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Abstract

Topology optimization has attracted significant attention for creating efficient structures in shells. One of the prominent methods in
the field is the Solid Isotropic Materials with Penalization (SIMP) approach which is typically employed alongside finite element method
(FEM). However in classical FEM, achieving a smooth shell surface, necessitates a considerable number of elements, leading to high
computational cost. In this article an Isogeometric Analysis (IGA) based technique is utilized to determine the optimum topology of
freeform shell structures. The proposed approach follows the methodology of SIMP by defining a density function over a design
domain to parametrize the optimization problem so that zero value represents void areas and one denotes solid parts. Non-Uniform
Rational B-splines (NURBS) are employed for structural analysis as well as for interpolating density function for topology optimization
(TO). Two models are employed: one with coarse mesh for defining the geometry and another with a fine mesh for analysis and
optimization. The Method of Moving Asymptotes (MMA) is employed to solve the optimization problem. A few examples are presented,
and the results are discussed and compared with literature in one case to verify the proposed method. It is demonstrated that the
proposed approach is efficient in finding the optimum topology of shell structures. The findings show that finer control nets results in
clearer boundaries. It was observed that the penalty exponent is essential for obtaining an acceptable solution. It was also noted that
the influence of the NURBS degree on optimal topology is trivial.
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1 Introduction

Structural optimization (SO) has received significant
attention in recent decades. Finding the best possible
structure for bearing the applied loads and satisfaction
of design demands is the purpose of SO. Optimization of
structures can be carried out in three stages. TO is the first
stage, where the configuration of the structure is deter-
mined. In the next stage, the optimum shape of structure
is sought. During this process, the topology remains fixed
while the boundaries of the structure are modified to reach
an optimal position. Finally, in size optimization, the geo-
metric properties of the members, such as cross section,
are optimized. This paper focuses on topology optimiza-
tion of freeform shell structures.

TO was first introduced by Maxwell [1] and since then
it has been applied in a wide range of structural fields,
including truss structures [2-5], skeletal structures [6—8],

shear walls [9, 10] and shells [11-13] over the past few
decades. Some other new works of TO can be reviewed in
[14—16]. For a comprehensive review [17].

Bendsee and Kikuchi [18] introduced the homogeniza-
tion approach for TO. In this method, the geometric proper-
ties of micro scale holes are optimized and homogenization
bridges micro and macro structures to obtain mechanical
properties of macro structure. To simplify the parameter-
ization, the SIMP method is introduced by Bendsge [19]
where a density function, restricted to values between
zero (for voids) and one (for solid), is distributed in design
domain to determine the topology of the structure. A pen-
alty exponent is implemented to prevent the formation of
regions with intermediate densities which are not desirable
in practice. This method has been used in many researches
in finite element based topology optimization [20].
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Since the introduction of the IGA method [21], it
has been widely used in structural analysis research.
This method is a logical generalization of the classical
finite element method (FEM), inspired by computer aided
geometric design (CAGD). In this approach, NURBS
basis functions are employed to approximate the unknown
function to find their values at control points. The IGA has
also been utilized in topology optimization. Isogeometric
topology optimization (ITO) can be classified into three
general categories [22]: density-based [23-25], level set-
based [26—28] and moving morphable components/voids
(MMC/V)-based [29-31] methods. The method used in
this article belongs to the density-based methods.

