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Abstract

The paper presents a new method to generate yield surfaces for the doubly symmetrical sections including thin-walled pipe, thin-

walled box, and wide-flange I-shape under axial force combined with biaxial bending moments in nonlinear analysis of the steel frame. 

The yield surfaces are described by twenty parameters and all of them can be determined automatically by the computer program 

using the power and polynomial regressions of the interaction curves. The cutting plan algorithm (CPA) is adopted for internal force 

update to satisfy yield conditions in a plastic hinge. A computer code was designed to implement the proposed model and carry out 

nonlinear analyses on steel frames. Multiple computational examples have been executed to verify the proposed model's accuracy 

and efficiency, involving a comparison of results predicted by the proposed method with those obtained from alternative methods.
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1 Introduction
Nonlinear analysis is widely applied for steel frames in 
practical design. The most promising model for nonlin-
ear analysis of the beam-column elements is the fiber 
method [1], where cross-sections of element are usually 
discretized into small fibers, and the nonlinear behavior 
of the material is represented by the uniaxial stress-strain 
relationship of a fiber. The fiber method is too computa-
tionally intensive for structures modelled by large number 
of elements [2, 3]. Therefore, it is usually applicable only 
for research purposes.

The fiber hinge method was introduced to overcome the 
above limitations of the fiber method [2–5]. Chiorean [6] 
introduced a novel formulation for determining the biax-
ial interaction diagrams and moment capacity contours of 
a composite steel-concrete cross-section. This approach 
employs an incremental, iterative procedure relying on 
arc-length constraint equations. However, the method, 
grounded in the fiber approach, may face challenges in 
determining the curvature of non-prismatic elements. 
This limitation can result in time-consuming structural 
analyses, as iterative solutions are typically employed in 
establishing yield surfaces.

The yield surface concept is required in the framework 
of the classical theory of plasticity and had been widely 
used in inelastic frame analysis to model the full plastifi-
cation of the steel section under axial force combined with 
biaxial bending moment [7]. Deriving closed-form equa-
tions theoretically for the yield surface of a general sec-
tion is complex. Therefore, the yield surfaces should be 
approximated by simple equations for practical nonlinear 
analyses of the structures. A smooth or single yield sur-
face makes it relatively easy to satisfy the normality and 
yield criterion once plastic state reached [7].

The literature encompasses numerous methods proposed 
for conducting ultimate strength analyses on various sec-
tions, including wide-flange sections [8], as well as rect-
angular, circular, thin-walled pipe, thin-walled box, and 
wide-flange sections [7, 8]. These analyses are specifically 
focused on scenarios involving axial force combined with 
biaxial moments. Orbison et al. [7] proposed a polynomial 
expression for smooth yield surface that contained ratios 
of axial force and bending moments to the corresponding 
squash load and plastic moments. Orbison's equation was 
in excellent agreement with the plastification values except 
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significant errors occurred in the region of weak axis bend-
ing-axial force interaction in heavy I-shape sections. Duan 
and Chen [8] developed the yield surfaces that were smooth 
and convex in the three-dimension space that satisfied all 
special cases. For both the strong and weak axes of wide-
flange I-shaped sections, the yield surfaces proposed by 
Duan and Chen [8] were below the theoretical yield surfaces.

Exact solutions for the yield surface of the wide-flange 
section were described by twelve equations depending on 
the location of the neutral axis [9] and nine equations pro-
posed by Vu et al. [10] based on possible compression or 
tension areas caused by the axial force. The yield surface 
for wide-flange sections was also expressed by Morris 
and Fenves [11] using five equations. Other research-
ers [12–15] developed yield surfaces for steel I-sections 
and obtained results that matched very well to the theoret-
ical yield surfaces. However, all those yield surfaces [10–
15] were multiple-faceted surfaces. When multi-surface 
surfaces are used in the framework of the classical the-
ory of plasticity, some difficulties may occur such as the 
derivatives of the yield function become indeterminate at 
the facet intersection [16], the elastic element forces must 
be checked against each facet, and forces at plastic hinges 
must be prevented from attempting to cross over from one 
facet to a neighboring facet [7], etc.

This paper proposes general yield surfaces of the dou-
bly symmetrical sections of steel structures such as thin-
walled pipe, thin-walled box, and wide-flange sections 
under axial force combined with biaxial bending moments. 
The developed equation for the yield surfaces result in: 

1. an accuracy improvement of the yields surfaces to 
overcome the shortcoming of Duan and Chen equa-
tions [7] and Orbison equations [8]; 

2. single function in the three-dimension space that 
satisfied the requirement in the framework of the 
classical theory of plasticity; 

3. reduction of the time-consuming process in compar-
ison to the fiber model for the finite element analysis 
of the steel frame in the practical field. 

