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Abstract

The composite beam structure is widely used in the engineering field because it benefits from the advantages of two materials, 

presenting outstanding advantages for construction purposes. However, at present, there are issues with the analysis and solution of 

the composite beam structure, such as the difficulty in developing a suitable analytical theory and the low degree of refinement achieved 

by simulation analysis. To accurately grasp the mechanical behavior of the composite beam structure and achieve its refined analysis, 

this paper proposes a refined spatial grid element analysis method that can simultaneously obtain the internal forces, displacements, 

and stresses of various parts of a composite beam. Based on the above new method, the effects of geometrical structural factors such 

as wide-span ratio, high-span ratio, and web thickness with respect to the shear lag effect are analyzed. The distribution law of the 

shear lag coefficient and its additional deflection are analyzed. The results demonstrate that using this analysis method to calculate 

and analyze steel-concrete duplex type composite beams can directly obtain the internal forces and displacements of the joints of the 

composite beam roof, floor, and web. The spatial grid element analysis method provides both the theoretical and practical means to 

achieve both the overall and local refinement analysis of the composite beam structure.
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1 Introduction
With the comprehensive construction of China's infra-
structure, steel-concrete composite beams are increas-
ingly being used in civil buildings and bridge engineering 
owing to their advanced and reasonable structural form, 
lighter weight, large torsional stiffness, and good seis-
mic and dynamic performance [1]. However, as the com-
posite beam structure develops toward larger spans and 
wider flanges, some issues become more relevant, such 
as longitudinal cracking of concrete slabs, lateral crack-
ing because of negative bending moments in continuous 
beams, partial rupture of concrete bridge decks, shearing 
of shearing keys, and deflection of main beams. In particu-
lar, the stress distribution of the cross-section of an I-beam 
composite beam bridge with large width does not satisfy 
the flat section assumption under an external load. Among 
these issues, the shear lag effect is a prominent problem. 

If the shear lag effect is not fully analyzed in the design 
process, it may seriously affect the structural performance 
and operational safety of composite beam structures.

Regarding these issues, some research has been car-
ried out. Huang et al. [2] established a theoretical model 
of the long-term mechanical performance of prefabricated 
composite beams, and the age-adjusted effective modu-
lus method is adopted according to the deformation coor-
dination conditions of new and old concrete bridge deck 
beams and steel beams. Tian [3] discussed the calculation 
method of composite beam-bridge shear joints for various 
specifications. Su et al. [4] conducted a negative bending 
test on the steel-concrete composite deck test specimen, 
and studied the effects of steel fiber concrete (SFRC), rein-
forcement ratio, shear joint type and other factors. Elmy 
and Nakamura [5] conducted an experimental study on 
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some steel reinforced concrete bridge models, and estab-
lished a finite element model that considers material non-
linearity and shear transfer between steel and concrete. 
Liu et al. [6] studied the influence of different lateral con-
nection forms on the torsional performance of compos-
ite bridges, and the influence of different shapes of steel 
webs on the torsional performance of composite bridges. 
Kisała and Furtak [7] proposed a new program for eval-
uating the effect of slippage on the deflection of steel 
plate-concrete composite beams, and verified the cor-
rectness of the theoretical analysis through experimental 
studies. Zhang et al. [8] presents results from experimen-
tal and numerical studies on the response of steel-concrete 
composite box bridge girders under certain localized fire 
exposure conditions. Tong et al. [9] proposed a new calcu-
lation method for partial or total shear joint beam deflec-
tion. Zou et al. [10] derived the interface slip formula for a 
composite beam under uniform and concentrated loads by 
establishing a differential equation for interface slip and 
then running simulations using real boundary conditions. 
Liu et al. [11] and others studied the bending resistance of 
simply supported steel-concrete composite beams under a 
positive bending moment through a combination of tests 
and finite element modeling.