Due to their low weight and high efficiency, shell
structures are highly regarded by structural designers.
Meanwhile, freeform shell structures are important due to
their favorable performance and high flexibility in produc-
ing desired shapes. Obviously, finding the optimal shape
and layout of this type of structures is of particular impor-
tance. Many studies have focused on finding the optimal
shape of shells, but research on the optimization of shell
topology has been relatively limited. One of the early works
in this field was conducted by Maute and Ramm [11].
Other studies in the literature can be found in [32-34].
Clausen et al. [35] presented the topology optimization of
shell with porous infill. Townsend and Kim [36] introduced
a method that uses level set principles to find the optimal
topology of shells. The integrated optimization of shape
and topology is another area of research in shell optimi-
zation. Ansola et al [37-39] presented the combined opti-
mization of shells in which the shape and topology opti-
mization steps are performed sequentially. The authors of
the present article investigated the simultaneous optimiza-
tion of shape and topology, where both variables of shape
and topology, are parameterized and optimized simultane-
ously [12]. Recently, a research has been carried out that
considers the shape, topology, and thickness components
simultaneously in the optimization procedure [40].

In all studies reviewed in this section, the parameteriza-
tion of the SIMP based shell topology problem is grounded
on FEM which has limitations in computational accuracy.
Achieving high accuracy with FEM requires a large number
of elements, leading to significant computational demands.
Additionally, in the classic FEM, the geometric and analyt-
ical parameters are different which results in parametrical
complexities. To address these limitations, this paper intro-
duces an Isogeometric Analysis -based SIMP method for
optimizing the topology of shell structures.

In the current research, the process of generating geom-
etry of the mid-surface of shells, analysis and TO parame-
terization are all carried out using IGA basics and hence it
can be said that it is much more straightforward than other
reviewed methods based on finite elements. Furthermore,
employing isogeometric as the analysis tool removes the
necessity for mesh generation. This issue simplifies com-
putational complexity which is crucial in terms of calcula-
tions costs. The presented method uses the basics of SIMP
and distribution of materials in the design domain is car-
ried out using NURBS functions. The values of this func-
tion at control points are considered as design variables in
the optimization problem and its optimal distribution on
the design domain is found.

The outline of this paper is as follows. In Section 2, the
NURBS basics and IGA for shell structures are explained.
TO is described in Section 3. In Sections 4, the optimiza-
tion procedure of this article is presented. Sensitivity anal-
ysis, which is a requirement for optimization by mathe-
matical methods, is discussed in Section 5. In Section 6,
numerical examples will be presented and the results will
be discussed. Finally, the article ends with the conclusion
in Section 7.

2 NURBS basics and IGA for shells

IGA is a computational approach that integrates CAGD
and computer aided engineering (CAE) in a unified frame-
work. In this approach, following the principles of stan-
dard FEM, both geometry and displacement components
are approximated using NURBS basis functions instead of
standard polynomial functions.

2.1 Summary of NURBS fundamentals

To explain NURBS, one needs to introduce B-spline basis
functions. The i — th B-spline basis function of degree p
denoted by Ni,p(’”) is defined recursively as:

1if r<r<r

N[ . (r) = i .H]

’ 0 otherwise
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Wherer={r,r,,..,r, .} istheknot vector and », are non-de-
creasing sequence of real numbers which are called knots.
Knots define the parametric space of curves and surfaces



in NURBS methodology. A knot vector is called open if
the first and last knots have the multiplicity of p + 1. In
this case the number of knots is equal tom =n + p + 1.
By introducing a positive weight W, to B-spline basis
functions, a NURBS basis function is defined as:

R ()= W )
. V) =——¥—
"” Z::on,p (F)WJ ‘ ( )

Also, four important properties of NURBS basis func-
tions are briefly described as follows: (1) Nonnegativity:
R, (1) =0; (2) Local support: R, () =0 for i e[ . l+p+l:| :(3)
Partition of unity: »'" R, (r) =1 and (4) Continuity: C*".

Two dimensional NURBS basis function of order p and

¢ in r and s directions respectively, can be constructed as:
)= N, (F)N_,-,q (s)w!./.
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where Nj,q(s) is the B-spline basis function of degree ¢ in

R (r,s

©)

other parametric direction s, constructed by its knot vector
s = {so,sl, } Then a NURBS surface can be defined as:

)= 2 R (rs) @)

where P, are a set of n,xn, control points.