Additionally, the cutting plan algorithm (CPA) is 
adopted for constraining the element forces on the yield 
surface in nonlinear analyses of the steel frames.

2 Yield surface
2.1 Section properties
Examine the cross-sections within the local coordinate 
system x-y-z, experiencing external bending moments 
around the y-axis and z-axis, along with an axial force 
along the x-axis, as illustrated in Fig. 1. Assumptions can 
be made for developing the yield surface of the cross sec-
tions as follows: 

1. The plane section remains plane after deformation. 
2. Shear and torsional interaction effects are not consid-

ered in the steel constitutive model. 
3. The material is regarded as linear and elastic-per-

fectly plastic (strain hardening is ignored). 
4. Local buckling and lateral torsional buckling are not 

involved. 
5. Strains and deformations are small. 
6. The roots at the intersection of flange and web are 

neglected. 

The steel sections can be plastic and compact which can 
develop their full plastic moment without early interfer-
ence by local buckling and lateral torsional buckling.

The axial yield strength and plastic moments can be 
expressed as follows:
P A f
M Z f
M Z f

y x y

pz z y

py y y

=

=

=

 (1)

(a) (b) (c)

Fig. 1 Illustrations of doubly symmetrical sections: (a) Thin-walled pipe, (b) Thin-walled box, (c) Wide-flange I-shape
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where fy is strength of steel; Py is axial yield strength; Mpz 
is plastic moment about z axis; Mpy is plastic moment about 
y axis; and Ax is the cross-sectional area; and Zz and Zy are 
plastic moduli about z and y, respectively. The cross-sec-
tional area and plastic moduli of thin-walled pipe, thin-
walled box, and wide-flange I-shape are given in Table 1.

2.2 Proposed yield surface
The yield surface can be expressed in terms of the follow-
ing non-dimensional quantities (Figs. 2 and 3):
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where p is ratio of axial force to axial yield strength; 
P is axial load; Py is axial yield strength; Mz is bending 
moment about z axis; My is bending moment about y axis; 
mpzp and mpyp are non-dimensional quantities as shown in 
Fig. 2 and calculated as:
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where b1 , b2 , b3 are the polynomial regression coefficients 
of the p-mpzp interaction curve; c1 , c2 , and c3 are the poly-
nomial regression coefficients of the p-mpyp interaction 
curve. The fiber method can be utilized to generate inter-
action curves between axial forces and bending moments 
for a section, as shown in Fig. 2. The coefficients bi and 
ci are then determined using Eq. (3) through polynomial 
regression of the interaction curves.

The yield surface for a doubly symmetrical steel sec-
tion as shown in Fig. 3 can be written in Eq. (4):

f m mpz
a

py
a� � �1 2 1  (4)

where a1 and a2 are best fitting parameters dependent on 
sectional shapes. Equation (4) lacks apparent physical sig-
nificance, but it can conform closely to a realistic physi-
cally derived yield surface [8].

3 Determination of parameters
3.1 Thin-walled pipe section
Since the plastic moments about z and y axes are the same 
at a certain axial load ratio then a1 = a2 = 2 for all thin-
walled pipe sections. The exact solution of the yield sur-
face for thin-walled pipe section proposed by Morris and 
Fenves [11] as:
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Equation (5) can be expressed as Maclaurin series 
as follows:
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or

m p p ppzp � � � � ��1 1 234 0 254 0 021
2 4 6

. . . . (7)

The coefficients b1 = c1 ≈ −0.022; b2 = c2 ≈ 0.257; and 
b3 = c3 ≈ −1.235, determined from polynomial regression 

Table 1 Section properties
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Fig. 2 Interaction curves between axial forces and bending moments
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in this study, are matched very well with the exact solu-
tion in Eq. (5).

3.2 Wide-flange and thin-walled box sections
The plastic moments change with bending axes from the 
z-axis to y-axis and the interaction curves of biaxial bending 
moments change their shape with the axial force ratios. As a 
result, a1 and a2 in Eq. (4) are not the same values and both 
are dependent on the axial force ratios. Equation (8) can be 
obtained by using the best fitting approach for a1 and a2 :
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where d1 to d7 , and e1 to e7 are coefficients of the polyno-
mial regression. If the thin-walled box section is square 
and web and flange thicknesses are equal, then a1 and a2 
are identical. The general shape of a1 and a2 are illustrated 
in Fig. 4. The fiber method can be utilized to generate 
interaction curves between biaxial bending moments for a 
section at different p values. Each curve provides a set of 
a1 and a2 using a best-fitting method. By applying Eq. (8) 
to these sets of a1 and a2 for polynomial regression, di and 
ci coefficient can be determined.