At present, the research on I-shaped composite beams 
has mainly focused on the overall mechanical perfor-
mance, shear joints, concrete cracking, interface slip per-
formance, etc. There is relatively little research on the 
shear lag effect on an I-shaped composite beam. Analytical 
methods and numerical methods are commonly used to 
analyze the shear lag effect of composite beams. Zhu and 
Su [12] proposed a new composite beam analysis method 
that can simulate the effects of interface slip and shear lag, 
as well as their time dependence; Luo et al. [13] investi-
gated shear lag effect in steel-concrete composite beams 
sustaining hogging moment. A method was given specif-
ically for predicting the effect in the cracked part of the 
steel-concrete composite beam. Lezgy-Nazargah et al. [14] 
developed a beam model for the static analysis of compos-
ite steel-concrete beams and twin-girder decks which takes 
into account the effects of shear lag phenomenon as well 
as the interfacial slip between the concrete slab and steel 
joists. Lezgy-Nazargah et al. [14] developed a beam model 
for the analysis of steel mixed-composite beams, taking 
into account the effects of shear lag and interface slip. 
Yu et al. [15] developed a model of Twin-cell Composite 
Box Beam (TCCBB), which is composed of concrete plate 
and thin-walled steel box beam with twin-cell, is proposed 

in this paper. Based on established governing differential 
equations and its relative boundary conditions, closed form 
solutions of normal stress and shear stress are derived for 
this TCCBB model; Hu et al. [16] proposed a new type of 
steel-concrete composite beam with double-box cross-sec-
tion. In order to investigate stress behaviors and deflection 
characteristics of such composite beam with wide flange 
considering the shear lag effect, theoretical analysis and 
experimental study are launched simultaneously; Miao 
and Chen [17] proposed an analytical method using full 
flange width by introducing shear warping shape function 
and intensity function of the shear warping displacement. 
The result errors of beam finite element model considering 
shear-lag effect can be modified by the method. Although 
scholars have carried out some research on the shear lag 
effect of composite beams, the theoretical construction is 
difficult to solve using an analytic method, and the obtained 
analytical formula is complex, which is not desirable for 
practical design. In contrast, the widely used finite element 
numerical method can quickly and accurately analyze the 
structure, but it is difficult to directly obtain the local inter-
nal forces, and it is difficult to analyze the effects of shear 
lag, warpage, and distortion in the composite beam struc-
ture using this method. To this end, an analytical method 
that can fully reflect the spatial force effects on a composite 
beam bridge structure that is easy to implement is needed.

Based on the problems discussed above, this paper 
proposes a new type of spatial grid unit that can be used 
to analyze the spatial force effect of the composite beam 
structure, as shown in Fig. 1. Compared with the tradi-
tional beam element, the new element has 5 points, more 
refined analysis characteristics, and obtains internal forces 
and deformation at multiple locations. At the same time, 
compared with the traditional plate element, the new ele-
ment has the characteristics of easier to use, the traditional 
plate element is difficult to directly obtain the internal force 
and displacement, but the new element can directly obtain 
the internal force and displacement of multiple points. 
By constructing the unit displacement function expression 
and solving the shape function in combination with the 
boundary conditions, the total potential energy expression 
of the space grid element is derived from the minimum 
potential energy principle [18], and the first order varia-
tion is obtained. Finally, the stiffness matrix of the spa-
tial grid unit is obtained. In combination with a MATLAB 
program [19], the spatial beam unit analysis model of the 
composite beam is constructed by using the derived spatial 
grid unit. Because the focus of this paper is the verification 
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and application of the spatial grid unit model, the slip of 
the interface will be specifically discussed in subsequent 
research. Taking the steel-concrete duplex type composite 
beam as the analysis object, the spatial grid element anal-
ysis method is used to study the effects of wide-span ratio, 
high-span ratio, and web thickness on the shear lag effect 
of the I-shaped composite beam. Through the sensitivity 
analysis of different design parameters, the degree of influ-
ence and sensitivity of various factors can be determined, 
which provides a reference for the mechanical behavior 
analysis and optimization design of composite beams.

