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Abstract

Numerical modeling serves as a widely utilized method for addressing geotechnical concerns. A pivotal aspect of this modeling process 

is the accurate characterization of material behavior. The connection between stress and strain tensors within soil is explicated by the 

soil constitutive equation, which is reliant on factors like soil type and deformation circumstances. One notable model is hypoplasticity, 

which has been in use for more than three decades. This research aims to calibrate the hypoplastic parameters for Danube sand using 

the SoilTest Module of PLAXIS. The constitutive hypoplastic model for Danube sand was fine-tuned through a series of numerical 

simulations. The parameter calibration occurred twice: initially according to 5 cycles of hysteresis loop of stress–strain diagram of 

cyclic triaxial testing, and then subsequently in accordance with strain trends observed after ten thousand cycles. A comparison was 

drawn between parameters determined from the overall strain trends and those calibrated based on the five cycles. The findings 

indicate that while the model calibrated during a specific segment of testing can accurately predict strain values during compression 

and extension, it falls short in forecasting the accumulated settlement following prolonged cyclic loading. This suggests the model’s 

limited capability in anticipating long-term cyclic load effects on settlement behavior.
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1 Introduction
Since the beginning of geotechnical numerical modeling, 
there has been a demand to use material models that 
adequately describe the soil's behavior in the computations. 
The appropriate material model is determined not only 
by the type of soil but also by the geotechnical task to 
be investigated. Different material models or model 
parameters may be necessary for the same soil in case of 
different problems.

This research project aims to examine sand's response 
to cyclic loading from two separate aspects. In the case 
of an earthquake, for example, typically, the stress–defor-
mation behavior resulting from a smaller number of load 
cycles must be examined, while, e.g., in the case of sand 
under a road structure, the cumulative deformations that 
occur as a result of several thousand passes are interesting. 
The main question of the research is what material model 
and soil parameters can be used to adequately describe the 
behavior of the soil in these two cases.

Cambridge soil mechanics school established the Cam-
clay model [1] to predict soil behavior. Since then, several 
models with varying degrees of sophistication and com-
plexity have been proposed. More advanced mathematical 
formulas have been introduced, as has increased the num-
ber of material parameters [2].

Although the HS small  [3] material model may pro-
vide hysteretic material damping, experience has revealed 
that it falls short of the actual behavior at extremely small 
stresses. Extra damping or a new constitutive model should 
is absolutely essential to simulate realistic soil behavior [4].

Only a few constitutive model can effectively describe 
the behavior of sand. Frequent use is made of the Mohr-
Coulomb model [5].

Numerous soil–structure interface models, including 
those based on nonlinear elasticity, damage mechanics 
models, state-dependent plasticity models, elastoplastic 
models, and models based on the disturbed state concept, 
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have been investigated. As a consequence, the basic mod-
els are incapable of accounting for the soil's complicated 
history reliance. Additionally, a new calibration of the 
constitutive model is required for a similar soil with vari-
ous initial densities [6].

A big challenge has been figuring out how to imitate 
sand's state-dependent behavior [7].

It is preferable to use a constitutive model able to gen-
erating the essential aspects of material behavior, but not 
all features, with minimal required formulas elements. 
In characterizing the mechanical behavior of sands, the 
hypoplastic model is developed as an alternative to the 
prevalent elastoplastic models. Unlike loose sand, which 
has a constant volume change, dense sand has an initial 
contraction and then a dilatancy. This results in a constitu-
tive model with an elegant mathematical formulation and 
only four material parameters [2].

Since the late 1970s, researchers have been working on 
hypoplasticity theory. Hypoplastic models have been found 
to work quite well for deformations caused by grain skeleton 
rearrangements. However, applying hypoplasticity to cyclic 
stressing or small-amplitude deformation revealed several 
flaws. The most noticeable flaw was an abnormal accu-
mulation of deformation expected for minor stress cycles, 
known as ratcheting. The hypoplastic technique anticipated 
too much pore pressure buildup for undrained cyclic shear-
ing. Until Niemunis and Herle [8] introduced intergranular 
strain parameters as a solution to the aforementioned issue, 
neither small-strain stiffness nor influences of recent history 
were well reproduced by hypoplasticity.