2.2 IGA for shell structures

In this section, the IGA model for shell structures is
described. This model is constructed by borrowing the
idea of curved elements [41] for ordinary FEM of shells,
and developing it for the IGA, by using NURBS. In this
model, assumptions of Reissner Mindlin theory [42] for
analysis of thick shells are used. For this purpose, rotational
degrees of freedom should be included independently in
the analytical model. For a typical shell shown in Fig. 1,
by using NURBS basis functions, and defining the coor-
dinate axis ¢ which is perpendicular to the surface of the
shell and varies between —1 and 1, the geometry can be
defined in Cartesian coordinate system as follows:

xX=27

where T stands for the thickness of the shell in each con-

n 1
. R rs)(l’i/.+2tTV3vj 5)

j=0"1J

trol pomt and V is the corresponding unit vector in the
direction normal to the mid-surface of the shell. The dis-
placement vector of any arbitrary point on the shell sur-
face can be obtained as:
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z(w)

2(w) .

y(v)
x(u)

Fig. 1 Shell element, normal vectors, rotational degrees of freedom and
global and local coordinate systems

u=>3" OZ R, s)(U + 1T, [V, - zy]{ H
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Vi and V,; are two orthogonal unit vectors normal to Vi
Ul.j is the dlsplacement vector corresponding to the control
point ij where o, and /317 are the rotations about Vw and
Vi respectively. It should be noted that the control net
is not necessarily placed on the surface of the shell, and
as a result, the definition of unit vectors seems ambigu-
ous. To solve this problem, a mapping pattern should be
defined that links each control point to a point in the phys-
ical space [43]. In this case, rotations can be assigned to
these points. Therefore, the translational degrees of free-
dom are assigned to the control points and the rotational
ones are assigned to the points corresponding to each of
them on the mid-surface of the shell (Fig. 2).

In order to form shell formulation, local coordinates
system is defined at every point of the shell mid-surface.
In this system, one of the coordinate axes is perpendicular
to the surface of the shell, and the directions of the other
two orthogonal axes can be chosen arbitrarily. It should be
noted that these two axes should be selected in such a way
that the displacement boundary conditions of the problem
are easily modeled. In this article, Eqs. (7-8) are used to
construct unit vectors ¥, and V to find the directions of 1
and 2, respectively.

- [xyz]o'
(x,2+y,2+2,7)

Q)
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Fig. 2 Translational degrees of freedom at the control point and

rotational degrees of freedom at the corresponding point in the mid-
surface of the shell

NN

V, = .
’ ()c!s2 +y!_s2 + zys2 )O'S

@®

Vector V, which shows the third direction can be obtained
from the cross product of the two vectors V', and V, accord-
ing to Eq. (9):

V,=V,xV,. ©)

The three unit vectors introduced here represent directions
of local axes at each arbitrary point. With these local axes,
the necessary parameters are converted from the global
coordinate system to the local one, Finally, the virtual work
relationship for an element is expressed in local coordi-
nates and the stiffness matrix is obtained. If the strain vec-
tor in the local system is expressed by & , according to the
standard finite element formulation, it can be written as:

g=Ba- (10)

where a is the vector of control point's displacements and
B is strain displacement matrix. In this case, the stiffness
matrix is obtained from:

k = [ B" NB dxdydz, (11)

where D is the shell elasticity matrix in local coordi-
nate system, which is equal to elasticity matrix of isotro-
pic material. Finally, if the Gaussian integration method is
used, the stiffness matrix can be obtained by performing
the following transformations. The first transformation is
from the physical space to the parametric space (NURBS),
which is carried out by:

dxdydz = det J drdsdt , (12)

where Jacobian matrix J, is defined as:

xr y,r Zr
Jo=|x, v, z,| (13)
X, y,t Z,

And the second transformation, from parametric space to
Gauss space, is performed according to:

det J,drdsdt = det J, detJ,dEdndd, (14)

where ¢ # and { are Gauss integration parameters which
are defined in the interval [-1,1]. The relationship between
parameter space and Gauss space can be expressed by:

r:%[(’ﬂiﬂ_rf)g"'(rfn"'ri)]’ (15)
s = %[(SHI _Si)n +(Si+l +Si ):|’ (16)
v (17)