2 Derivation of the stiffness matrix of spatial grid 
elements
2.1 Unit equivalent
As shown in Fig. 1, the spatial grid unit is a 5-node unit 
with 30 degrees of freedom. When the direct method is 
used for calculation, it requires a large amount of calcu-
lations, and determining the unit stiffness matrix of the 
spatial grid unit is difficult. Therefore, to facilitate the 
analysis, the displacement function assumptions of the 
51, 52, 53, and 54 beams in the global coordinate system 
are respectively carried out by using an additional dis-
crete method. According to a given boundary condition, 
the undetermined coefficient in the displacement function 
is obtained, and according to the simplified unit displace-
ment function, V = Nδe, the expression of the shape func-
tion N is obtained. Finally, by listing the energy equation 
Π = U + UP of the overall spatial grid unit, the space ele-
ment stiffness matrix can be obtained by applying a varia-
tion of the minimum potential energy principle.

2.2 Establishment of unit displacement function and 
solution of shape function
It is assumed that the unit length of the 51 and 53 beams 
is lx, the cross-sectional area is Ax, the length of the 52 
and 54 beams is ly, the cross-sectional area is Ay, and the 
node numbers of the two ends are i and j, respectively, as 
shown in Fig. 2. The unit coordinate system adopts the 
right-handed spiral rule, and the X-axis coincides with 
the central axis of the beam unit. Therefore, the Y-axis 
and the Z-axis represent the main inertia axes of the beam 
cross-section. The xy plane and the xz plane are aligned 
with the cross section such that the bending and shearing 
in the two planes are independent of each other. The nodal 
force and nodal displacement of the element are defined by 
the right-hand spiral rule. In Fig. 2, vi represents the gener-
alized displacement at the i(i = 1, 2, …, 12) degree of free-
dom, and fi represents the generalized force corresponding 
to the displacement vi at the i degree of freedom.

The spatial grid unit has five nodes, six degrees of 
freedom per node, and a total of 30 degrees of freedom. 

Fig. 1 New element and their comparison

Fig. 2 Nodal forces and nodal displacements of space beam element
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The node displacement of the grid unit (30 items in total) 
is expressed as:
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In Eq. (2), Ni is the axial force; Qyi, Qzi are the shear 
forces in the y and x directions; Mxi, Myi, Mzi are the bend-
ing moments around the x-axis, y-axis, and z-axis.

To use the node displacement to represent the stress 
and strain of the element, it must be assumed that the dis-
placement component at any point within the element is a 
function of the coordinates. When considering the shear 
deformation, the space grid element considers that the 
influence of axial deformation and torsional deformation 
is very low, so it is assumed that the axial displacement 
function and the angular displacement function are still 
linear functions of x; for the lateral deflections v and w, 
a cubic polynomial expression is used owing to boundary 
condition constraints.

V Nij ij ij
e� �  (3)

In the formula, Nij represents the shape function in dif-
ferent displacement deformations, reflecting the geometric 
deformation shape of the structure and ensuring the conti-
nuity of adjacent units.

2.3 Calculation and derivation of element stiffness 
matrix
When considering the influence of shear deformation, the 
mesh elements include: axial strain εx, bending strains εyy 
and εzz, and shear strains γx, γy, and γz. Taking the 51 and 
53 beams of the X axis as an example, according to mate-
rial mechanics, the various strains can be expressed as:
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The relationship between the stress and displacement 
of the element can be obtained according to Hooke's law.

� � �ij ij ij
e� �D D Bij ij ij  (5)

Here, Bij is the generalized geometric matrix of the ele-
ment, and Dij is the generalized elastic matrix of the element.

From the energy principle, the total potential energy of 
the object is the sum of the strain energy U of the object 
and the external force potential UP, so the total potential 
energy expression of the element is:
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Here, U is the strain energy of the unit, U51, U52, U53, U54 
represent the strain energy of each beam, and UP is the 
potential energy of the external force.