In order to be tested for a wide range of diverse sce-
narios, such models must be built and calibrated utiliz-
ing high-quality cyclic laboratory testing with a variety of 
boundary conditions [9, 10].

Several studies have been conducted in order to repli-
cate and calibrate the hypoplastic parameters of various 
types of soil. 

Herle and Gudehus [11] briefly introduced a hypoplas-
tic model for the axially symmetric case, and described 
in detail a procedure for the determination of its parame-
ters. They found out that all parameters of the hypoplastic 
model are closely related to the granulometric properties 
of grain assemblies [11]. 

Fu  et  al.  [12] proposed a hypoplastic constitutive 
model to model the cementation-induced enhanced stiff-
ness, strength and dilative behavior of cemented sand and 
gravel materials.

Kadlíček et al. [13] discussed an automated deterministic 
approach to parameters calibration of the hypoplastic model 
for sand. The calibration is performed on results from basic 
laboratory experiments such as the oedometric test, isotro-
pic compression test, and the drained and undrained triaxial 
shear tests. The calibration method is structured in a hier-
archical order and implemented into a free-to-use online 
application called ExCalibre. The  method is based on the 
sensitivity study performed prior to the development of the 
calibration method. The  calibration procedure respects the 
physical meaning of the calibrated parameters and their influ-
ence on the stiffness and asymptotic states, rather than per-
forming a blind optimization of an objective function [13].

Moussa et al. [14] modified hypoplastic model to clar-
ify the effect of stress level on shear strength and stiffness.

Stutz et al. [5] proposed a new approach for advanced 
interface models using hypoplasticity.

To predict the accumulated settlement for a long time 
period, it is necessary to define the behavior of the material 
accurately in the software. Finally, to have a set of hypo-
plastic parameters, series of laboratory measurements 
were done. In order to calibrate gained parameters, two 
different approaches were compared. First set of parame-
ters were calibrated through long term tendency of strain. 
The second set of parameters were calibrated according to 
5 cycles of hysteresis loop of stress–strain diagram.

2 Hypoplasticity
The general form of the hypoplastic constitutive equation 
is expressed as:

T F T D� � �, ,e ,	 (1)

where the tensor function F is dependent on stress T, void 
ratio e, and stretching rate D. According to the findings of 
Gudehus [15] and Bauer  [16], the function F can be for-
mulated as:

̂̂F T L T D T N T D: , , ,� � � � � � � � � �� �f e f es dtr tr .	 (2)

In Eq.  (2), L and N||D|| are tensorial parts depen-
dent on D and T̂ (stretching rate and stress ratio tensor, 
respectively).

T̂  = T/trT is dimensionless and coaxial with T. The sca-
lar quantities fs and fd represent the pressure-dependent 
stiffness factor and density factor, respectively.

In the context of this research, an axially symmetric 
compression condition, sufficient for determining model 
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parameters, is considered. The tensorial equation is 
divided into two scalar expressions [17].
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In Eqs.  (3) and  (4), the subscript  1 represents the axial 
direction, while subscript  2 represents the radial direc-
tion [11]. The scalar factors fs and fd incorporate the impact of 
mean skeleton pressure Ps = −(Ts1 + 2Ts2)/3, and void ratio e:
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The hypoplastic model for sand is comprised of eight 
parameters that can be divided into four major categories. 
The first category pertains to the critical friction angle, 
denoted as φc . The second category includes two parame-
ters: hs , which stands for granular stiffness, and n, which 
serves as an exponent for hs . The third category is dedi-
cated to various types of void ratios, where ed0 represents 
the minimum void ratio at zero pressure, ec0 represents 
the critical void ratio at zero pressure, and ei0 represents 
the maximum void ratio at zero pressure. The fourth and 
final category encompasses the last two parameters, α 
and β, which respectively impact the peak of the friction 
angle and control the stiffness. Wolffersdorff's hypoplastic 
model is used in this paper [17].

2.1 Critical friction angle
The parameter φc represents the critical angle of inter-
nal friction, which is a fundamental parameter in soil 
mechanics and geotechnical engineering. It describes 

the minimum angle at which a soil mass will fail or slide 
under shear stress and determines the soil's shear strength. 

In coarse-grained soils, the angle of repose test is a 
straightforward method for determining φc . However, for 
soils with a larger proportion of fine grains, triaxial shear 
tests on normally consolidated samples are recommended. 

