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Abstract

Rebar corrosion, which has emerged as a primary detrimental factor, significantly impacts the structural performance, durability, 

and overall serviceability of reinforced concrete (RC) structures. In response to this issue, the growing use of GFRP, which offers 

superior corrosion resistance compared to steel, highlights the need to compare its performance with traditional steel-reinforced 

beams. To address this need, this study aims to evaluate the flexural behavior of beams reinforced solely with GFRP rebar and 

assess their structural performance relative to steel-reinforced beams. To achieve this, finite element models of both steel-reinforced 

and GFRP-reinforced beams were developed using ANSYS software. The analysis focused on load-bearing capacities, displacement 

characteristics, and crack patterns, and included the calculation of strain energies corresponding to collapse prevention performance 

limits. Overall, the study concludes that these modifications enhance design guidelines for GFRP-reinforced beams, offering improved 

practical applications in structural design. Significant findings include the proposed modification to the minimum reinforcement ratio 

equation in ACI 440.1R-15 for GFRP-reinforced concrete, the introduction of a suggested strain reduction factor for GFRP rebar, and 

the revision of the effective moment of inertia equation with coefficients of 0.05 and 0.95. These revisions improved the general 

performance indicator to 1.17, yielding better results compared to other equations in the literature. The study concludes that these 

modifications enhance design guidelines for GFRP-reinforced beams, offering improved practical applications in structural design.
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1 Introduction
Rebar corrosion, which has emerged as the primary det-
rimental factor, significantly impacts the structural per-
formance, durability, and overall serviceability of rein-
forced concrete (RC) structures. The detrimental effects 
of rebar corrosion manifest in three primary ways. First, 
rebar corrosion initiates concrete damage, manifesting as 
cracks and eventually leading to spalling of the concrete 
cover. This initial consequence not only compromises the 
structural integrity but also poses a threat to the overall 
durability of RC structures. Second, the corrosion process 
induces a reduction in the cross-sectional area of the rebar. 
This, in turn, adversely affects the steel stress and strains, 
contributing to further deterioration of the structural per-
formance. The third significant consequence of rebar cor-
rosion lies in the diminished bond strength at the inter-
face between the rebar and the concrete. This decrease 
in bond strength exacerbates structural vulnerabilities, 

creating additional challenges for the overall service-
ability of RC structures [1–3]. To mitigate the adverse 
impacts mentioned above, the concept of manufactur-
ing rebar from a noncorrosive material is highly desir-
able. Presently, fiber-reinforced polymer (FRP) rebars 
are being applied extensively, particularly as longitudi-
nal reinforcements in various infrastructure projects. 
In addition to preventing the decrease in bearing capacity 
caused by corrosion, FRP reinforcing bars offer several 
advantages over conventional steel rebars. In addition to 
their exceptional corrosion resistance, these rebars boast 
a lightweight nature and nonconductive properties. With 
a significantly higher tensile strength than traditional 
rebar, FRP reinforcement is particularly well suited for 
longitudinal applications [4–8]. While steel rebars can 
induce electromagnetic interference, FRP composites 
exhibit transparency to radio waves and electromagnetic 
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interference transmissions. Nevertheless, it is essential 
to acknowledge that the mechanical behaviors of FRPs 
and steel rebars differ significantly. Various design rec-
ommendations or guidelines, such as ACI 440.1R-06 [9], 
ACI 440.1R-15 [10], CSA S6-14 [11], and CSA S806-12 
(R2021) [12], have been developed to assist in the design 
of RC elements with FRP rebars. Despite these positive 
attributes, FRP rebars present challenges in bending at 
construction sites, requiring prebending and prepara-
tion during factory production. Moreover, the strength 
decreases when FRP rebars undergo bending. Using FRP 
reinforcing bars as stirrups in RC elements becomes 
challenging due to this factor. For this reason, these FRP 
rebars can be utilized in conjunction with traditional steel 
rebars, creating a hybrid reinforcement system. To mit-
igate the capacity reduction in RC elements caused by 
corrosion, the use of FRP rebars exclusively in RC ele-
ments has garnered increased amounts of attention. 
However, the mechanical behavior of FRP rebar differs 
significantly from that of steel rebar, necessitating further 
research. Unlike steel, which exhibits a bilinear response 
under uniaxial tensional force, FRP rebar exhibit linear 
behavior until rupture. The brittle nature of FRP rebar 
dominates the failure mode, transforming the behavior of 
a concrete element equipped with FRP rebar into an over-
all brittle characteristic. Moreover, FRP rebars encounter 
challenges when subjected to compressive stress, as they 
do not exhibit the same behavior as steel. The type of fiber 
used plays a crucial role in determining the properties of 
FRP rebar, with each fiber type presenting distinct advan-
tages and disadvantages. Glass fiber reinforced polymer 
(GFRP) rebars, which employ glass fibers, have emerged 
as the most widely used type of FRP rebar. This popular-
ity is attributed to the notable advantages of these mate-
rials, including low cost, high tensile strength, and resis-
tance to high temperatures and chemicals.

Numerous studies have explored the impact of GFRP 
rebar on the bending behavior of RC elements in recent 
years [13–17]. In these studies, many parameters, such 
as the differences between FRPs and steel reinforcing 
bars, behavioral differences when used as reinforcements 
in beams, deformation properties, ductility and failure 
modes, and crack propagation conditions, were studied. 
It has been observed that as the concrete strength and rein-
forcement ratio increase in RC elements reinforced with 
GFRP, the load-carrying capacity also improves. However, 
a higher reinforcement ratio may lead to a reduction in the 
ultimate displacement of these elements.

The Young's Modulus of GFRP rebars is generally 
lower than that of steel rebars. Consequently, in compar-
ison to conventional RC members, the deformation and 
crack width become more significant for GFRP-reinforced 
structures. The effective moment of inertia also changes 
due to the low Young's Modulus, necessitating modifica-
tions to the design equations typically used for steel-re-
inforced elements. Despite the brittle nature of GFRP 
rebar, which contributes to a more brittle behavior in the 
RC elements in which it is used, its high tensile strength 
and resistance to corrosion present it as a viable alterna-
tive to steel reinforcement. However, there is a consen-
sus that more experimental and analytical studies are 
needed to deepen the understanding of the bending behav-
ior of GFRP-reinforced RC elements. Additionally, new 
strength reduction factors may need to be developed to 
support innovative design approaches [17]. Furthermore, 
factors such as energy dissipation and failure mode should 
be taken into account when designing concrete members 
with FRP rebar, given the linear stress-strain relationship 
characteristic of this material [18].