After obtaining the total potential energy expression, 
the first potential variation of the total potential energy of 
the unit is performed by using the principle of minimum 
potential energy, as follows:

�

�� �
�

�

� e 0  (7)

resulting in

k Fe e e� � � � � � ��  (8)

k B D B d B D B d

B D B d B

e T
l

x
T

l

y

T

l
x

x y

x

� � � �

� �

� �

�
�

51 51 51

0

52 52 52

0

53 53 53

0

554 54 54

0

T

l
yD B d

y�
� .

 (9)

After calculation, the expressions of Bij and Dij can be 
obtained as follows:
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Substituting Bij and Dij into Eq. (9) and preforming 
an integral operation, the expression of the space grid 
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element stiffness matrix considering the shear effect is 
obtained, and the spatial grid element stiffness matrix can 
then be obtained.

3 Spatial grid unit model — MATLAB program design 
and verification
The spatial grid unit is a new spatial analysis unit pro-
posed in this paper. After completing the grid element 
stiffness matrix derivation, MATLAB is used to develop 
the analysis program. This allows analysts to save signifi-
cant time and effort regarding matrix operations, graphics 
processing, finite element analysis, and additional opera-
tions. The model is beneficial for solving the more compli-
cated spatial structure analyses and calculation problems 
encountered in the research process. The design process of 
the calculation analysis is shown in Fig. 3.

To verify the correctness and applicability of the spatial 
mesh element method proposed in this paper, the simple 
supported box girder analyzed as an example in [20] is 
selected as the analysis object. The force analysis is car-
ried out by using the space grid element method proposed 
in this paper. The longitudinal normal stress values of the 

top and bottom plate joints at the L/4 and L/2 cross sec-
tions are compared with the analytical solutions of the 
stress values at the corresponding positions given in the 
literature. The span of the simple supported box girder is 
30 m, the dimensions of each part of the box girder are 
shown in Fig. 4, and the loading condition is a 1 MN/mm2 
uniform load (referred to as the junction load between the 
top plate and the web of the box girder). The results of the 
stress analysis are shown in Fig. 5 the longitudinal stress 
of the top plate and bottom plate of the 30-meter-span box 
girder structure in the literature is analyzed by using the 
method proposed in this paper. The analysis results are 
compared with the test and simulation results in the liter-
ature, and the correctness of this paper is verified. At the 
same time, through the comparison of the simulation anal-
ysis results using the traditional simulation analysis ele-
ment, it is further understood that the new element in this 
paper is more convenient to directly obtain the internal 
force and deformation than the traditional plate element, 
and is more refined than the traditional beam element. 
The results were compared with those in the literature, 
under the uniform load of the simple supported box girder, 

Fig. 3 Analysis and solution process of spatial composite structure grid element model
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the maximum stress error of the top plate and the bottom 
plate at the L/2 section is 6.53% compared with the ana-
lytical solution presented in the literature. The maximum 
error at the L/4 section is 6.01%, and the positive stress 
error at most locations is less than 5%.

4 Spatial grid element method application analysis
To verify that the spatial grid element can correctly reveal 
the spatial force characteristics of the I-shaped composite 
beam structure, and especially the deformation and stress 
distribution of the composite beam section, the typical 
duplex type composite beam is used as the analysis object, 
and the analysis of the I-shaped composite beam is carried 
out by applying the spatial grid unit and the MATLAB 
program. The cross-sectional dimensions (top plate width, 
web height, web thickness, structural span, etc.) were 
changed to study the effects of the wide-span ratio, high-
span ratio, and web thickness on the shear lag effect of 
I-shaped composite beams. By analyzing the sensitivity 
of the parameters, the degree of influence of various fac-
tors can be determined. Compared with other analytical 

Fig. 4 Box beam cross section (Units: mm)

(a) (b)

(c) (d)

Fig. 5 Results of L/2 and L/4 section stress analysis: (a) Longitudinal normal stress of the top plate of the L/2 section, (b) Longitudinal normal stress of the 
L/2 section bottom plate, (c) Longitudinal normal stress of the top plate of the L/4 section, (d) Longitudinal normal stress of the L/4 section bottom plate
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methods and element types, the spatial grid element anal-
ysis method not only obtains the overall and local stress, 
but also directly outputs various internal forces. Thus, the 
design provides both structural and local analysis results 
for application. The cross-sectional dimensions of a typ-
ical duplex type composite beam model are shown in 
Fig. 6. In Fig. 6, b1 is the width of the concrete top plate, 
and b2 is the thickness of the lower I-shaped steel web, 
h1 is the thickness of the concrete roof, and h2 is the height 
of the lower I-beam.