Measuring the angle of repose can approximate the 
critical friction angle for soils with grain sizes larger than 
0.1 mm, while the funnel method is preferred for sand soil. 
The funnel test involves slowly lifting a funnel filled with 
soil to create a heap close to critical state. Contact between 
the funnel and forming heap should be constant and the base 
beneath the heap should be rough to prevent sliding [13].

2.2 Granulate hardness and its exponent
The measurement of granulate hardness is valuable for gath-
ering information on the particle size distribution, packing 
density, and flow characteristics of the material, which can 
aid in optimizing handling and processing operations. 

Performing an oedometer test yields plotting the 
compression curve. Calculation of the exponent n is 
the first step, as it is not dependent on the parameter hs . 
Determination of n is crucial in determining hs . 

Granular hardness hs is the only parameter with the 
dimension of stress and should not be confused with 
the hardness of individual grains. The exponent n takes 
into account the pressure-sensitivity of the grain skele-
ton, allowing for a non-proportional increase in incre-
mental stiffness with increasing pressure. An oedometer 
test is simpler than isotropic compression for determin-
ing hs and n, with a dry or water-saturated specimen used 
to suppress physico-chemical effects. Parameters hs and n 
control the slope and curvature of the compression line, 
respectively [11, 13].

2.3 Minimum, critical and maximum void ratio at zero 
pressure
Generally, the most effective way to achieve optimal com-
paction of a granular soil is by applying cyclic shearing 
with small amplitude under constant pressure. When this 
technique is implemented following static compression, 
it will gradually approach a minimum void ratio ed which 
decreases with increasing pressure. Equation (8) can be used 
to describe the relationship between ed and ps , enabling the 
extrapolation of the value of ed at zero pressure.
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Typically, a minimum void ratio emin is determined 
using index tests outlined in several standards. However, 
these tests are not as efficient as cyclic shearing. As a 
result, the measured value of emin may be higher than that 
of ed . Upon comparing ed0 with emin , it is found that they 
are relatively similar, with emin being slightly higher than 
ed0 . Therefore, in the absence of data for ed0 , emin can be 
used as a substitute [11].

Similar to ed0 , the critical void ratio value at zero pres-
sure can be computed. The parameter ec can be deter-
mined through a shear test on a soil element while calcu-
lating φc . An undrained triaxial test is usually sufficient 
for establishing ec. It has been noted that the value of ec0 
is comparable to emax .

Previously, Herle and Gudehus [11] indicated a narrow 
range of 0.52 to 0.64 for the ratio of ed0 / ec0 . Mašin  [18] 
also proposed an empirical formula of ed0 = 0.5 * ec0 to be 
used when experimental data is not available.

The parameter ei0 represents the highest possible void 
ratio of a basic grain skeleton achieved during an isotro-
pic consolidation of a grain suspension in an environment 
without gravity. 

The maximal void ratio emax can be determined through 
various laboratory methods and is typically denser than 
the theoretical maximum. Empirically, ed0 / emax ratios of 
1.2 for spheres and 1.3 for cubes have been found [11, 13].

2.4 Exponent α and β
The stiffness and pyknotropy factors are controlled by 
parameters α and β, which can be determined through a 
parametric study involving simulations of the triaxial 
shear test. To obtain α, Herle and Gudehus [11] suggests 
using Eq. (9) and considering the peak state in a triaxial 
compression test. 
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Equation (9) involves Kp , a and νP , which can be calcu-
lated using Eqs. (10), (11), and (13), respectively. 

KP P

P

�
�
�
1

1

sin

sin

�
�

	 (10)

a c

c

�
�� �3 3

2 2

sin

sin

�

�
	 (11)

A a
K

K K
K

P

p P

P

�
�� �

�
�� �
�

�

�
�
�

�

�
�
�

2

2

2
1

4

5 2
	 (12)

tan� P
P P P

P

K AK AK
K A

�
� � �

�� � �� �
�2

4 5 2

5 2 1 2
1

2

	 (13)

To determine νP , Eq.  (13) can be used to calculate 
parameter A. The evaluation of α and β requires knowl-
edge of these preceding parameters.