The bending stiffness of the RC beam, which cracks 
due to bending, decreases. These stiffness reductions that 
may occur in RC beams due to cracking are eliminated 
by considering the stiffness of the cracked section in the 
flexural stiffness calculation. Since the Young's modulus 
of FRP rebar is generally lower than the Young's modu-
lus of steel rebar, the cracked section stiffness may be dif-
ferent in FRP-reinforced sections. This situation directly 
affects the RC element and system displacements. For this 
reason, the development of new computational approaches 
has come to the fore in determining the effective moments 
of inertia of RC elements with FRP rebars. The cracked 
section stiffness of RC beams with FRP rebar depends on 
the correct determination of the effective moments of iner-
tia. In determining the effective moment of inertia, ACI 
440.1R-06 [9]; ACI 440.1R-15 [10]; Bischoff [19, 22]; Rafi 
and Nadjai [20]; ISIS [21] and Habeeb and Ashour [23] 
suggested using Eqs. (1)–(7), respectively:
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where Ie is the effective moment of inertia, Ma is the maxi-
mum moment in the member at stage deflection, Mcr is the 
cracking moment, Icr is the moment of inertia of the trans-
formed cracked section, Ig is the gross moment of inertia, 
ρf is the ratio of FRP reinforcement, ρfb is the ratio of FRP 
balanced reinforcement, βd is the first-term reduction coeffi-
cient for RC elements with FRP rebars, γ is a factor, η is the 
coefficient depending on Icr and Ig , and γG is the second-term 
reduction coefficient for RC elements with FRP rebars.

By using an accurate numerical modeling technique, 
the structural behavior and failure modes of RC elements 
can be determined without the need for a laboratory envi-
ronment [4]. Studies on finite element modeling (FEM) 
of FRP-reinforced elements have gained momentum in 
recent years [4, 8, 24–26]. As a result of these develop-
ments, structural behavior can be reflected quite realisti-
cally using the FEM. Although the current use of FEMs 
requires much research, the creation of FEMs is highly 
important for parametric studies. The behavior of FRP-
reinforced elements in the FEM depends on the correct 
definition of the concrete yield criteria [4, 8].

The aim of this study is to propose a reduction factor for 
GFRP rebar and revised equations for the design of GFRP-
reinforced concrete elements, based on strain energy. This 
approach not only aims to improve the accuracy of current 
design models but also provides a deeper understanding of 
the element behavior. The findings of this study have the 
potential to significantly reshape the design equations cur-
rently used for FRP-reinforced concrete elements, offering 
novel insights and contributing a fresh perspective to the 
design process. This study presents the findings of a finite 
element numerical case study, focusing on the behavioral 
distinctions observed in GFRP-reinforced beams. This 
investigation specifically compares beams reinforced 
with GFRP bars for tensile reinforcement against beams 
employing conventional steel reinforcement, with a partic-
ular emphasis on strain energy. To achieve this goal, beam 
models with identical geometric properties but different 
reinforcement types and ratios were developed. Through 
the application of the FEM, these models recognized com-
prehensive analysis. The results were then scrutinized in 
conjunction with established relationships found in the lit-
erature. This study provides insightful suggestions that 
could prove valuable in the design of GFRP-reinforced 
beams. By elucidating the nuanced behavioral differences 
between GFRPs and conventional steel reinforcements, 
this research contributes to advancing our understanding 
and informing more effective design practices.

2 Material properties of the GFRP rebar
FRP rebar do not exhibit yielding behavior prior to fail-
ure. Instead, they behave linearly elastically until they 
fail under tensile forces. This distinctive characteris-
tic sets FRP rebars apart from traditional steel counter-
parts, impacting their structural performance. While the 
ultimate tensile strength of FRP rebars typically sur-
passes that of steel rebars, it is important to note that their 
Young's modulus and ultimate strain values are generally 
lower. This divergence in material properties highlights 
the need for a nuanced approach when designing struc-
tures that incorporate FRP rebars.

The tensile strength of FRP rebars exhibits high vari-
ability, primarily dependent on factors such as the matrix 
material, the type of fiber used, and the ultimate strength of 
the fiber itself. For this reason, it is very important to exper-
imentally determine the tensile strength and Young's mod-
ulus of the FRP reinforcing bars used in these studies. Prior 
to this study, the authors conducted laboratory tests on five 
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GFRP rebar samples obtained from local manufacturers 
following the ASTM D7205/D7205M-06(2011) [27] stan-
dard. The mechanical properties obtained from these tests 
were described previously [7]. The average tensile strength 
and Young's modulus of the GFRP rebar were determined 
to be 799 MPa and 41,341 MPa, respectively [7]. The ten-
sile strength of the GFRP rebar varies in the range of 483–
1600 MPa, while Young's modulus varies in the range of 
35–50 GPa according to ACI PRC-440-07 [28]. These test 
results for the GFRP rebar used in the numerical models 
comply with the ACI PRC-440-07 [28] standard.

3 3D finite element model
ANSYS software [29] is used for modeling the beams via 
the finite element method. To model the concrete element 
by this software, the element type Solid 65, which is suit-
able for modeling three-dimensional solid elements con-
sidering nonlinear behavior with or without rebar, was 
used [1, 30]. The cracking and crushing properties of 
concrete were also considered by this element type, with 
eight nodes that can be displaced in three directions [29]. 
The concrete compressive material model was developed 
based on Eqs. (8)–(10) [31] (Fig. 1 (a)). In this formulation, 
the initial point on the stress‒strain curve is set at 30% 
of the ultimate compressive strength, taking into account 
Hooke's law and Young's modulus [32]. Equation (11) 
was employed for the calculation of Young's modulus 
( Ec ) [33]. In addition, Eq. (12), derived from the tensile 
bending strength of concrete, was used to calculate the 
tensile strength of concrete ( fct ) [34]:
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where ε is the strain, ε0 is the strain corresponding to the 
maximum stress of unconfined concrete, and f is the stress 
corresponding to each strain.