4.1 Spatial grid element model for analysis of shearing 
hysteresis parameters of duplex composite beams
When a steel-concrete I-shaped composite beam is sub-
jected to vertical loads, shear lag occurs [21]. The con-
cept of the shear lag effect coefficient is clearer and more 
applicable than the concept of the effective distribution 
width. The coefficient can be applied to the top and bot-
tom plates of concrete box beam sections and various reg-
ular steel-concrete composite structures. This study ana-
lyzes the shear lag effect using a spatial grid model applied 
to steel-concrete I-shaped composite beams, and analyzes 
the influence of different section parameters on the shear 
lag effect. To facilitate the discussion of the effects on the 
shear lag effect, this paper introduces the shear lag coeffi-
cient, defined as follows:

� �
Normal stress considering shear lag effect

Normal stress obtainedd by elementary beam theory
. 

(11)

4.1.1 Effect of wide-span ratio on shear lag effect
Keeping the width of the composite beam top plate 
unchanged, and changing the aspect ratio by changing 
the span of the I-shaped composite beam, the proposed 
space grid element is used to establish three spatial span 
I-shaped composite beam models with different spans 
to reveal the effect of different aspect ratios on the shear 
lag effect of duplex composite beams. When the spatial 

mesh model is established, the combined beam section 
size, boundary conditions, and the number of unit divi-
sions do not change. The size of each unit is changed by 
changing the size of the dividing unit. The three compos-
ite beam models are subjected to a vertical uniform load 
of 10 kN/m at the joint between the top plate and the web 
of the I-shaped composite beam. The top plate width of 
each model is 1000 mm, the top plate thickness is 80 mm, 
the web height is 400 mm, and the web thickness is 8 mm. 
The first model has a span of 2000 mm and a width-to–
span (or wide-span) ratio of 0.5; the second model has 
a span of 4000 mm and a wide span ratio of 0.25; and the 
third model has a span of 6000 mm and a wide-span ratio 
of 0.17. Table 1 shows the lateral distribution of the stress 
along the cross section of the steel-concrete I-shaped com-
posite beam for different span ratios.

It can be seen from Table 1 that under the uniform sym-
metric load, the maximum shear lag coefficient of the 
transverse section of the concrete roof is 1.1143, and the 
minimum value is 0.7180. When the width-to-span ratio is 
0.17, the shear lag coefficient of each point of the transverse 
section of the concrete roof is 1.028, and the minimum 
value is 0.9820. As the width-to-span ratio decreases, the 
shear lag coefficient change interval gradually decreases, 
and the shear lag effect gradually decreases.

The shear lag coefficient distribution of the steel-con-
crete duplex type composite beam roof for different width-
to-span ratios is shown in Fig. 7, which indicates that the 
shear lag effect coefficient of each point of the mid-section 
of the double-shaped composite beam roof plate reaches its 
maximum at the boundary between the steel web and the 
roof plate. From the interface between the web and the roof 
to the edge of the wing and the midpoint of the section, the 
shear lag coefficient continuously decreases. The shear lag 
coefficient of the duplex beam reaches its maximum at the 
intersection of the top plate and the web, and the shear lag 
coefficient reaches its minimum at the interface. It can be 
seen that with the gradual reduction of the width-to-span 
ratio of the steel-concrete duplex type composite beam, 
the maximum shear lag coefficient of the concrete roof is 

Fig. 6 Dimensions of a steel-concrete double I-beam (mm)

Table 1 Shear lag coefficients of roof of steel-concrete double I-beam 
for different width-span ratios

Width-span 
ratio

Span of 
composite  
beam/mm

Maximum shear 
lag coefficient

Minimum shear 
lag coefficient

0.50 2000 1.1143 0.7180

0.25 4000 1.0135 0.9529

0.17 6000 1.0028 0.9820
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reduced, and the shear lag effect becomes less obvious. 
The shear-lag effect for a steel-mixed duplex type beam 
width span ratio below 0.25 is relatively insignificant.