4 Numerical solution
The element forces move tangent on the yield surface at 
plastic hinges when undergoing a transition from fully 
elastic state to fully plastic state. The plastic displace-
ments may occur when a section of the column reaches 
a fully plastic state. The displacement increments can be 
separated into elastic and plastic components as follows:

d d de pu u u� �  (9)

where du is total displacement increment; due is elastic 
displacement increment; and dup is plastic displacement 
increment.

The elastic force increment can be expressed as:

d d d pF K u u� �� �  (10)

where K is element stiffness matrix.
According to the flow rule, the plastic displacement 

increment is perpendicular to the potential surface and 
given by:

d pu
g
F

r�
�
�

�� �  (11)

where λ is plastic scalar or plastic parameter, which rep-
resents the magnitude of the plastic flow, λ ≥ 0; g is poten-
tial function, for associate flow rule, g = f; r is flow direc-
tion, obtained upon differential of the plastic potential 
function with respect to forces.

Substituting Eq. (11) to Eq. (10) leads to:

d dF K u r� �� �� . (12)

The force increments are related to the forces at the cur-
rent time step and previous time step as:

d n nF F F� ��1  (13)

where n is the time step.

Fig. 3 Interaction curve between biaxial bending moments

Fig. 4 The a1 and a2 functions for the wide-flange and thin-walled box sections



Hoang et al.
Period. Polytech. Civ. Eng., 69(1), pp. 321–332, 2025|325

The forces at the current time step can be rewritten as:

F F K u Krn n d� � � �1 � . (14)

The Backward Euler scheme [16] is carried out with 
total displacement increments to obtain an elastic predic-
tor (point B in Fig. 5), by integrating the elastic equations. 
The first two terms of Eq. (14) represent elastic predictor as:

F F K un n d� � �
1

trial . (15)

The elastically predicted forces are relaxed on a suit-
ably updated yield surface (point C in Fig. 5) by correct-
ing iteratively the plastic displacement increments along 
a direction specified by the plastic flow direction:

F F Krn n� �� �
1 1

trial �  (16)

where −λKr is plastic corrector.
Consider force states as shown in Fig. 5, the force state 

at a point C on the yield surface is computed from the first 
order Taylor expansion of the yield function at point B as:

f f dC B� � � �� � q F  (17)

q f
F
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�
�

 (18)

where q is differential of the yield surface with respect to 
forces at point B.

By enforcing consistency of the yield function at point C:

f B� � � �� � �q Kr� 0 . (19)

The plastic scalar can be obtained from Eq. (17) as:

� � � �f B
qKr

. (20)

For the complicated yield surface such as the proposed 
yield surface in Eq. (4), the yield condition at point C( f(C)) 
is usually not satisfied by the predicted forces in Eq. (16). 

The yield function f(C) is either greater or less than zero 
with significant error. The technique for constraining the 
element forces on the yield surface directly affects the 
accuracy and stability of the overall numerical solution. 
The implicit closest point projection method (CPPM) and 
the cutting plan algorithm (CPA) are two techniques (also 
known as return mapping technique) that were widely used 
in the literature [16–19], both were developed based on the 
backward Euler scheme [16]. The CPA itself avoids the 
need for second derivatives to be evaluated of the potential 
function making it easier to deal with complicated yield 
surfaces [18] so it was employed in this study. The complete 
force update using CPA algorithm is given in Appendix.

5 Numerical analyses and results
A computer program for steel frame analysis using plas-
tic hinge approach (SPH) with fully graphical interface 
was developed based on the above algorithm for nonlinear 
analysis of three-dimensional steel frames. The analyses 
can be linear elastic, geometrically nonlinear, and materi-
ally and geometrically nonlinear. The program can gener-
ate the parameters for the yield surfaces of any thin-walled 
pipe, thin-walled box, and wide-flange I-shape cross sec-
tions using the proposed equations in this study.