Realistically performing nonlinear analyses requires 
accurate definitions of the material's yield criteria. These 
criteria differ based on the material's ductile or brittle 

behavior, underscoring the crucial importance of pre-
cise characterization. The Willam–Warnke yield cri-
terion [35] was preferred for the modeling of concrete, 
which is a quasi-brittle material. This criterion can take 
into account crushing and cracking of concrete and can 
also be used for concrete subjected to multiaxial stress. 
The determination of the yield surface involves utilizing 
principal stresses and five distinct parameters. Elements 
surpassing this yield surface may experience either crack-
ing due to tensile stresses or crushing due to compressive 

(a)

(b)

(c)

Fig. 1 Stress‒strain relationships of the materials: (a) concrete, (b) steel 
rebar, and (c) GFRP rebar
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stresses. To accurately define the yield surface, it is essen-
tial to establish shear transfer coefficients for both open 
and closed cracks. The shear stress transfer coefficients 
used in this study were selected as 0.2 and 0.8, respec-
tively, considering the references [32, 36, 37]. 

A bilinear isotropic behavior model was also proposed 
in the new Turkish earthquake code, BECT-2018 [33], for 
steel rebar considering strain hardening. This model can 
be defined by yield and tensile strength and strains corre-
sponding to these strength values. These parameters were 
selected as 420 MPa and 483 MPa, and their correspond-
ing strains were 0.002 and 0.08, respectively (Fig. 1 (b)). 
Furthermore, it was assumed that the material behavior of 
the GFRP rebar was linear elastic, as depicted in Fig. 1 (c). 
The Poisson's ratio for steel was considered to be 0.3, 
while for the GFRP rebar, it was taken as 0.2.

The bond-slip relationship between the steel reinforc-
ing bar and the concrete interface was determined utilizing 
Eqs. (13)–(17) [38], as illustrated in Fig. 2 (a). To incorpo-
rate the bond-slip relationship in RC elements with spiral- 

surfaced GFRP rebars, adjustments were implemented by ref-
erencing Vint's work [39], specifically modifying Eqs. (13), 
(18), (19), as illustrated in Fig. 2 (b). To comprehensively 
capture the interaction between the concrete and rebar in 
terms of bond-slip, nonlinear spring elements were intro-
duced. To comprehensively model the interaction between 
the concrete and rebar concerning bond slip, two joints were 
combined using the Combin39 element type, recognized 
for its nonlinear spring characteristics. This approach takes 
into account the force‒displacement relationship, providing 
a more accurate representation of the structural behavior in 
relation to the bond–slip characteristics [29].
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Where τmax is the maximum shear stress, τ is the bond 
strength, s is the slip and fc is the compressive strength 
of the concrete. The smax is the slippage corresponding 
to the maximum shear stress. Additionally, s1 is the slip 
corresponding to the starting point of the maximum bond 
stress, s2 is the slip corresponding to the end point of the 
maximum bond, s3 is the slip corresponding to the start-
ing point of the reduced bond stress, and τbf is the reduced 
bond stress. In this study, considering [38, 39], the follow-
ing parameters were selected: smax = 0.556 mm, s1 = 1 mm, 
s2 = 2 mm, s3 = 10.5 mm, and τbf = 0.4τmax.

Three different approaches (discrete model, embedded 
model, smeared model) are generally used in the model-
ing of RC composite elements composed of combined con-
crete and rebar [40–42]. These approaches involve replac-
ing the concrete element group and reinforcement element 
group to ensure the continuity of the composite [43]. 

(a)

(b)

Fig. 2 Bond-slip relationships of the (a) steel rebar and concrete 
interface and (b) GFRP rebar and concrete interface
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In this study, RC composite elements were modeled using 
the discrete model technique. This modeling technique is 
chosen to more accurately express the bond-slip relation-
ship between the concrete and the rebar and to obtain eco-
nomical solutions by shortening the analysis time.

The beam models created in this study are validated by 
using three test models available in the literature: Sample 
C216-D1 tested by Barris et al. [44] (Fig. 3 (a)), Sample 
GGu-10d/3p tested by El-Mogy et al. [37] (Fig. 3 (b)), and 
Sample 3-10 L tested by Ovitigala et al. [45] (Fig. 3 (c)). 
The load displacement relationships of the numerical 
models created in this study and the load displacement 
relationships of the experimental data were compared 
(Fig. 3). Apart from minor differences, as shown in Fig. 3, 
the numerical and experimental results seem to be quite 
compatible with each other.

The general view and cross-section of the created beam 
models are shown in Fig. 4. The samples were divided 
into five different element sizes (100 mm, 50 mm, 25 mm, 
20 mm, and 10 mm), and a convergence study was carried 
out (Fig. 5). The displacement in the beam element divided 
into 25 mm meshes is approximately 0.5% greater than 
the displacement in the beam element divided into 10 mm 
meshes. Therefore, a mesh spacing of 25 mm was selected 
because the analysis was completed with an error of 0.5%.

In the analysis of beams with the 3D finite element 
method, the analysis time and number of elements can be 
reduced by utilizing symmetry. While defining the ele-
ment or system divided by the symmetry axis, the bound-
ary conditions must be defined so that the system conti-
nuity is maintained. A numerical model of the 3D beam 
depicted in Fig. 6 was established to evaluate the preci-
sion of the boundary conditions defined along the symme-
try axes. A numerical model of the beam depicted in Fig. 6 
was developed to assess the accuracy of the boundary 
conditions specified along the symmetry axes. As shown 
in Fig. 6, the beam is modeled as full, half and quarter. 
To benefit from symmetry in the analysis, the beam was 
first modeled as full, half and quarter, as shown in Fig. 6. 
The ultimate load bearing capacity and the vertical dis-
placement capacity in the middle of the quarter span model 
were 0.6% lower and 1.9% greater, respectively, than those 
of the full model. As a result, the quarter model was used in 
the present study because there were negligible differences.