4.1.2 Effect of aspect ratio on shear lag effect
Keeping the width of the composite beam top plate 
unchanged, and changing the aspect ratio by changing the 
height of the I-beam and using space grid elements to estab-
lish three spatial span I-shaped composite beam models 
with different spans, the effect of different aspect ratios on 
the shear lag effect of duplex composite beams is revealed. 
The number of unit divisions is constant, the top plate 
width of each model is 1000 mm, the top plate thickness 
is 80 mm, the span is 4000 mm, and the web thickness is 
8 mm. The first model web is 300 mm high, the aspect ratio 
is 0.3; the second model web is 400 mm high, the width 
ratio is 0.4; and the third model web is 500 mm high and 
the aspect ratio is 0.5. Table 2 shows the lateral distribution 
coefficients of the stress along the cross section of the steel-
mixed I-shaped composite beam for different aspect ratios.

Fig. 8 shows the distribution of the shear lag coefficient 
for the top plate using different height-width ratio dou-
ble-shaped composite beams, and Table 2 lists the shear 

lag coefficients of the roof for different aspect ratios. It can 
be seen from Fig. 8 and Table 2 that when the aspect ratio 
is 0.3, the shear lag coefficient changes by 0.0705 between 
maximum and minimum values, and when the aspect ratio 
is 0.5, the shear lag coefficient varies by 0.0558. With the 
gradual increase in aspect ratio, the variation of the shear 
lag coefficient of the concrete roof gradually decreases.

The variation of the shear lag coefficient of the concrete 
roof increases with the decrease of the aspect ratio of the 
steel-concrete duplex type composite beam. The smaller the 
aspect ratio is, the more significant the shear lag effect. When 
the aspect ratio of a steel-mixed duplex type composite beam 
is above 0.4, the shear lag effect is relatively insignificant.

4.1.3 Effect of steel web thickness on shear lag effect
By changing the thickness of the composite beam dou-
ble-shaped steel, the space mesh unit and the space beam 
unit are used to establish three I-shaped composite beam 
models with different steel plate thicknesses, and the influ-
ence of the web thickness on the shear lag effect of the 
I-shaped composite beam is revealed. The number of unit 
divisions is constant, and the top plate width of each model 
is 1000 mm, the top plate thickness is 80 mm, the span is 
4000 mm, and the web height is 400 mm. The first model 
web thickness is 8 mm, the second model web thickness is 
12 mm, and the third model web thickness is 16 mm. Table 3 
shows the lateral distribution coefficients of the stress along 
the cross section for the different web thicknesses.

Fig. 9 shows the distribution of the shear lag coefficient 
of the double-shaped composite beam for different web 
thicknesses. Table 3 lists the shear lag coefficients of the 

Fig. 8 Shear lag coefficients of roof of steel-concrete double I-beams 
for different height-width ratios

Table 2 Shear lag coefficients of roof of steel-concrete double I-beam 
for different height-width ratios

Height-width 
ratio

Web height/
mm

Maximum shear 
lag coefficient

Minimum shear 
lag coefficient

0.30 300 1.0176 0.9471

0.40 400 1.0086 0.9482

0.50 500 1.0052 0.9494

Fig. 7 Shear lag coefficients of roof of steel-concrete double I-beam 
for different width-span ratios
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double-shaped composite beam roof for different web thick-
nesses. It can be seen from Fig. 9 and Table 3 that when the 
thickness of the web of the double-shaped composite beam 
is increased from 8 mm to 16 mm, the maximum value of 
the shear lag coefficient is approximately 1.01, and the mini-
mum value is approximately 0.95, indicating that the change 
is small. The results indicate that the shear lag effect of the 
steel-concrete duplex type composite beam is less affected 
by any change in the thickness of the steel web.

