribution of CNT rein-
forcement. In this work, the CNT efficiency parame-
ters  (ηi ) associated with the considered volume fraction 
(VCNTV

CNT

* ) are: η1 = 1.2833 and η2 = η3 = 1.0566 for the 
case of VCNT

*  = 0.12, for the case of V
CNT

*  = 0.28 [44].

3 Theory and formulations
3.1 Displacement field of refined beam theory 
The displacement field of trigonometric refined beam the-
ory with only three unknowns is used in the present theory 
and is defined as [43]:

u x z u x z
w
x

f z
w
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�0

	 (12)

w x z w x w xb s, ,� � � � � � � � 	 (13)

where u0 represents the axial displacement while ws and 
wb represent the transverse shift components of shear and 
bending, respectively, along the mid-plane of the beam. 
In this work, the shape function f(z) is selected based on 
a trigonometric function [43].
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In terms of the plane and transverse strains, the rela-
tionship between linear strain and displacement can be 
expressed as:

� x
b su
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where:

g z f z f z
df z
d z
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� �

1 ' ' .and 	 (17)

Assuming that the material of the CNTRC beam follows 
Hooke's law, the stress in the beam can be calculated [41]:

� � �x x xz xzQ z Q z y� � � � � �11 55
and , 	 (18)
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3. 2 Hamilton's principle
The virtual work principle is used herein to determine and 
ascertain stability equations as follows in Eq. (20) [45]:

� �U V�� � � 0. 	 (20)

Assuming that δU represents the virtual variation of 
strain energy and δV represents the virtual variation of 
potential energy, the variation of beam strain energy can 
be expressed as [46]:
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where N, Mb, Ms and Q are the stress resultants defined as:
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The variation of the potential energy done by applied 
forces can be stated as [47]:

�
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To obtain the CNTRC beam's motion equations, we sub-
stitute the expressions δU, δV from Eqs. (15)–(17), (20), 
and (22) into Eq. (14). This requires integrating by parts 
with respect to both space and time variables and collect-
ing the coefficients of δu0, δwb and δws:
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By substituting Eq. (12) into Eq. (13) and subsequently 
substituting the results into Eqs. (18) and (19), the consti-
tutive equations for the stress resultants can be derived:
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Q A
dw
dx

s s=
55

, 	 (30)

where A11, B11, etc., denote the beam stiffness and can be 
determined by:

A B D B D H

z z f z z f z f z

s s s

h

h

11 11 11 11 11 11

2 2

2

1

, , , , ,

, , , , ,

� �

� � � � � � �� �
�

22

� dz,
	 (31)
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Using Eqs. (27)–(30) and Eqs. (24)–(26), Eqs. (24)–(26) 
can be found in terms of displacements (du0, dwb, dws):
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3.3 Solution methodology
Since the simplicity of the solution method is desirable in 
various applications, the obtained differential equations 
can be solved analytically with the Navier method of sim-
ply supported CNTRC beam. It is assumed that the solu-
tion is in a specific form [43]:
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with:

� �� m L , 	 (37)
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where Um, Wbm and Wsm are arbitrary parameters to be 
determined, Substituting the expansions of u0, wb, ws, 
and q from Eqs. (36) and (37) into the equations of motion 
Eqs.  (33)–(35), the analytical solutions can be obtained 
from the succeeding equations:
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4 Numerical results and discussion
This section represents the numerical results of the buck-
ling behaviors of CNTRC beams. The material character-
istics of CNTRC porous beams at ambient temperature 
employed through this work areas follows. Polymethyl 
methacrylate (PMMA) is assumed to be the matrix 
that the material properties are set as follows: ν p = 0.3, 
ρ p = 1190 Kg/m3 and E p = 2.5 GPa. In addition, the arm-
chair (10, 10) SWCNTs are used as reinforcement with the 
materials properties [44]: νCNT = 0.19, ρCNT = 1400 Kg/m3, 
E
11

600
CNT

GPa= , E
22

10
CNT

GPa=  and G
12

17 2
CNT

GPa= . .

The dimensionless critical buckling loads considered in 
this analysis can be represented as follows [43]:

N
N
A
cr=
110

. 	 (40)

The current section discusses and argues the numerical 
results of the buckling analysis of CNTRC beams.

In an attempt to validate the present work, critical buck-
ling loads of a nanocomposite beam reinforced by CNTs 
are studied, neglecting porosity. In this case, the obtained 
results of dimensionless critical buckling loads based on 
the refined trigonometric beam theory are illustrated in 
Table 1, which agrees with the reference mentioned.

In order to indicate the influence of porosity on the 
critical buckling loads of reinforced beams, different dis-
tributions of CNTs are considered. With different mode 
numbers, the dimensionless critical buckling loads (N̅ ) 
of reinforced porous beams for UD-CNT and various 
FG-CNT reinforcements under axial and biaxial compres-
sive loads are presented in Table 2. The critical buckling 
loads are expected to increase with the mode number for 
all reinforcement types. This increase in critical buckling 
loads for higher modes is attributed to the configuration of 
a small wavelength. On the other hand, the dimensionless 
critical buckling loads decrease if the porosity increases 
for all mode numbers.