4 Energy concept and numerical universality
The strain energy per unit volume, also known as the strain 
energy density, is a term used to describe the amount of 

energy stored within a material when subjected to defor-
mation. Determination of this density involves calculat-
ing the area under the stress‒strain curve up to the point of 
ultimate strain. Additionally, it serves as a crucial indica-
tor of the material's ability to absorb and store mechanical 
energy before it reaches its breaking point. The trapezoi-
dal rule, which is a numerical method, was used to cal-
culate the strain energies of beam elements. According to 

Fig. 3 Comparison of experimental data and numerical models for 
(a) Sample C216-D1 tested by Barris et al. [44], (b) Sample GGu-
10d/3p tested by El-Mogy et al. [37], and (c) Sample 3-10 L tested 

by Ovitigala et al. [45]

(a)

(b)

(c)
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strength-based design principles for beam section design, 
the moment capacity ( Mr ) of a section should be greater 
than or equal to the design moment ( Md ). The assump-
tion was made that the design moment equals the section 

moment capacity to elucidate the variances in behavior 
between steel and FRP-reinforced beams, as illustrated in 
Fig. 7. In addition, the tensile cracks that formed in the con-
crete were neglected, and it was assumed that the steel-rein-
forced beam behaved bilinear without strain hardening, as 
shown in Fig. 7. In Fig. 7, ϕu,FRP and ϕu,steel represent the ulti-
mate curvatures corresponding to the FRP and steel rebar, 
respectively. Although both the steel- and FRP-reinforced 
concrete sections with the same moment capacity fulfill 
the design requirements, the steel-reinforced section has 
much greater strain energy than the FRP-reinforced section 
(Fig. 7). This has also been emphasized by Zhu et al. [24]. 
This situation reveals the necessity of designing RC beams 
with FRP rebars on the basis of strain energy. For this rea-
son, in this study, we propose design suggestions for GFRP-
reinforced sections based on the strain energy.

(a) (b)

Fig. 4 Beam cross sections for the convergence study; (a) longitudinal cross section and (b) cross section

Fig. 5 Convergence study

(a)

(b)

(c)

Fig. 6 Finite element models: (a) full model, (b) half model, and (c) quarter model
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For the beam model depicted in Fig. 8, the dimensions 
and reinforcement details are outlined in Table 1 for steel 
reinforcement and Table 2 for GFRP reinforcement. This 
detailed presentation facilitates an in-depth examination 
of the structural properties associated with each type of 
reinforcement. By offering a comprehensive overview, 
this paper lays the groundwork for a thorough analysis and 
comparison of the two scenarios. The minimum and max-
imum reinforcement ratios for the RC beams with steel 
rebar were determined to be 0.0042 and 0.02, respectively, 
according to TS 500 [46]. In contrast, for beams rein-
forced with GFRP rebar, the corresponding ratios were 
derived from ACI 440.1R-15 [10] and were found to be 
0.0032 and 0.075. Significantly, the compressive strength 
of FRP rebar is notably lower than its tensile strength [3]. 
Consequently, in all the models featuring GFRP rebar, the 
compression rebar was assumed to be 2ϕ8, as it is antici-
pated that altering the compression rebar would not impact 
the models. Additionally, the concrete cover thickness 
and stirrup dimensions were uniformly set at 25 mm and 
ϕ8/100/200 mm, respectively, across all the models.

5 Results and discussion
5.1 Maximum load, displacement, and strain energy
When Table 2 is organized from smallest to largest based 
on the difference in tension and compression reinforce-
ment ratios, it is observed that after approximately a 0.5% 
difference, the failure mode shifts from tension failure 
due to GFRP rupture to compression failure caused by the 
crushing of concrete under compression. This result high-
lights the significant limit at approximately 0.50% (ρ-ρ') 
that triggers the change in failure mode. Performing the 
same ranking solely based on the tension reinforcement 
ratio yields a similar limit value of approximately 0.60% 
(ρ). Considering that GFRP rebar acts as a compression 
reinforcement incapable of withstanding compressive 
forces, the ranking based on the tensile reinforcement 
ratio alone holds more significance. Assuming the ulti-
mate strain of the concrete is εcu = 0.003, the balanced rein-
forcement ratio is calculated to be 0.572%. Table 2 reveals 
that the beams reached failure through either the rup-
ture of GFRP rebar or the crushing of concrete; notably, 
both of these failure modes lacked ductility. In instances 
where the reinforcement ratio in the section was under- 
reinforced, the beam reached the collapse state due to the 
rupture of the GFRP rebar. In contrast, in cases where 
a higher reinforcement ratio is desired, the collapse of the 
beam occurs as a result of the crushing of the concrete 
in the compression zone. These findings align with the 
results obtained by Adam et al. [14]. As a result, similar 
to that of steel-reinforced beams, the balanced reinforce-
ment ratio emerges as a crucial parameter determining 
the failure mode of RC with GFRP rebar. Nevertheless, 
it is important to note that both failure modes of these 
beams exhibit brittleness. In addition, the strain energy 
increases as the reinforcement ratio increases (for the 
same cross-sectional dimensions) in these beams up to 
the balanced reinforcement ratio. However, beyond this 
limit, the trend of strain energy increase stabilizes and 
remains relatively constant as the damage mode shifts 

Fig. 7 Moment-curvature relationships of steel and FRP-reinforced 
beams for the design moment

Fig. 8 RC beam with steel and GFRP rebar: (a) longitudinal cross section and (b) cross section

(b)(a)
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Table 1 Properties of steel-reinforced beams

Model 
code

Width 
(mm)

Depth 
(mm)

Tensile reinf. 
(ρ)

Comp. reinf. 
(ρ') ρ-ρ' Max. displ. 

(mm)
Max. load 

(kN)
The strain energy

(kNm)