The parameter analysis of the shear lag effect of the 
I-shaped composite beam is carried out by applying the 
grid element to establish the spatial grid model. The analy-
sis results demonstrate that the spatial mesh analysis model 
using the grid element can accurately reveal the effect of 
different section parameters on the shear lag effect of the 
duplex type composite beam. The model can be used for 
spatial effect analysis and design parameter optimization 
of steel-concrete composite beams under stress.

4.2 Calculation of internal force and displacement
When designing a composite bridge, it is necessary to ana-
lyze both the behavior of each part of the structure under 
stress and the internal force and deflection of the structure. 

In the common finite element analysis method, for exam-
ple, the ANSYS plate and shell element analysis can only 
extract the stress of different parts, and cannot directly 
extract the internal force. In the finite section analysis 
method, only the internal force of the entire section can 
be extracted, and the internal forces of various parts of 
the structure cannot be completely reflected. In this study, 
the internal force analysis of the steel-mixed compos-
ite beam is carried out by using the pushed grid unit and 
the MATLAB program, and the internal forces and dis-
placements of the composite beam roof, floor, and web 
can be directly obtained in the form of nodal forces and 
joint deformation. It is also possible to directly obtain the 
results of the additional deflection of the shear lag effect 
and the additional internal force.

The steel-concrete duplex type composite beam is used 
as an example, and the load is 20 kN/m, symmetrically dis-
tributed across the span. The specific section size and the 
load form are shown in Fig. 10. Tables 4 and 5 respectively 
show the deflection and bending moment of each joint 
along the span direction of the top plate and the web under 
the symmetric distributed load. The details are as follows.

Through the numerical analysis of the composite beam 
space grid element method, it is found that the spatial grid 
element method can extract the stress of the nodes in all 
directions, and can extract the displacement and internal 
force values of the nodes in different directions. It can be 
seen from the results for internal force and deformation 
that because the calculation result is output by the unit 
node force. It is also possible to extract the rotation angle, 
bending moment, and torque of each node at different 

Fig. 9 Shear lag coefficients of roof of different web thicknesses

Table 3 Shear lag coefficients of roof of double I-beam for different 
web thicknesses

Web thickness/mm Maximum shear lag 
coefficient

Minimum shear lag 
coefficient

8 1.0100 0.9496

12 1.0120 0.9473

16 1.0106 0.9526

(a)

(b)

Fig. 10 Combined double I-beam subjected to symmetrical distributed 
load: (a) Load elevation, (b) Duplex type composite beam section size/mm
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positions, and the result of the internal force of the shear 
force hysteresis effect can be directly obtained, which is 
difficult to obtain from other finite element numerical 
analysis methods. The effects of additional deflection and 
additional bending moment caused by the shear lag effect 
can be analyzed using the proposed method. The analysis 
results indicate that the additional deflection of shear lag 
represents 4.72% of the total deflection of the elementary 
beam and that the additional bending moment of the shear 
lag can reach up to 8.43% of the total bending moment of 
the elementary beam. 

5 Conclusions
In this paper, the energy matrix principle is used to derive 
the stiffness matrix of the proposed space grid element. 
Combined with the developed MATLAB finite element 
analysis program, the steel-concrete duplex type com-
posite beam is taken as the analysis object. By changing 
the section parameters, the effects of different wide-span 
ratios, high-span ratios, and web thicknesses on the shear 

lag effect of duplex type composite beams are analyzed. At 
the same time, based on the analysis of shear lag parame-
ters, the analysis of additional internal force and deforma-
tion caused by the shear lag effect is carried out. The main 
conclusions are as follows:

1. The shear lag effect on a steel-concrete duplex type 
composite beam increases with increasing wide-
span ratio and it increases with decreasing aspect 
ratio, while the effect of shear lag effect changes little 
with variations in web thickness. This conclusion is 
consistent with existing research conclusions, indi-
cating that the spatial grid element analysis method 
can effectively analyze the spatial effects of steel-
mixed composite beams under stress.