It is known that increasing the carbon nanotube vol-
ume fraction can make the beam stiffer. This remark was 
expected and demonstrated in Table 3, which represents 
the increases in the critical buckling loads with increas-
ing carbon nanotube volume fraction for all reinforcement 
types of the porous beam. According to the results, it is 
clear that the X-CNT reinforced beam has higher dimen-
sionless critical buckling loads than those of other rein-
forcement types for every case of porosity and carbon 
nanotube volume fraction.

Among the results of the current study, Table 4 depicts 
the dimensionless critical buckling loads of a reinforced 
(O-CNT) porous beam for various values of porosity and 
aspect ratio (L/h). It is observed that when the length of 
the beam increases for high values of aspect ratio, the crit-
ical buckling loads decrease. It is concluded that the aug-
mentation or diminution of dimensionless critical loads is 
allotted to the beam's length and width variations. When 
the length of the beam decreases, it requires a high load 
to buckle. Furthermore, the reinforced beam without 
porosity has a higher resistance against buckling than the 
porous beam because the latter is affected by increasing 
porosity. It is concluded that the increase of pores in the 
polymer matrix makes the beam less rigid.

Fig. 2 is plotted to clearly show the influence of poros-
ity and aspect ratio (L/h) on the dimensionless critical 

Table 1 Comparisons of dimensionless critical buckling loads (N̅ ) of CNTRC beam (L/h = 15, V
CNT

*  = 0.12)

Source UD-CNT O-CNT X-CNT

Yas and Samadi [45] 0.0986 0.0588 0.1288

Wattanasakulpong and Ungbhakorn (TSDT) [42] 0.0984 0.0576 0.1289

Wattanasakulpong and Ungbhakorn (ESDT) [42] 0.0987 0.0574 0.1295

Wattanasakulpong and Ungbhakorn (HSDT) [42] 0.0984 0.0576 0.1288

Tagrara et al. [44] 0.0985 0.0575 0.1291

Present 0.0985 0.0575 0.1292
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buckling loads of reinforced porous beams for O-CNT and 
X-CNT distributions. The aspect ratio (L/h) has been varied 
between 3 and 30. On the other hand, four values were used 
to clearly show the effect of porosity (0, 0.005, 0.01 and 
0.02). The dimensionless critical buckling loads  (N̅ ) are 
inversely related to the slenderness ratio (L/h) and porosity. 

The dimensionless critical buckling loads decrease by con-
verging to a certain value with the increase of aspect ratio, 
and the lowest values of critical loads (N̅ ) have prevailed 
for porous beams with P = 0.02%, and this is for both types 
of beams (X-beam and O-beam). Comparing the results, 
it can be seen that the dimensionless critical buckling loads 

Table 2 Critical buckling loads (N̅ ) of CNTRC porous beam for different mode number (L/h = 10, V
CNT

*  = 0.12)

Mode P (%) UD-CNT X-CNT O-CNT

1

0 0.1646 0.2008 0.1052

0.005 0.1543 0.1861 0.1000

0.01 0.1425 0.1697 0.0940

0.02 0.1129 0.1301 0.0780

2

0 0.2826 0.3115 0.2118

0.005 0.2560 0.2806 0.1935

0.01 0.2279 0.2484 0.1737

0.02 0.1666 0.1797 0.1287

3

0 0.3417 0.3680 0.2662

0.005 0.3078 0.3311 0.2396

0.01 0.2730 0.2934 0.2118

0.02 0.2001 0.2157 0.1525

Table 3 Critical buckling loads (N̅ ) of CNTRC porous beam for different nanotube volume fraction (L/h = 10)

P (%) UD-CNT X-CNT O-CNT

0.12

0 0.1646 0.2008 0.1052

0.005 0.1543 0.1861 0.1000

0.01 0.1425 0.1697 0.0940

0.02 0.1129 0.1301 0.0780

0.17

0 0.2581 0.3161 0.1624

0.005 0.2433 0.2943 0.1555

0.01 0.2261 0.2696 0.1473

0.02 0.1819 0.2091 0.1248

0.28

0 0.3562 0.4106 0.2414

0.005 0.3328 0.3784 0.2302

0.01 0.3062 0.3428 0.2170

0.02 0.2400 0.2591 0.1811

V
CNT

*

Table 4 Effect of aspect ratio L/h and porosity on the dimensionless critical buckling loads of reinforced O-CNT porous beam ( V
CNT

*  = 0.12)

L/h P = 0% P = 0.005% P = 0.01% P = 0.02%

1 0.4793 0.4407 0.4019 0.3237

2 0.3271 0.2936 0.2596 0.1896

3 0.2787 0.2503 0.2210 0.1588

4 0.2431 0.2200 0.1956 0.1420

5 0.2118 0.1935 0.1737 0.1287

6 0.1839 0.1697 0.1539 0.1168

7 0.1595 0.1485 0.1361 0.1058

8 0.1384 0.1299 0.1202 0.0957

9  0.1205 0.1138 0.1062 0.0864

10 0.1052 0.1000 0.0940 0.0780
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decrease with the increase in porosity. The decrease in crit-
ical loads is attributed to the porosity's effect on the porous 
beam's rigidity.