The second Jacobian matrix J,, is expressed as:

Te Sg Ig
Jy=|r, s, 1| (18)
Te S¢ Ig

The members of this matrix can be obtained by differen-
tiating Eqs. (1-17). Fig. 3 shows the schematic illustration
of physical, parametric and Gauss spaces and the relations
between them.

Physical space

0<r<L v -1=s¢<1
0<s<1 ~1<n<1
~lsr<l ecsl

Parametric space Gauss space

Fig. 3 Schematic illustration of physical, parametric and Gauss spaces



3 Topology optimization

One of the primary methods in the development of TO
is homogenization theory [18]. This method has turned
topology optimization into a form of size optimization
and reduced its complexity to some extent. A commonly
used approach for representing materials in topology opti-
mization problems is artificial material modeling [44, 45],
which is employed in this paper. In this methodology,
the distribution of materials across the domain is defined
based on the density of individual elements. By utilizing
this model, it becomes possible to derive the mechani-
cal characteristics of materials without the need to solve
homogenization equations. Moreover, this model enables
the generation of suitable topologies with reduced com-
putational expenses compared to homogenization-driven
models [46].

In artificial material model when IGA is used, the
material density is considered as a continuous function
in the design domain. If we consider this function with
0 <®(x) <1, we can define it at any point as follows:

material

O (x)= (19)
{0 no material

For isotropic materials, the density and material matrix at

any point are expressed respectively as:

p(x)=d(x)p’, (20)

D(x)=d(x)D’ @n

where p° and D° are the density and material matrix of
solid homogenous material, respectively.

Applying this formulation may lead to a solution with
many intermediate densities i.e., gray areas. This issue
is not desirable from the engineering point of view.
To address this problem, Bendsege [19] proposed the idea
of a penalty exponent. By applying this coefficient, (21)
can be rewritten as:

D(x)=d"(x)D°. (22)

This model is referred to as SIMP in the literature. Using
this scheme, elements with intermediate density produce
small stiffness relative to their volume. Experience shows
that by choosing a sufficiently large ¢ (u > 3), the optimi-
zation results in 0—1 solution [20].

In element-based methods, the density in each finite
element (®°) is constant and is considered as design vari-
able in optimization problem. In the method presented
in this article, which is based on IGA, density function
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is considered as a continuous function over the design
domain and is approximated by using the NURBS basis
functions as:

)= 2 R () 23)

where O, are the values of density function in control
points and can be considered as design variables in topol-
ogy optimization problem. The stiffness matrix (11), can
now be rewritten as:

k= j B'®"D°B dxdyd-, 4)

where D° represents material elasticity matrix of the solid
part in local coordinate system.

4 Optimization procedure

The optimization problem considered in this article is the
minimization of mean compliance, which is a common
problem in structural topology optimization. This problem
is expressed as minimizing the total elastic strain energy
of the structure while applying a volume constraint.
The general form of this problem can be expressed as:
min c(x,)

V(x)svm™

min max -
XM <x, <x™,i=1..,n

, (25)

where c is the total elastic strain energy, V is the volume
of structure, and /™ is the upper limit of the volume con-
straint. x, represent the design variables which are limited

min ax

between two values of x™ and x™ as lower and upper
limits, respectively.