2. Using the analysis method to calculate the inter-
nal force and displacement of different parts of the 
steel-concrete duplex type composite beam under 
the action of a symmetric distributed load indicates 
that the spatial grid element analysis method can 
directly obtain the local stress, internal force, and 

Table 4 Partial deflection of the intersection of the composite beam roof and the steel web (units: mm)

Coordinates in X direction/
mm

Deflection of elementary 
beam theory δ0

Deflection of space grid 
element δ1

Shear lag additional 
deflection δ2 = δ1 − δ0

δ2 / δ0 /%

200 -1.596E-04 -1.656E-04 -5.955E-06 3.73%

400 -2.836E-04 -2.965E-04 -1.290E-05 4.55%

600 -4.099E-04 -4.206E-04 -1.070E-05 2.61%

800 -5.105E-04 -5.343E-04 -2.379E-05 4.66%

1000 -6.146E-04 -6.348E-04 -2.016E-05 3.28%

1200 -6.951E-04 -7.199E-04 -2.481E-05 3.57%

1400 -7.568E-04 -7.879E-04 -3.110E-05 4.11%

1600 -7.997E-04 -8.374E-04 -3.774E-05 4.72%

1800 -8.307E-04 -8.675E-04 -3.680E-05 4.43%

2000 -8.419E-04 -8.775E-04 -3.561E-05 4.23%

Table 5 Partial bending moment of the intersection of the composite beam (units: KN * m)

Coordinates in X direction/
mm

Bending moment: 
elementary beam theory M0

Bending moment:  
space grid element M1

Shear lag additional bending 
moment M2 = M1 − M0

M2 / M0 /%

200 7.6 7.902 0.302 3.97%

400 14.4 15.101 0.701 4.87%

600 20.4 21.345 0.945 4.63%

800 25.6 26.793 1.193 4.66%

1000 30 31.584 1.584 5.28%

1200 33.6 35.136 1.536 4.57%

1400 36.4 38.624 2.224 6.11%

1600 38.4 41.364 2.964 7.72%

1800 39.6 42.938 3.338 8.43%

2000 40 43.344 3.344 8.36%
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displacement of various parts. It is also possible to 
extract the rotational angles, bending moments, and 
torques of the various nodes at different positions, 
and to directly obtain the internal forces such as 
shear lag, warpage, and distortion effects.

3. The analysis results of the duplex type composite 
beam presented in this paper indicate that the addi-
tional deflection of the shear force lag contributes 
up to 4.72% to the total deflection of the elementary 
beam and that the additional bending moment of the 
shear force lag contributes up to 8.43% to the total 
bending moment of the elementary beam. Because 
the shear lag effect can significantly affect the actual 
stress distribution of a composite structure if it is 
not comprehensively considered, the deflection and 
stress generated by an external load on the compos-
ite beam structure may be underestimated, resulting 
in safety hazards related to instability and poten-
tial local damage of the composite beam structure. 
Therefore, the shear lag effect should be carefully 
considered in composite structure designs.

4. The derivation process of the energy variation 
method is clear, simple, and easy to program. It is 
not only suitable for analysis using spatial grid cells, 
but can be used for analysis and calculation using 
other types of cells and even structures. It has good 
application value, especially regarding the interface 
beam slip effect of composite beams. In subsequent 
research, by adding an interface spring unit to form 
a new type of space grid unit, the theoretical simula-
tion analysis and engineering application involving 
the static, dynamic, and stability of some composite 
beams can be carried out. Because the focus of this 
paper is the verification and application of the spa-
tial grid element model, the I-beam composite beam 
interface is coupled by the unit node degree of free-
dom; therefore, the interface slip will be specifically 
discussed in a subsequent study.

In summary, the spatial grid element analysis method can 
accurately, reliably, and quickly evaluate the steel-mixed 
composite structure. It has important theoretical value and 
engineering application significance for the effective anal-
ysis and application of composite bridge structures.
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