5.1 Yield surfaces
Examples of the yield surfaces are performed for the thin-
walled pipe, wide-flange, and thin-walled box sections to 
verify the proposed equations for p = 0.0, 0.3, 0.5, 0.7 and 
0.9. The fiber method considered as the best approxima-
tion solution is used for the comparison purpose [2, 3].

For a thin-walled pipe section, the comparison of the 
yield surface contour is shown in Fig. 6. It can be observed 
that Eq. (4) with parameters presented in Table 2 and 
Table 3 can describe the behavior of a thin-walled section 
very well.

Fig. 5 Backward Euler scheme for associate plasticity Fig. 6 Comparison of yield surfaces of thin-walled pipe section
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An accurate estimation for the yield surface of the thin-
walled box HSS12 × 12 × 1/2 section is also obtained while 
comparing to the fiber method, as shown in Fig. 7 (a). 
Since plastic moments about z-axis and y-axis of are the 
same then the coefficients of the polynomial regression are 
also equal, bi = ci (i = 1–3), di = ei (i = 1–7) in each axis as 
presented in Table 2 and Table 3.

Referring to yield surface contour for W12 × 30 sec-
tion, the proposed equation, Orbison equation [7] and 
Duan and Chen equation [8] are plotted in Fig. 8 (a)–(c). 
It is observed that the interaction curves of the proposed 
model are in very good agreement with those of the fiber 
model except for the curve with p = 0.5 (in Fig. 8 (c)) 
where values of mypmpyp are slightly different from the 
plastification values. Conversely, the Orbison equa-
tion [7] and Duan and Chen equation [8] deviated from 
the fiber method. Fig. 8 (d) shows the variation of a1 and 

a2 which are approximated by the six-degree polynomials 
with parameters given in Table 4.

The accuracy of the proposed yield surfaces is evalu-
ated by the coefficient of determination, R2. For all sec-
tions, high accuracy of the proposed equation is obtained 
where all values of R2 are greater than 0.99, as presented 
in Tables 2 to 4.

5.2 Steel columns
A three-dimensional, two-element column (Fig. 9) was 
analyzed to verify the proposed yield surfaces and the 
nonlinear solution algorithm. The element properties cor-
respond to those of W6 × 20 and HSS6 × 6 × 1/4 sections 
of A36 steel. The applied loads were selected to ensure 
the maximum internal forces occur at the midspan node 
where the plastic hinge will be formed. Load increments 
were applied proportionally until constituting a collapse 
mechanism of the column with a plastic hinge formed at 
the midspan in each element. Values of Fx and Fy changed 
arbitrarily to obtain different plastic moments ratios. 

Fig. 10 shows the interaction curves obtained from the 
fiber model for W6 × 20 and HSS6 × 6 × 1/4 sections, 
respectively. Fig. 10 also shows the internal force states 
of the elements at failure from the analyses. It can be 
observed that the internal force states at failure are very 
close to the plastification values. Table 5 presents the com-
parison of solution time between the fiber method and the 
proposed method. It can be observed that the solution time 
of the proposed method is 7.5 times to 84 times faster than 
that of the fiber method, dependent on the number of ele-
ments used in the analyses.

Table 2 Parameters for p-mpzp interaction curves

Parameters Pipe W12 × 30 HSS12 × 12 × 1/2

b1 −0.022 −0.61 −0.083

b2 0.257 1.48 0.537

b3 −1.235 −1.87 −1.449

R2 1.00 0.9998 0.9998

Table 3 Parameters for p-mpyp interaction curves

Parameters Pipe W12 × 30 HSS12 × 12 × 1/2

c1 −0.022 0.79 −0.083

c2 0.257 −1.93 0.537

c3 −1.235 0.15 −1.449

R2 1.00 0.9998 0.9998

(a) (b)

Fig. 7 Yield surface for HSS12 × 12 × 1/2 section: (a) Plan view of the yield surface, (b) a1 and a2 parameters



Hoang et al.
Period. Polytech. Civ. Eng., 69(1), pp. 321–332, 2025|327

Table 4 Parameters for mpympzp-mpzmpyp interaction curves

Index
W12 × 30 HSS12 × 12 × 1/2

d e d and e

1 207.80 1696.23 96.62

2 −535.07 −3649.69 −200.03

3 483.74 2992.69 149.70

4 −171.76 −1140.12 −36.85

5 15.64 205.63 1.04

6 −1.55 −11.92 0.87

7 2.90 0.90 1.70

R2 0.9954 0.9998 0.9998

(a) (b)

(c) (d)

Fig. 8 Yield surfaces for W12 × 30 section: (a) p-mpzp , (b) p-mpyp , (c) Plane view, (d) a1 and a2 parameters