According to the previous section, values of densities
at the control points @, are considered as design variables
which are limited between zero and one. In practice, to
prevent numerical problems and singularities in the analy-
sis model, a very small value is assigned to the lower limit
of the density. Denoting ®™" for this value, the optimiza-
tion problem of (25) can be reordered as:

V(o

1

) < Vmax

. . 26)
0<P™ <P, <1, i=1,...,n

Note that number of design variables, 7, is equal to the total
number of control points, where can be simply find as:

n=(np+l)+(nq+1). 27)
The approach employed in this article involves implement-

ing the control net refinement method during the optimi-
zation process. NURBS has the capability to refine the
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control net through either knot insertion or increasing the
degree of the function [21]. For the specific purpose of this
study, the knot insertion technique is utilized. This method
entails dividing knot spans into smaller ones by insert-
ing new knots. The refined basis functions are derived by
incorporating the refined nodal vectors in Egs. (1) and (2).
The refined control points are then obtained through a lin-
ear combination of the original control points.

Considering the one-dimensional b-spline function, by
inserting knot 7 where 7 € [rk ,rM] , the new n + 1 control
points Q,(i = 1,...,n + 1) are formed from the original con-
trol point P(i = 1,...,n) by:

0 -ap+(1-a)P.. el
where
_ i<k-p
ol k- p<i<k 9)
T 7 k<i
0

While a coarse control mesh enables the designer to gen-
erate a smooth surface, refinement gives the opportunity
to make a finer control net without changing the geome-
try. By performing this scheme, a model different from
the geometric model is obtained for optimization pro-
cess. In other words, we are dealing with two models here.
First is a model with a coarser mesh and appropriate for
shape modeling, which is called "geometric model" from
now on. The second model, which we call the "analysis/
optimization model", is a model with a finer mesh which
is used for analysis and the TO process. These models for
a typical shape are illustrated in Fig. 4. This allows the
designer to choose the accuracy and computational cost
required to perform analysis and topology optimization.
Note that this issue is somewhat similar to the mesh gen-
eration in conventional finite elements, with the difference
that, firstly, the geometric shape remains unchanged, and
secondly, it does not impose a large computational cost.
Finally, it should be noted that the geometric model is
produced only once by the designer and the optimization
algorithm uses that to construct the analysis/optimization
model for optimization process.

MMA [47] is utilized for solving optimization problem.
This algorithm which is based on mathematical program-
ming produces an approximate sub-problem by using deriv-
atives information of objective and constraint functions.
The optimal solution of this sub-problem is considered as

(®)
Fig. 4 Typical shapes of, (a) geometric and (b) analysis/

optimization, models

the starting point in the next step of optimization, and this
procedure continues until convergence is reached. In each
optimization step, sensitivity analysis should be per-
formed to obtain derivatives of the objective function and
the volume constraint with respect to the design variables.
This issue will be explained in the next section.

The optimization process introduced in this article can
be shown as a flowchart in Fig. 5. As can be observed in
this figure, after the construction of the geometric model,
the analysis/optimization model is produced, and then, in
each iteration, by performing analysis, sensitivity ana-
lysis and optimization, the design is improved until the
global convergence.

5 Sensitivity analysis

Generally, there are three categories of sensitivity ana-
lysis methods: Analytical, numerical and semi-analyti-
cal methods. In analytical methods, the derivative values
are obtained with explicit functions with respect to the
design variables. In numerical methods, the derivatives of
objective and constraints functions are obtained by using
different numerical methods such as finite difference.
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Fig. 5 The flowchart of optimization process

And finally, in semi-analytical methods, both analytical
and numerical methods are applied. For a review on sensi-
tivity analysis methods, the readers are referred to [48, 49].
In this paper, an analytical method is used.