The parameter β is significant only when the void 
ratio e is significantly lower than the initial void ratio ei . 
According to Herle and Gudehus  [11], for natural sands, 
assuming β = 1 is usually adequate, regardless of granulo-
metric properties. 

A drained triaxial test on a dense sample and curve 
simulation using various amounts of α can be conducted 
to calibrate these parameters. Fitting the resulting curves 
will yield the optimal value for α. increasing α decreases 
the stress peak on the stress–strain curve, while β changes 
the location of the peak by reducing the strain value and 
shifting the peak to the left.

3 Intergranular strain
The basic hypoplastic models are inadequate in predict-
ing high initial stiffness and ratcheting, which is the accu-
mulation of strains in stress cycles and stresses in strain 
cycles. The intergranular strain concept is the most widely 
used approach to overcome this limitation. The  concept 
assumes that reversible deformation of the intergranu-
lar strain layer, combined with elastic deformation of the 
grains, accounts for all measured soil deformation at the 
beginning of the loading process until a certain amount of 
strain is reached and grains start to rearrange. This revers-
ible deformation is described by an additional component 
of the model, while the deformation associated with grain 
rearrangement is irreversible and predicted by the stan-
dard hypoplastic model.

The intergranular formulation is presented in this 
context to incorporate extra parameters as detailed by 
Niemunis and Herle [8].

M L

L N D
L

� � �� ��� ��

�
�� � � � � �
�� �

� �

� �
�

� �

� �

�

m m

m
m m

T R

T

R T

1

1 0: :���� �� ��for

:: :���� ��� � �

�
�
�

�� for D 0

̂ ̂
̂ ̂

̂ ̂
̂

	 (14)

M represents a fourth-order tensor indicating the stiff-
ness derived from the hypoplastic tensor. Introducing the 
intergranular strain adds five more parameters to the basic 
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parameters, namely mR , mT , βr , R , and χ , which are dis-
cussed in detail in the following sections.

To address the issue of ratcheting, Niemunis and 
Herle [8] introduced an intergranular strain into a hypo-
plastic constitutive model, wherein this supplementary 
state variable captures the deformation occurring within 
the interface layer between grains. Poblete et al. [19] sub-
jected a sample of soil to multidimensional cyclic loading 
when two or three principal components of the stress or 
strain tensor were simultaneously controlled to perform a 
repetitive path. Fuentes et al. extended hypoplastic model 
for sands combined with the intergranular strain anisot-
ropy to account for cyclic mobility effects to allow for the 
simulation of liquefaction phenomena [20].

Mašín explained the structure of the mathemati-
cal formulation of hypoplasticity  [18], while Namaei-
kohal et al. [21] calibrated Tehran silica sand for a hypo-
plastic soil constitutive model with intergranular strain.

Mohammadi-Haji and Ardakani  [22] conducted a series 
of laboratory experiments on Firoozkuh sand, followed by 
numerical simulations, to ascertain the parameters of a com-
prehensive hypoplastic constitutive model for sand. Niemunis 
et al. [23] presented a high-cycle explicit model for the accu-
mulation of strain in sand due to small cyclic loading.

Yang  et  al.  [24] proposed a hypoplastic constitutive 
model for granular soils grounded in the newly developed 
anisotropic critical state theory. This model concurrently 
satisfies the conditions of fabric anisotropy along with tra-
ditional conditions at the critical state [24]. Sturm [25] pre-
sented a stability criterion for shallow foundations on sand 
for various loading conditions. Arnold [26] extended hypo-
plastic constitutive models by incorporating an elastic 
strain range into an existing hypoplastic interface model.

3.1 Stiffness factor
The parameter called mR is responsible for controlling the 
strength of the shear modulus at very small strain values, 
both during initial loading and when the strain path direc-
tion is reversed by 180 degrees. The most accurate way to 
determine the value of mR is through shear wave propaga-
tion experiments, such as bender element tests. However, 
it is also possible to measure the shear modulus using 
static shear tests, although this method is less reliable as 
it relies on local measurements of sample deformation and 
strain transducers have a limit of accuracy [18].

3.2 Parameter mT

Determining the value of parameter mT ( or ratio 
mrat  =  mT / mR ) through experimentation is challenging. 