Fig. 9 Geometry and applied loads of the column
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5.3 Space steel frame
The two-story space frame shown in Fig. 11 (a) was previ-
ously analyzed by Zubydan [12]. The yield strength, Young's 
modulus, and Poisson's ratio of all members are 320 MPa, 
221000 MPa, and 0.3, respectively. H150 × 150 × 10 × 6.5 

section is used for all elements where the strong axis 
of the columns is in Y-direction. The cross section has 
Py = 1230 kN, Mpy = 364 kN m and Mpz = 760 kN m and 
parameters for the yield surface are presented in Table 6 
and Table 7. The node and element number are shown in 
Fig. 11 (b) for the finite element model. The vertical and 
lateral loads were applied proportionally until the frame 
reaches the failure state in two analysis cases. The plastic 
hinges are assumed to be formed only at the ends of each 
element coupled with the yield surface. Fig. 12 shows results 
for the first analysis case in which lateral load was applied 
in X-direction only (r = 0). The ultimate lateral capacity 

Table 5 Comparison of solution time (s)

Number of elements Fiber method Proposed method

2 21 2

10 15 2

100 127 2

200 253 3

(a) (b)

Fig. 10 Nomalized forces at midspan: (a) W6 × 20, (b) HSS6 × 6 × 1/4

(a) (b)

Fig. 11 Three-dimensional two-story steel frame: (a) Geometry and applied loads, (b) Node and element numbers
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of the frame (P ~ 75 kN) in X-direction obtained from the 
proposed model, fiber model and the published analysis 
results are in very well agreement as shown in Fig. 12 (a). 
The load-displacement relationships obtained from the pro-
posed model are slightly lower than those obtained from the 
fiber model and Zubydan [12] before reaching failure load. 
The ultimate loads obtained from the proposed method is 
Pu = 75.76 kN, compared to Pu = 75.36 kN from the fiber 
model and Pu = 75.6 kN from Zubydan [12]. 

In this frame, the failure state is controlled by the fail-
ure of four columns in the first story. Consider element 9, 
the bending moment Mz at the bottom (node 1) reached its 
maximum in the proposed model, while it continued to 
increase in the fiber model at P = 60 kN. As a result, the 
element is weaker in the proposed model compared to the 

fiber model, as the load-displacement curves from the pro-
posed method lie below those from the fiber model before 
failure as shown in Fig. 12 (a).

In the second analysis case (r = 1), the lateral loads were 
applied in both directions. It is clearly observed that the 
results obtained from the proposed model corelate well 
with the results obtained from the fiber model in terms 
of lateral capacity and load-displacement relationships 
(Fig. 13 (a)). The lateral capacity of the frame is greatly 
reduced with the increase of lateral loads in Y-direction 
due to the increase of bending moments produced about 
the weak axis of the cross section, in comparison to that of 
the first case. As shown in Fig. 13 (b), the internal forces of 
element 9 started yielding at P = 20 kN at the bottom while 
it was still in the elastic range in the proposed model. This 
behavior explained why the load-displacement curves from 
the fiber model are lower than that from the proposed model 
beyond the applied load of 20 kN as shown in Fig. 13 (a).

5.4 Steel portal frame
The steel portal frame shown in Fig. 14 consists of 
a W12 × 27 wide flange beam and two W12 × 50 col-
umns. This frame has been analyzed by Liew et al. [20], 
with plastic hinges allowed to form only at the two ends 
of each element. The geometry and section properties of 
the frame are illustrated in Fig. 14. The frame is subjected 
to both vertical and lateral loads applied proportionally. 
The yield strength of all elements is fy = 248.2 MPa and 
Young's modulus is E = 20 GPa. The parameters for yield 
surface for cross sections of the beam and columns are 
given in Tables 8 and 9. 

Table 6 Parameters for p-mpyp and p-mpzp of H150 × 150 × 10 × 6.5 section

Index b c

1 −1.01 0.63

2 2.09 −1.35

3 −2.09 −0.28

Table 7 Parameters for mpympzp-mpzmpyp of H150 × 150 × 10 × 6.5 section

Index d e

1 −20.83 −48.61

2 116.51 628.69

3 −215.95 −963.27

4 175.51 529.13

5 −60.05 −94.11

6 3.50 6.94

7 2.50 0.88

(a) (b)

Fig. 12 Load-displacement and load-internal force relationships for the two-story frame (r = 0): (a) Load-displacement curve in X-direction, 
(b) Internal force-load curves for element 9



330|Hoang et al.
Period. Polytech. Civ. Eng., 69(1), pp. 321–332, 2025

The nonlinear behavior, represented by the load-dis-
placement curves at point A, computed by the proposed 
method, is compared with that provided by Liew et al. [20] 
in Fig. 15 with excellent agreement. The ultimate loads 
obtained are 61.6 kN from the proposed method and 62.2 
from Liew et al. [20].