The elastic strain energy can be expressed as:

c:lUTF :lUTKU, (30)
2 2

where U and F, respectively, are vectors of nodal displace-
ments and loads and K is the coefficient matrix of struc-
ture. Differentiating (30) and taking the advantage of sym-
metry of the stiffness matrix, derivatives of elastic strain
energy with respect to design variables can be written as:
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oo _1yrKy vrgY ictn, (31)
axl. 2 8x[ Ox,

i

Differentiating equilibrium Eq. (32), and assuming that the
loads are independent from the design variables, Eq. (33)
is obtained:

KU =F, (32)
K@_U = _a_KU_ (33)
Ox, Ox,

Substituting (33) to (31), the design sensitivity expression
can be written as:

oc 1. ,0K
—=-=-U —U, i=1..,n 34
Ox, 2 Ox 34

Eq. (34) demonstrates that the derivative of the strain
energy with respect to a design variable depends on deriv-
ative of stiffness matrix. It should be pointed out that this
relationship is regardless of the type of design variables.
Considering that the stiffness matrix is an explicit func-
tion of the design variables (Dij according to (23) and (24),
its derivative with respect to the design variables can be
easily obtained as:

Ok _rmr o wuiponm
. [ B u®*"' D" B dxdyd:. 35)
6 Numerical examples
In this section, some numerical examples are examined to
demonstrate the capability and effectiveness of the imple-
mented optimization method. In these examples, the opti-
mal topology of the shell structure is found by using mate-
rial distribution method introduced in this article, and the
results are discussed. In all of the following examples, the
values of modulus of elasticity and Poisson's ratio are con-
sidered as E =1 x 10° and v = 0.3 respectively. Shell thick-
ness is equal to # = 0.1 and the magnitude of point load
is assumed to be p = 1. The volume fraction is taken as
Vivmax = 40% in all the examples.

6.1 Example 1

A shell structure composed of four plane sheets is inves-
tigated as the first example. This structure is subjected
to a concentrated load in the center and is clamped in its
four corners by simple supports. The dimensions, loading
and boundary conditions of the structure are illustrated
in Fig. 6. Due to the symmetry condition, a quarter of the
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Fig. 6 The dimensions, loading and boundary conditions of example 1

entire structure can be modeled and solved by considering
the appropriate support conditions. The exponent i =5 is
used for penalizing the density function.

As mentioned earlier, in the optimization scheme pro-
posed in this article, different models are used for geometry
and analysis/optimization. In this example, a 4 x 4 control
net has been used for geometric modeling. Then, by refin-
ing the original model, a finer net of control points includ-
ing 14 points in each direction, is created for analysis/opti-
mization model. These models are shown in Figs. 7 (a)
and (b), respectively. Degree of NURBS functions in both
models is equal to 2. The condition of three orthogonal
vectors at two arbitrary boundary points, together with
symmetry boundary condition, is illustrated in Fig. 8.

(b)
Fig. 7 Control net for example 1, (a) geometry and (b) analytical/

optimization models

Fig. 8 Unit vectors and symmetry support condition of example 1

The optimal topology of this example is shown in Fig. 9.
In this figure, the black regions indicate the presence of
materials, while the white areas represent voids. The ini-
tial boundaries of the design domain are also shown in this
figure, for a better 3D imagination.

The result shows that there are gray regions in the
formed boundaries. These regions represent areas with
intermediate density, i.e., values between zero and one.
In the following, to investigate the effect of the mesh size,
present example is solved with finer control nets. For this
purpose, the initial net is refined into 24 x 24, 34 x 34
and 44 x 44 analysis/optimization nets. The results of all
meshes are shown in Fig. 10. As can be observed, the fine-
ness of the control net, leads to similar results, but with
fewer gray areas and sharper boundaries. It can be seen that
in the proposed optimal design process, after geometric

Fig. 9 Optimal solution of example 1



(a) (b)
© @
Fig. 10 Results of example one with, (a) 14 x 14, (b) 24 x 24, (c) 34 x 34

and (d) 44 x 44, analytical/optimization control nets

modeling, the designer can determine the dimensions of
the appropriate analytical/optimization according to the
computational cost and desired accuracy.