S1 250 500 3ϕ16 2ϕ14 0.00249 167.05 77.15 11.63

S2 250 500 3ϕ16 2ϕ16 0.00169 250.83 78.68 12.53

S3 250 500 3ϕ20 2ϕ14 0.00534 154.25 119.46 11.12

S4 250 500 3ϕ20 2ϕ18 0.00365 231.65 118.80 16.96

S5 250 500 3ϕ20 2ϕ20 0.00265 276.87 120.69 16.32

S6 250 500 4ϕ16 3ϕ14 0.00289 200.83 104.28 10.67

S7 250 500 4ϕ16 2ϕ16 0.00339 167.27 102.30 11.24

S8 250 500 5ϕ20 2ϕ20 0.00794 155.38 196.34 19.99

S9 250 600 3ϕ16 2ϕ12 0.00262 267.38 123.00 14.05

S10 250 600 3ϕ16 2ϕ14 0.00206 278.36 124.80 13.08

S11 250 600 3ϕ20 2ϕ16 0.00376 388.96 200.08 25.13

S12 250 600 3ϕ20 2ϕ20 0.00219 470.37 204.69 27.79

S13 250 600 4ϕ20 2ϕ22 0.00345 274.33 250.23 25.55

S14 250 600 5ϕ16 2ϕ14 0.00485 208.47 195.00 19.72

S15 250 600 5ϕ16 2ϕ18 0.00345 299.76 199.12 19.59

S16 300 600 4ϕ16 2ϕ14 0.00233 231.51 136.15 10.35

S17 300 600 4ϕ16 2ϕ14 0.00288 259.13 137.38 10.94

S18 300 600 4ϕ20 2ϕ16 0.00495 111.40 193.37 17.10

S19 300 600 4ϕ20 2ϕ20 0.00364 209.77 206.75 21.73

S20 300 600 4ϕ20 3ϕ20 0.00182 296.41 215.04 22.49

S21 300 600 5ϕ20 2ϕ18 0.00615 128.77 244.74 26.80

S22 300 600 5ϕ20 2ϕ22 0.00470 152.59 244.74 32.71

S23 300 600 5ϕ20 3ϕ20 0.00364 153.87 247.93 31.97

S24 300 600 5ϕ16 2ϕ14 0.00732 258.93 177.51 27.05

S25 300 600 5ϕ16 2ϕ18 0.00615 284.09 177.51 30.42

toward the fracture of the concrete (Table 2). This indi-
cates that more strain energy can be absorbed by design-
ing these beams, which are brittle in both failure modes, 
to reach the final state by crushing the concrete.

The G2 and G3 models, distinguished solely by their 
tensile reinforcement ratios, were subjected to a specific 
comparative analysis. In the G2 model, the tension rein-
forcement ratio remained below the balanced reinforce-
ment ratio, registering at 0.508%. Conversely, in the G3 
model, assuming εcu = 0.003, the ratio surpassed the bal-
anced reinforcement level, reaching 0.643%, denoting 
a 27% increase. Notably, the G3 model exhibited higher 
values of maximum displacement, load-bearing capacity, 
and strain energy by 13.2%, 33.3%, and 53.5%, respec-
tively, than did the G2 model. This striking observa-
tion lies in the substantial increase in the strain energy. 
In their study, Ifrahim et al. [47] reported that an increase 
in the reinforcement ratio from 0.62% to 1.76% resulted 
in a 58% increase in load capacity. In our study, a similar 

trend is observed, where an increase in the reinforcement 
ratio from 0.643% (G3 specimen) to 1.524% (G14 speci-
men) leads to an approximately 42% increase in the load 
capacity. This discovery is consistent with the findings 
presented by Ifrahim et al. [47] in their experimental and 
numerical investigations. However, it is paramount to 
highlight that while an increase in load capacity is often 
expected, it does not always correlate with an increase in 
strain energy, as evidenced by the G3 and G14 samples. 
This discrepancy arises from the reinforcement ratio's 
effect on enhancing the element's stiffness while concur-
rently diminishing its displacement capacity.

A further comparison between the G2 and G5 models, 
which have the same cross-sectional geometry but feature 
a nearly twofold increase in the tensile reinforcement ratio 
(classified as over-reinforced), revealed an increase in 
the strain energy and maximum load-bearing capacity in 
the G5 model. However, a decrease in the maximum dis-
placement capacity was concurrently noted. This suggests 



272|Sakcalı and Yüksel
Period. Polytech. Civ. Eng., 69(1), pp. 263–279, 2025

that while higher tensile reinforcement ratios enhance the 
load-bearing capacity, they may not necessarily improve 
the overall beam behavior. As detailed in Table 2, the 

failure mode transitioned from G-R for G2 to C-C for 
G5. While this shift resembles the transition from ductile 
to brittle fracture observed in steel-reinforced concrete 

Table 2 Properties of the GFRP-reinforced beams

Model 
code

Width 
(mm)

Depth 
(mm)

Tensile reinf.
(ρ)

Comp. reinf.
(ρ') ρ-ρ' Max. displ. 