6 Conclusions
The yield surfaces of thin-walled pipe, thin-walled box, 
and wide-flange sections under axial force combined with 
biaxial bending moments have been developed for non-
linear analysis of the steel frame. The proposed yield sur-
faces comprise twenty best-fitting parameters which can 
be determined using the power and polynomial regres-
sions of the interaction curves. The cutting plan algorithm 

(a) (b)

Fig. 13 Load-displacement and load-internal force relationships for the two-story frame (r = 1): (a) Load-displacement curve in Y-direction, 
(b) Internal force-load curves for element 9

Fig. 14 Steel portal frame

Table 8 Parameters for p-mpyp and p-mpzp

Index
W12 × 50 W12 × 27

b c b c

1 −0.84 0.71 −0.65 0.74

2 1.82 −1.61 1.54 −1.83

3 −2.00 −0.09 −1.89 0.10

Table 9 Parameters for mpympzp-mpzmpyp

Index
W12 × 50 W12 × 27

d e d e

1 92.28 1821.02 219.15 1504.88

2 −236.94 −4150.66 −586.87 −3212.45

3 201.45 3581.64 563.01 2613.29

4 −52.55 −1429.12 −225.19 −991.30

5 −5.37 268.31 31.85 181.39

6 0.01 −16.92 −3.19 −11.03

7 2.58 1.05 2.83 0.98
Fig. 15 Load-displacement curves for the steel portal frame
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Appendix
If plastic hinges formed at one end of the element:

1. Initialization: set initial values of plastic displace-
ment to converged values at end of previous load 
step, zero the incremental plasticity parameter, and 
evaluate the elastic trial forces: 

k p p n
k

n p

� � �

� �� �
� � � �

� �
�

� �

0 0
0

0

1

0

; ; ;

.

,
u u

F K u u

�
 

2. Check yield condition and convergence at kth itera-
tion f(k) < TOL, converged else go to 3. TOL is con-
vergence tolerance of the iteration.

3. Compute increment in plasticity parameter

� �
� �

� � � �
f k

k kq Kr
. 

4. Obtain force increments

�F Krk k k� � � � � �� �� . 

5. Update plastic strains and forces

u u u u rp
k

p
k

p
k

p
k k k�� � � � � � � � � � � �� � � �1 � �  

F F Fk k k�� � � � � �� �1 �  

k → k + 1 go to 2.

If plastic hinges formed at both ends of the element:
1. Initialization: set initial values of plastic displace-

ment to converged values at end of previous load 

step, zero the incremental plasticity parameter, and 
evaluate the elastic trial forces: 

k p p n

n p

� � � �

� �� �
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� �
�

� �

0 0 0
0

1

0

2

0

0

1

0

; ; ; ;

.

,
u u

F K u u

� �
 

2. Check yield condition and convergence at kth itera-
tion f1

(k) < TOL1; f2
(k) < TOL2 converged else go to 3. 

TOL1 and TOL2 are convergence tolerances of the 
iteration.

3. Compute increment in plasticity parameters

�
1

2 1 2 1 2 2

2 1 1 2

k
k k k k k k

k k k

f f� �
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�q Kr q Kr

q Kr q Kr kk k k k k

k
k k k k kf f
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� �
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�

�
�

q Kr q Kr

q Kr q
1 1 2 2

2

1 2 1 2 1�
�� � � �

� � � � � � � � � � � � � � � ��
Kr

q Kr q Kr q Kr q Kr
1

2 1 1 2 1 1 2 2

k

k k k k k k k k .

 

4. Obtain force increments

�F Kr Krk k k k k� � � � � � � � � �� � �� �
1 1 2 2

. 

5. Update plastic strains and forces

u u u u r rp
k

p
k

p
k

p
k k k k k�� � � � � � � � � � � � � � � �� � � � �1

1 1 2 2
� � �  

F F Fk k k�� � � � � �� �1 �  

k → k + 1 go to 2.

In all equations above, subscripts 1 and 2 represent the 
first and second ends of the element, respectively.
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