The mrat value is equivalent to the ratio of initial shear stiff-
ness after a 90-degree change in strain path direction G90 
to the initial stiffness G0 , expressed as G90 / G0 . G90 cannot 
be measured through wave propagation techniques and 
requires accurate measurements using local strain trans-
ducers. However, if such experiments are not feasible for 
a particular soil, a standard value of mrat is recommended. 
A default value of 0.7 is commonly used for mrat if there is 
no experimental data available for the soil of interest [18].

3.3 Elastic strain amplitude, intergranular strain 
hardening parameter and exponent
The intergranular strain concept model utilizes three param-
eters, namely R , βr , and χ , each with a distinct physical 
interpretation. The parameter R specifies the extent of the 
elastic range in the strain space, whereas βr controls the rate 
of evolution of the intergranular strain tensor. On the other 
hand, χ regulates the interpolation between the reversible 
elastic and nonlinear hypoplastic response. Despite their 
varied interpretations, these parameters work together to 
determine the rate of stiffness degradation with increasing 
strain, which, in turn, affects the predictions of the model. 
The calibration of these parameters usually involves triax-
ial shear experiments that measure local deformation and 
obtain shear modulus versus shear strain curves. An increase 
in R causes a decrease in βr and shifts the stiffness degra-
dation curve horizontally in the G versus ln( εs ) diagram. 
Conversely, χ influences the rate of stiffness decrease with 
strain and a higher χ value leads to a larger quasi-elastic 
range size and a faster subsequent rate of stiffness decrease. 
To calibrate the χ parameter, an experimental trial-and-error 
process is required to fit the data.

According to Mašin  [18], it is difficult to differentiate 
the influence of mR , βr , and χ on the accumulation of strain 
caused by cyclic loading. Hence, he suggested a calibra-
tion method that involves treating R = 10−4 and χ = 1 as 
constants independent of the material. Then, mR can be 
calibrated using bender element measurements, which are 
relatively simple to perform. Moreover, mT can be set to 
0.7 * mR . Finally, the cyclic behavior can be controlled by 
adjusting only the parameter βr .

4 Results and discussion
4.1 Sieve test
In order to have the particle size distribution, laboratory mea-
surement was done according to ISO  17892-4:2016  [27]. 
Fig. 1 is presenting the particle size distribution of the Danube 
granular material which was used as the sample. Table  1 
announced the portion of the sand and silt in the sample.
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4.2 Oedometer test
To have the stress and relative void ratio, oedometer test 
was conducted using ISO  17892-5:2017  [28]. Table  2 
demonstrate the result of the oedometer test. 

4.3 Minimum and maximum void ratio emin, emax

Maximum and minimum void ratio were found during 
respectively minimum and maximum density. This inves-
tigation was done by the instruction which was published 
in DIN 18126:1996-11 [29]. So emin is equal to 0.62 and 
emax is distinguished as 1.01.

4.4 Triaxial test
Consolidated triaxial compression tests on water saturated 
samples were done by using ISO 17892-9:2018 [30] as the 
instruction method. Fig.  2 illustrates the stress−strain 

curve for the three tests which were conducted with 100, 
200 and 300 kPa as confining pressure.

4.5 Cyclic triaxial test
Cyclic loading caused by earthquakes, wind, waves, and 
traffic can increase pore water pressure and accumulate 
plastic deformation in soil, resulting in softening of the 
stiffness and a reduction of soil strength; these catastro-
phes would result in numbers of issues such as safety 
reduction and environmental issues. As a result, it is crit-
ical to investigate the mechanical response of soils under 
cyclic loading [31].

As previously mentioned, even in the case of the same 
soil, different parameters may be necessary for different 
design purposes. In the case of cyclic loading, the stress–
strain relationship that develops during the load cycles, or 
the accumulated deformations caused by the large number 
of repetitions, may arise as a question. First, the parame-
ters were calibrated so that the material model could rea-
sonably estimate the cumulative deformations. The com-
plete matching of the measured and simulated results 
could not be achieved due to the different shapes of the 
curves. Therefore, the calibration was performed so that 
the calculation results match the trends developing after 
approximately 1000  cycles. The determined parameters 
are shown in Tables 3 and 4; with the help of such a combi-
nation of parameters, cumulative deformations occurring 
in a layer below the pavement could be estimated (e.g., in 
a layer of a road structure where a large number of load 
cycles are expected). The measured and calculated results 
are shown in Fig.  3; it can be seen that after the initial 
deviation, the same trends emerge, and the two curves run 
parallel to each other.