(mm)
Max. load 

(kN)
Strain energy  

(kNm)
Failure 
mode*

G22 250 600 4ϕ12 2ϕ8 0.00245 160.55 148.20 13.48 G-R

G15 250 600 3ϕ14 2ϕ8 0.00251 159.77 150.80 13.72 G-R

G29 300 600 3ϕ16 2ϕ8 0.00291 156.16 163.80 14.43 G-R

G8 250 500 4ϕ12 2ϕ8 0.00296 190.49 99.00 10.62 G-R

G34 300 600 4ϕ14 2ϕ8 0.00299 165.34 172.90 16.14 G-R

G1 250 500 3ϕ14 2ϕ8 0.00304 194.70 102.30 11.20 G-R

G16 250 600 3ϕ16 2ϕ8 0.00350 166.11 192.40 17.71 G-R

G23 250 600 4ϕ14 2ϕ8 0.00358 166.41 195.00 17.88 G-R

G30 300 600 3ϕ18 2ϕ8 0.00384 161.98 202.80 18.18 G-R

G35 300 600 4ϕ16 2ϕ8 0.00408 170.33 218.40 20.49 G-R

G2 250 500 3ϕ16 2ϕ8 0.00423 190.70 123.75 13.00 G-R

G9 250 500 4ϕ14 2ϕ8 0.00434 206.65 135.30 15.28 G-R

G17 250 600 3ϕ18 2ϕ8 0.00461 173.49 239.20 22.61 G-R

G31 300 600 3ϕ20 2ϕ8 0.00488 191.05 273.00 28.60 G-R

G24 250 600 4ϕ16 2ϕ8 0.00490 174.00 249.60 23.63 G-R

G36 300 600 4ϕ18 2ϕ8 0.00532 178.59 273.00 26.55 G-R

G3 250 500 3ϕ18 2ϕ8 0.00558 216.00 165.00 19.95 C-C

G18 250 600 3ϕ20 2ϕ8 0.00586 177.00 296.40 29.81 G-R

G10 250 500 4ϕ16 2ϕ8 0.00593 214.20 171.60 19.91 C-C

G32 300 600 3ϕ22 2ϕ8 0.00603 181.74 300.30 29.77 C-C

G25 250 600 4ϕ18 2ϕ8 0.00638 173.23 296.40 27.93 C-C

G37 300 600 4ϕ20 2ϕ8 0.00670 174.87 313.95 30.84 C-C

G4 250 500 3ϕ20 2ϕ8 0.00709 198.48 180.40 19.43 C-C

G19 250 600 3ϕ22 2ϕ8 0.00723 166.95 312.00 28.33 C-C

G33 300 600 3ϕ24 2ϕ8 0.00728 169.61 323.70 29.88 C-C

G11 250 500 4ϕ18 2ϕ8 0.00772 192.84 188.10 19.60 C-C

G26 250 600 4ϕ20 2ϕ8 0.00804 156.71 319.80 27.19 C-C

G38 300 600 4ϕ22 2ϕ8 0.00823 160.77 336.70 29.45 C-C

G20 250 600 3ϕ24 2ϕ8 0.00874 153.87 332.80 27.83 C-C

G5 250 500 3ϕ22 2ϕ8 0.00876 176.71 189.20 18.09 C-C

G12 250 500 4ϕ20 2ϕ8 0.00974 176.54 204.60 19.52 C-C

G27 250 600 4ϕ22 2ϕ8 0.00988 139.95 335.40 25.45 C-C

G39 300 600 4ϕ24 2ϕ8 0.00991 151.20 364.00 29.91 C-C

G21 250 600 3ϕ26 2ϕ8 0.01038 143.30 353.60 27.48 C-C

G6 250 500 3ϕ24 2ϕ8 0.01058 170.33 209.00 17.95 C-C

G40 300 600 4ϕ26 2ϕ8 0.01173 139.04 382.20 28.89 C-C

G28 250 600 4ϕ24 2ϕ8 0.01189 136.77 373.10 27.76 C-C

G13 250 500 4ϕ22 2ϕ8 0.01196 163.18 220.30 19.44 C-C

G7 250 500 3ϕ26 2ϕ8 0.01257 157.61 220.00 17.91 C-C

G14 250 500 4ϕ24 2ϕ8 0.01439 150.81 234.30 19.15 C-C
* C-C: Crushing of concrete; G-R: Rupture of GFRP.
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sections, it is crucial to note that the behavioral character-
istics do not precisely mirror those of steel-reinforced con-
crete. Variations in the material properties, reinforcement 
ratios, and structural response underscore the distinctive 
nature of the observed transition in the G2 to G5 models.

While the reinforcement layouts of beams G7 and 
G13 differ, their other characteristics are nearly identi-
cal. Observations indicate that, despite the displacement 
capacity and strain energy of the G13 beam being 3.5% 
and 8.5% greater than those of the G7 beam, respectively, 
the load capacity remained consistent. This suggests that 
opting for a greater quantity of small-diameter reinforce-
ment, as opposed to a lower quantity of large-diameter 
reinforcement, in GFRP-reinforced beams can positively 
influence the final displacement.

The sole distinction between the G4 and G19 beams lies 
in their section depths. The G4 beam, characterized by 
a lower section depth, exhibited an approximately 18.9% 
lower displacement capacity. Conversely, the G19 beam, 
with a greater section depth, demonstrates approximately 
73% greater load-carrying capacity and 46% greater 
strain energy than does the G4 beam. This outcome high-
lights that, similar to that of steel-reinforced sections, the 
depth of the section has a more significant impact on the 
bearing capacity of GFRP-reinforced sections. Similarly, 
when comparing beams with different section widths and 
other features at the same level, it becomes evident that 
the influence of section width closely parallels the effect 
observed with section depth. 

The CP (collapse prevention) limit for steel rebar in 
beams was set at 40% of the ultimate strain, in accordance 
with BECT-2018 [33]. Table 1 displays the maximum val-
ues of displacement, load, and strain energy for the CP limit 
state. The variation in the strain energy with respect to the 
cross-sectional area (∑E/A) ratio with respect to the rein-
forcement ratio in the GFRP-reinforced beams is shown 
in Fig. 9. The average ∑E/A limit value (125.4 kNm/m2) of 
the steel-reinforced beams is also shown in Fig. 9. In addi-
tion, in Fig. 9, both the minimum reinforcement ratio 
limit recommended by ACI 440.1R-15 [10] and the mini-
mum reinforcement ratio limit recommended by Eq. (20) 
in this study are shown. Accordingly, the recommended 
limit in this study is 70% greater than the limit recom-
mended by ACI 440.1R-15 [10]. The minimum reinforce-
ment ratio in GFRP-reinforced beams should be approxi-
mately 0.53% (Fig. 9). Therefore, Eq. (21) is proposed for 
a design that ensures that the energy of GFRP-reinforced 
beams is above the average energy of beams with steel 
rebar. According to this recommendation, considering the 
energy, the minimum reinforcement ratio should increase 
by 70% compared to the lower limit of the reinforcement 
ratio recommended by ACI 440.1R-15 [10].
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Fig. 9 Comparison of the strain energy versus the cross-sectional area (∑E/A) rotil with respect to the reinforcement ratio in GFRP-reinforced beams
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where ρf is the ratio of the reinforcement strength, fc is the 
compressive strength of the concrete and ffu is the tensile 
strength of the FRP rebar.

Depending on the tensile reinforcement ratio, beams 
with steel rebar can exhibit ductile or brittle behavior. 
If the steel rebar placed in the tensile zone yields before 
the concrete in the compression zone reaches its ultimate 
strain, the section will exhibit ductile behavior with ten-
sile failure. However, the behavior of GFRP-reinforced 
beams is always brittle. This is because the GFRP rebar 
does not behave as ductile as the steel rebar when sub-
jected to a tensile force. The behavior of GFRP-reinforced 
beams is always brittle, as fracture occurs through rupture 
of the GFRP rebar or crushing of the concrete. On the other 
hand, although brittle, GFRP-reinforced beams can dissi-
pate as much energy as steel rebar beams. In other words, 
GFRP-reinforced beams can exhibit the desired behavior 
in terms of energy by disipating as much energy as duc-
tile steel-reinforced sections if certain conditions are met. 
For this, it is clear that beams that provide the minimum 
reinforcement ratio in Eq. (19) will be safe. In addition, the 
results show that even if RC with GFRP rebar collapses 
when the concrete is crushed in the compression zone, the 
energy absorption capacity of these beams is greater than 
that corresponding to the collapse prevention (CP) perfor-
mance limit of steel-reinforced beams.

The strain limit corresponding to the collapse preven-
tion performance was determined for GFRP-reinforced 
beams that reached failure by crushing the concrete. These 
strain values are normalized with an alpha (α) coefficient 
defined in Eq. (22).

�
�
�

� CP

fu

 (22)

where εCP is the strain in the GFRP rebar corresponding to 
collapse prevention and εfu (0.01934) is the ultimate strain 
in the GFRP rebar.