The whole structure is shown in Fig. 11 (a). The result-
ing optimal topology represents a truss-shaped structure
that transmits forces to the supports by four members.
Fig. 11 (b) illustrates the FEM based result [39]. It can be

(@

(®)

Fig. 11 Final result of example one, (a) Complete optimal

structure of example one, (b) Result of example one by using
FEM based method [39]
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seen that the outcomes of both methods are quite similar.
Fig. 12 shows the variation of strain energy and total vol-
ume of the 44 x 44 analytical/optimization mesh model,
during optimization iterations. From this figure, it can be
noted that the volume constraint may not always be satisfied
in early iterations, resulting in fluctuations in the volume
and strain energy diagrams. This phenomenon may arise
from the nature of MMA, where sometimes relaxes con-
straints to achieve the desired solution. However after the
initial steps, the constraint are satisfied, leading to a reduc-
tion in fluctuations and eventually disappearing of them.
The graph shows decreasing trend of the strain energy as
the objective function, along with its convergence at the
end of the optimization process. Additionally, convergence
of the total volume can be observed in this graph.

Having Egs. (34-35), one analysis per optimization
cycle is sufficient to generate the necessary derivative
information. Based on the analysis framework outlined in
sec. 2, each control point possesses 5 degrees of freedom.
Consequently, the dimensions of the linear equation sys-
tem required for 14 x 14, 24 x 24, 34 x 34 and 44 x 44 mod-
els will be 70 x 70, 120 x 120, 170 x 170 and 220 x 220,
respectively. Given the crucial importance of computa-
tional time in topology optimization, Table 1 outlines the
CPU time devoted for optimization of each model. It should
be noted that all modeling was performed on a computer
equipped with Intel® Core ™ i5-2450M CPU @ 2.50GHz.
The devise is configured with 8.00 gigabytes of RAM.

6.2 Example 2
In this example, a cylindrical shell structure is investigated.
This structure is a simple beam with a tubular cross-section,

14
0.14 ]
135
0.12 .
-13
0.1 E
> -
) 125
) ] )
5,0'08 strain energy =Y g
£ - total volume ] °
s L volume constraint b >
'(7:0'06 - -115
004 44
0.02 dos
-1 NN N N S S N N N N N N N N S N N N N N S A S N | -
0 10 20 30 40 50 60 700

iteration number

Fig. 12 Variation of strain energy and total volume of example one
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Table 1 Computational cost of different models in example one

. . . . CPU time for the

analytical/computational dimension of S

model equation system optimization process

(second)

14 % 14 70 x 70 350

24 x 24 120 x 120 1190

34 x 34 170 x 170 2450

44 x 44 220 x 220 4480

having a length of 16 and a diameter of 4, which is sub-
jected to a concentrated load in its mid-span as shown in
Fig. 13 (a). Similar to first example, due to symmetry, a
quarter of the problem is modeled and solved by applying
appropriate support conditions (Fig. 13 (a)). A 6 X 6 con-
trol net is used for geometric modeling (Fig. 13 (b)). Degree
of NURBS functions and penalty coefficient are equal to 2
and 5, respectively. Analytical/optimization models with
14 x 14, 26 x 26, 34 x 34 and 50 x 50 control nets are used
for optimization. Fig. 14 shows the results of each case
along with final values of strain energies. It is observed that
for the finer nets, the values of strain energy increase due

(®)

Fig. 13 The structure of example 2, (a) initial domain and

(b) geometric model

/¢

14x14 26x26
S E =1.868x1072

SE =3.026x10"2

42x42
S E =3.936x10"2

34x34
S E =3.554x10"2

&=

0.95
0.8
0.65
0.5
0.35

0.2
0.05

50x50
SE =4.13x10"2

Fig. 14 The results of example two, density contour together with final
strain energy (SE) for various analytical/optimization control mesh,
foru=5

to increase of degrees of freedom. It is obvious that finer
meshes lead to more accurate results. In this figure, for bet-
ter visualization, a colored contour is used to show the state
of material distribution. The results show many areas with
intermediate density values. It can also be seen that increas-
ing the number of control points did not resolve this issue
as the problem persists in models with finer control grids.
Although a hole forms in the domain as the grid becomes
finer, regions with intermediate density values prevent
forming clear topology. Convergence of the solution indi-
cates that the optimization process is completed correctly
(Fig. 15). But as mentioned before, the answer with interme-
diate density is not applicable from a practical point of view.