It is readily seen in the current study that the rigid-
ity of reinforced porous beam is affected by the exis-
tence of porosity, which is demonstrated in (Fig. 3) with 
aspect ratio (a/h = 10) and various volume fractions with 
uniformly and non-uniformly distributed nanotubes in 
the beams. It is worth noting in the figure that the criti-
cal buckling loads of reinforced porous beams decrease if 
the porosity increases for all three studied cases of rein-
forcement type. It is also concluded that the X-CNT type 
has the highest critical buckling loads in the studied cases. 
Therefore, it has the highest stiffness. The highest critical 
buckling loads estimated in the X-CNT case are attributed 
to the carbon nanotube concentration at the bottom and 
top face of the beam.

One of the goals of this study is to investigate the effects 
of uniformly and non-uniformly distributed nanotubes in 
beams with and without porosity. As may be observed 

Fig. 2 Effect of aspect ratio L/h and porosity on the critical buckling 
loads of reinforced perfect and porous square CNT beams ( V

CNT

*  = 0.12): 
(a) O-beam and (b) X-beam

(a)

(b) Fig. 3 Effect of porosity on the critical buckling loads of reinforced 
porous beam for various reinforcement types: (a) V

CNT

*  = 0.12; 
(b) V

CNT

*  = 0.28

(a)

(b)

Fig. 4 Effect of porosity on the critical buckling loads of reinforced 
porous beam for various carbon nanotube volume fractions ( V

CNT

* )
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in Fig. 4, the variation between the distributed nano-
tube cases is very important without porosity and then 
decreases with their increase. This is due to the effect of 
porosity on the rigidity of the beam. Increasing the volume 
fraction (VCNT) of carbon nanotubes can be used to com-
pensate for the decrease in rigidity. This analysis is very 
clear in Fig. 4. The critical buckling load range increases 
as the volume fraction of carbon nanotubes increases. 
It is concluded that increasing the carbon nanotube vol-
ume fraction can make the beam stiffer, which requires 
a greater critical buckling load.

5 Conclusions
In this research, the critical buckling loads of reinforced 
porous beams are computed numerically using the trigo-
nometric refined beam theory with only three unknowns 
mixed with Hamilton's principle. The nanocomposite 
comprised a polymer matrix and CNTs incorporated with 
the mixture rule. The influence of porosity and different 
parameters on the critical buckling loads of reinforced 
porous beams is analyzed and discussed. Firstly, the accu-
racy of the present model is confirmed by comparing the 
current results with those obtained by other theories exist-
ing in the literature. Subsequent understandings related to 
the parametric analysis, such as porosity, volume fraction, 
aspect ratios, and types of reinforcement, are discussed in 
point-wise form in the following lines:

•	 It is found that the critical buckling loads of rein-
forced porous beams decrease by increasing the 
porosity in the polymer beam. This is due to the 
effect of porosity on the rigidity of the beam.

•	 The results obtained from the analysis of critical 
buckling loads indicated that the X-CNT reinforced 
beam has a high resistance against buckling com-
pared to other reinforcement types because of the 
nanotube concentration at the top and bottom faces 
of the beam.

•	 As the aspect ratio increases, the critical buckling 
loads decrease.

•	 It is concluded that increasing the carbon nanotube 
volume fraction can make the beam stiffer, which 
requires a greater critical buckling load.

Nomenclature
MD Simulation method

CNTs Carbon nanotubes

SWCNTs Single-walled carbon nanotubes

CNTRCs Carbon nanotube-reinforced composites

L Length of the beam

h Thickness of the beam

Axial Young's modulus of SWCNT

E22 Transversal Young's modulus of 
SWCNT

Ep Young's modulus of the polymer matrix

Shear modulus of SWCNT

Gp Shear modulus of the polymer matrix

Young's modulus of the matrix without 
porosity

P The porosity

VCNT Volume fractions of the CNT

Vp Volume fractions of the porous matrix

ηi Efficiency parameters

u0 Axial displacement

ws, wb Transverse shift components of shear 
and bending

δU Virtual strain energy

δV Virtual potential energy

N, Mb, Ms, Q The stress resultants

Um, Wbm, Wsm Arbitrary parameters

Ncr Critical buckling loads

f(z) Trigonometric function.
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