The change in the α coefficient with respect to the rein-
forcement ratio is shown in Fig. 10. Fig. 10 shows the varia-
tion in the α coefficient according to the reinforcement ratio, 
and a regression analysis was performed. Equation (23), 
which gives an α coefficient with an accuracy of 91.7%, 
was obtained. Here, ρf (%) shows the GFRP tensile rein-
forcement ratio. Equation (24) can be written to calculate 
the limit strain value for the CP. The CP strain values from 
the FEM were also calculated and are presented in Table 3. 
The highest absolute error rate among the results for both 

methods was found for the G24 beam (7.75%). This ratio is 
lower in the other models. This result shows that Eq. (24) 
can be used with a relatively small error rate.

In the classical RC design process, the yield point of 
the steel is taken as a basis point in the sectional design. 
The behaviors of the GFRP rebar and conventional steel 
rebar are different from each other under tensile forces. 

Table 3 Comparison of strain values corresponding to CP

Model code
Strain corr. to CP

Abs. err. (%)
FEM Eq. (24)

G3 0.0174 0.0163 6.16

G4 0.0145 0.0151 4.12

G5 0.0131 0.0138 5.71

G6 0.0120 0.0124 3.84

G7 0.0110 0.0109 1.18

G10 0.0160 0.0160 0.54

G11 0.0139 0.0146 5.73

G12 0.0127 0.0131 2.74

G13 0.0114 0.0114 0.02

G14 0.0103 0.0095 7.75

G19 0.0147 0.0151 2.78

G20 0.0134 0.0140 4.19

G21 0.0123 0.0127 3.25

G25 0.0157 0.0158 0.94

G26 0.0139 0.0145 4.26

G27 0.0126 0.0131 4.36

G28 0.0114 0.0115 0.89

G32 0.0173 0.0162 6.69

G33 0.0159 0.0152 4.38

G37 0.0163 0.0156 3.92

G38 0.0149 0.0145 2.70

G39 0.0133 0.0132 0.93

G40 0.0120 0.0118 2.24

Fig. 10 Moment-curvature relationships of steel and FRP-reinforced 
beams for the design moment
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Since GFRP rebar subjected to tensile forces exhibit 
approximately linear elastic behavior until fracture, the 
ultimate strain or strength of the GFRP rebar should be 
reduced when designing GFRP-reinforced beams. Hence, 
RC beams incorporating GFRP rebar can be engineered to 
ensure compliance with the CP limit. The CP limit strain 
of the GFRP rebar necessary for the design of such RC 
beams can be determined using Eq. (23). Additionally, 
the α coefficient outlined in Eq. (23) can be considered 
a potential reduction factor for the strength of the GFRP 
rebar owing to its linear elastic behavior.

� �� �1 1 0 4. . f  (23)

� ��
CP
� fu  (24)

5.2 Crack propagation in beams
In Fig. 11, the crack patterns of both the steel and GFRP-
reinforced concrete beams reaching their final state through 
concrete crushing are depicted. The crack pattern assess-
ment was conducted across four distinct load levels, rang-
ing from 0.25P to 1.00P (final state), representing a pro-
gression from low to high loads. The evaluation reveals 
an increase in the crack density with increasing load 
for both types of reinforcement. Notably, in the GFRP-
reinforced beams, the cracks are closer to the support 

area and more intense, particularly at the 0.75P and 1.0P 
levels. Notably, while tensile cracks do not manifest in 
steel-reinforced beams at 25% of the ultimate load (0.25P), 
GFRP-reinforced beams exhibit tensile cracks at this load 
level. The reason is that the initial stiffness of the steel 
rebar is greater than that of the GFRP rebar. Differences 
have been observed in the development of tensile cracks 
in steel-reinforced and GFRP-reinforced beams. Tensile 
cracks in steel-reinforced beams rapidly increase in the 
later stages of loading, usually after the steel rebar yield. 
In GFRP-reinforced beams, because the GFRP rebar will 
not yield, such a sudden increase does not occur. Instead, 
an increasing crack width can be observed in proportion 
to the Table 4. Comparison of strain values corresponding 
to CP magnitude of the tensile force due to possible weak 
bond strengths between the GFRP rebar and the concrete. 
The bond strength is relevant to the concrete strength and 
surface shape of the GFRP rebar. As the concrete strength 
increases, the bond strength increases. In addition, after the 
first crack is formed in both beams, the cracks progress 
toward the support zone. As a general result, it has been 
determined that beams with GFRP rebar have greater crack 
density than RC beams with steel rebar. Adam et al. [14] 
experimentally and analytically investigated crack patterns 
in GFRP-reinforced beams. The crack patterns observed in 
this study and their results are similar.

Fig. 11 Crack propagation for different load steps in RC beams: (a) RC beam with steel rebars (b) RC beam with GFRP rebars

(a) (b)

Table 4 Performance of different equations according to χ

Eq. (1) Eq. (2) Eq. (3) Eq. (4) Eq. (5) Eq. (6) Eq. (7) Proposed Eq.

χ 1.22 1.21 1.18 1.23 1.20 1.43 1.18 1.17
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5.3 Investigation of the section stiffness of RC beams 
with GFRP rebars
Regardless of the type of reinforcement used, RC elements 
are inherently composite structures. Given the inherently 
low tensile strength of concrete, tensile cracks can form 
in RC members even under relatively low external loads. 
These cracks alter the moments of inertia of the section, 
consequently affecting the flexural stiffness. As a result, 
significant variations in the internal forces arise. Hence, 
the precision of internal force calculations is contingent 
upon accurately determining the cracked section stiffness 
of the designed elements. In this section, we propose the 
use of GFRP-reinforced beams by comparing the cracked/
uncracked section stiffnesses obtained from the finite ele-
ment models and from the effective moments of inertia 
suggested in the literature. In this context, the cracked and 
uncracked section stiffnesses of the finite element mod-
els were calculated. The load‒displacement relationship of 
the GFRP-reinforced beams was used in the calculation 
of these stiffnesses. The load‒displacement relationship 
of the GFRP-reinforced beams is approximately bilinear. 
The slope of the first linear part in the load–displacement 
relationship gives the uncracked section stiffness, while 
the slope of the second linear part gives the cracked sec-
tion stiffness. In the present study, the cracked/uncracked 
section stiffnesses were obtained by proportioning these 
stiffnesses obtained from finite element models.