After that, we examined how well these parameters can 
reproduce the stress–deformation relationship that can be 
experienced during one cycle Fig. 4.

It can be seen that the parameter set fails to predict the 
stress–strain relationship in one cycle. After that, we per-
formed the calibration of the intergranular strain parameters 

Table 3 Hypoplastic parameters of Danube sand calibrated according to 
the strain in 10000 cycles

φc hs n ed0 ec0 ei0 α β

27.89 3.08 0.30 0.62 0.971 1.2 0.3 1.1

Table 4 Intergranular strain parameters of Danube sand calibrated 
according to the strain in 10000 cycles

mR mT Rmax βr χ

5.6 3.5 2.2e-4 0.2 1.3

Table 2 Result of oedometer test

Vertical stress (kPa) 2 100 200 400 800

Void ratio 0.73 0.71 0.7 0.69 0.67

Fig. 2 Monotonic triaxial test performed in different confining pressure

Table 1 Percentage of soil particles

Gr Sa Si Cl

0% 97.38% 2.62% 0%

Fig. 1 Soil particle size distribution curve
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in such a way that they would describe the stress–strain 
relationship of the examined cycle. The parameters deter-
mined in this way can be seen in Table 5, and the curves of 
the stress–strain of the first five cycles are shown in Fig. 5. 

Fig. 6 shows how the cumulative deformations develop 
with these parameters. In this case, the calculation signifi-
cantly overestimates the deformations that develop in the 
long term.

Based on the performed parameter calibrations, it can 
be stated that the description of the short-term and long-
term behavior cannot be solved with the help of a single 
parameter set. It is necessary to use different parameters if 
we perform tests for the former or the latter purpose.

5 Conclusions
In conclusion, this paper presents a comprehensive cali-
bration of the hypoplastic constitutive model incorporat-
ing intergranular strain for Danube sand. The calibration 
process involved a combination of experimental static and 
dynamic soil tests, analytical solutions, and numerical 
simulations using SoilTest Module of PLAXIS.

The determination of hypoplastic parameters, such 
as φc , n, hs , ei0 , ed0 , ec0 , α, and β, was achieved through 
drained triaxial and oedometer testing. Adjustments to α 
and β were made to ensure a robust fit between simulated 
and observed curves in drained cyclic triaxial tests. 

Intergranular parameters, namely mR , mT , βr , Rmax , 
and χ, were fine-tuned using drained cyclic triaxial tests 
and numerical simulations to achieve an optimal fit 
with the strain–time curve for 10,000 cycles (calibration 
approach  A). In the second time calibration, the adjus-
ment was made by selecting the first five regular  hyster-
sis loops from the stress–strain diagram of laboratory test 
and fitting the curve of simulated test and the intergranu-
lar parameters were adjusted based on these chosen loops 
(calibration approach B).

It is concluded that the hypoplastic material model is 
suitable for both describing the short-term behavior (i.e., 
a few cycles) and estimating the cumulative deformation 
resulting from a large number of load cycles. It has also 
been stated that one parameter set can be reliably used for 
one purpose only. Although the parameters determined by 
method A approximate the cumulative deformations well, 
they fail to describe the first few cycles appropriately. 
The parameters determined by procedure B are suitable 

Table 5 Intergranular strain parameters of Danube sand calibrated 
according to the hysteresis loop of first 5 regular cycles

mR mT Rmax βr χ

3.4 2 1.9e-4 0.3 1.3

Fig. 3 Simulated and measured value of strain over time

Fig. 4 Hysteresis loop of the first 5 cycles according to approach A 
during cyclic triaxial test

Fig. 5 Hysteresis loop of the first 5 cycles according to approach B 
during cyclic triaxial test

Fig. 6 Simulated strain over time according to approach B
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for describing the soil behavior in the first cycles but sig-
nificantly overestimate cumulative strain resulting from a 
vast number of cycles.

In the case of a specific task, it is therefore necessary 
to calibrate the parameters and perform the calculations, 
considering the engineering questions to be answered.
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