The cracked/uncracked section stiffness ratios were 
determined by using well-known equations from the lit-
erature and common regulations, and they are given in 
Fig. 12. Fig. 12 also shows the cracked/uncracked section 
stiffness ratios, which are calculated from FEM analysis 
and from the proposed equation. The effective moment 
of inertia can be calculated accurately using the equation 
transformed by these coefficients [9, 10, 19–23].

The effective moment of inertia recommended in 
TS 500 [46] and ACI 318-14 [48] for conventional RC ele-
ments has been revised using the coefficient βd from ACI 
440.1R-06 [9] for use in FRP reinforced elements (Eq. (2)). 
Alongside this coefficient, Habeeb and Ashour [23] pro-
posed the inclusion of the γG coefficient (Eq. (6)) in the 
equations, while Rafi and Nadjai [20] recommended 
incorporating the γ coefficient (Eq. (3)) into the formu-
las. However, these coefficients still need to be improved. 
In this context, instead of the coefficients suggested by 
ACI 440.1R-06 [9], Habeeb and Ashour [23]; and Rafi and 
Nadjai [20], the coefficients βd = 0.05 and γG = 0.95, which 
are more compatible with the FEM models, are proposed. 
These proposed coefficients show the best fit with FEM 
models as a result of various iterations. The coefficient 
of determination (R2) between the results obtained using 
βd = 0.05 and γG = 0.95 and the FEMs was determined to be 
99.92%. This situation reveals that the effective moment of 
inertia works quite well with the use of these coefficients.

The cracked/uncracked section stiffnesses were cal-
culated using different methods for the RC beams with 
GFRP rebar (Fig. 12). This ratio was determined to be 
0.055 for the G2 beam, whose FEM was created. These 
values were found to be 10.9%, 16.4%, 12.7%, 12.7%, 
16.4% and 27.2% higher in ACI 440.1R-06 [9]; ACI 
440.1R-15 [10]; Bischoff [19, 22]; Rafi and Nadjai [20]; and 
ISIS [21], respectively. However, this value is calculated 
to be 25.4% less when the equation suggested by Habeeb 
and Ashour [23] is used. This difference was found to be 
1.8% greater when calculated with the proposed equation. 
For a clearer understanding of the variation, χ is examined 
in Fig. 12. This variable serves as a general performance 
indicator, representing the slope of the line obtained from 
the linear regression analysis. According to this indicator, 
the model that demonstrates the best performance is the 
equation proposed with a value of 1.17 (Fig. 12). The per-
formance of the other equations is lower than that of the 
proposed equation, as shown in Table 4. Therefore, more 
accurate results can be obtained when using Eq. (25).
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Sensitivity analysis for Eq. (25) was conducted using 
the Sobol sensitivity index [49]. The input parameter 
boundaries were evaluated with 1000 samples, utiliz-
ing the Latin Hypercube Sampling (LHS) method [50]. 
Subsequently, the Sobol sensitivity index was calculated 
through 1000 bootstrap repetitions (Table 5). The param-
eter Ma , with a value of 0.701, was identified as the most 

Fig. 12 Comparison of the ratio of cracked stiffness to uncracked 
stiffness using different methods
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sensitive. Meanwhile, the sensitivities of Ig and Icr were the 
closest to each other and exhibited the lowest sensitivity.

6 Conclusions
Suggestions for modifications to certain equations concern-
ing RC beams with GFRP rebar were provided. The follow-
ing conclusions can be drawn from the results of this study:

• While the strain energy increases with increas-
ing reinforcement ratio in under-reinforced beams, 
it remains relatively constant in over-reinforced 
beams, even as the reinforcement ratio may increase. 
Consequently, maintaining the reinforcement ratio 
close to the balanced level yields optimal results for 
strain energy. According to the results of this study, 
Eq. (21) is suggested instead of Eq. (20) so that 
GFRP-reinforced beams can meet the strain energy 
provided by steel-reinforced beams.

• For the collapse prevention limit, the strain of the 
GFRP rebar can be calculated by Eq. (24), which is 
based on the tensile reinforcement ratio.

• It is recommended that the effective moment of iner-
tia equation for GFRP-reinforced concrete elements be 
revised with coefficients of 0.05 and 0.95, as presented 
in Eq. (25). These revisions significantly improved the 
overall performance indicator, increasing it to 1.17.

• Despite maintaining a consistent load capacity, the 
beam with a 3.5% higher displacement capacity and 
8.5% greater strain energy benefitted from a higher 
quantity of small-diameter rebar. This finding indi-
cates that increasing the amount of small-diameter 

reinforcement in GFRP-reinforced beams can 
enhance displacement performance without affect-
ing load-bearing capacity.

• Increasing the section depth by 20% results in 
approximately 73% higher load-carrying capacity 
and 46% greater strain energy. The shallower section 
shows an 18.9% lower displacement capacity.

• While the crack patterns of the GFRP-reinforced 
beams generally resemble those of the steel-rein-
forced beams, notable differences were observed. 
Specifically, cracks in GFRP-reinforced beams 
tended to be more intense and widespread across the 
beam span, particularly at service load levels.

7 Recommendations
The current study opens several avenues for future 
research and analysis:

• While the flexural behavior has been investigated 
through numerical models and equations have been 
proposed based on these models, future research 
could involve extensive experimental testing to val-
idate the performance of these proposed equations.

• Comprehensive cost-benefit analyses could be con-
ducted to evaluate the impact of section depth on 
load-carrying capacity and strain energy, providing 
a more detailed understanding of economic and per-
formance considerations.

• The analyses in this study are limited to GFRP 
rebars. Future research could extend these stud-
ies to other types of reinforcement, such as CFRP 
(Carbon Fiber Reinforced Polymer), AFRP (Aramid 
Fiber Reinforced Polymer), and BFRP (Basalt Fiber 
Reinforced Polymer), to compare their performance 
and applicability.

• The investigation of flexural behavior has been 
restricted to rectangular cross-section reinforced 
concrete beams. Future studies could explore the 
effects of different cross-sectional shapes, such as 
slab-type cross-sections, on beam flexural behavior.

Table 5 Sobol indices results

Parameters Sobol indices bias std. error min. c. i. max. c. i.

Mcr 0.188 0.013 0.080 −0.014 0.291

Ma 0.701 0.020 0.172 0.288 0.963

Ig 0.069 0.006 0.049 −0.057 0.144

Icr 0.064 0.006 0.048 −0.057 0.138
min. c. i.: Minimum confidence interval
max. c. i.: Maximum confidence interval
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