In the next step, penalty exponent u is used to remove the
intermediate density areas in SIMP approach. Fig. 16 shows
the results of this example for 4 = 7. The results of this fig-
ure show that compared to the previous case (¢ = 5), holes
with relatively more clear boundaries have been created and
topology of structure has been determined to some extent,
but still areas with intermediate density (green color) are
observed even in the fine nets. Finally, the present example
is solved with = 9. The results of this case can be observed
in Fig. 17. In all nets, the green areas with intermediate den-
sity values are much lower than the previous two cases.
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Fig. 17 The results of example two, density contour together with final
strain energy (SE) for various analytical/optimization control mesh,
foru=9

14x14 26x26
S =180 5 =5.0050 2 topologies are similar. Fig. 18 shows the result of topology
optimization for the complete structure with applied load
and support conditions in different views.

Results of this example show that value of penalty coef-

ficient of material distribution function is essential for

finding the optimal and practical answer. As mentioned

42x42

34x34 S E =3.972x10-2
S E =3.639x102

0.95
0.8
0.65
0.5

A A

50x50
SE =4.072x10"2

Fig. 16 The results of example two, density contour together with final
strain energy (SE) for various analytical/optimization control mesh,
foru=17

It can also be seen that the extent of green area is reduced
in finer control nets, and finally in the 50 x 50 net, final
boundaries are clearly visible and the optimal topology is
reached. It can be seen that by choosing penalty factor =9,
except for the 14 x 14 net, which is a coarse mesh, the final Fig. 18 Final complete optimal topology of example two
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earlier in Section 3, values greater than 3 have been pro-
posed for this coefficient. In this example, it was observed
that the value of 9 with an appropriate mesh led to a cor-
rect optimal answer with clear boundaries.

6.3 Example 3

Topology optimization of a freeform shell structure is
considered as the final example of this article. The ini-
tial design domain of this structure, shown in Fig. 19, is a
box with curved edges and a hole in its top center. A lin-
ear distributed load is applied around the hole and it is
restrained at the four midpoints of the bottom edges by
simple supports. Due to its symmetry, one quarter of the
structure is modeled. The purpose of this example is to
investigate the effect of NURBS degree and the penalty
coefficient value on the final optimal results. To solve this
example, first, degree of NURBS basis function is consid-
ered equal to p = 2 and the analytical/optimization model
is formed with a 44 x 44 control mesh. The problem is
solved with the penalty coefficient with different values
of 3, 5, 7 and 9. Contour of obtained results is shown in
Fig. 20. By increasing the values of u, areas with interme-
diate density decrease. For the values 3 and 5, the results
are not satisfactory, and by increasing the penalty factor to
7 and 9, acceptable results are obtained. It can be seen that
the results of the last two cases have a slight difference in
the boundaries and strain energy values.

Next, to check the effect of the NURBS degree, this
example is modeled and solved with p = 3 and a 45 x 45
mesh. The results are presented in Fig. 21. It can be
observed that the results are very similar to the pervious
case. For the u values of 3 and 5, the results are unaccept-
able, whereas they are reasonable for the values of 7 and 9.
It can also be concluded that the degree of the NURBS
has no effect on the optimal topology. It is obvious that
the difference in the strain energy values is due to the dif-
ference in the degree of the NURBS basis function and

Fig. 19 The problem description of example three

0.95

v 3 OB - 3
S E=1.27x10 oes  SE=130x10-
0.5

0.35

0.2
0.05

u=7
S E=121x10"3

9

S E=123x10"3

U

Fig. 20 Results of example three, density contour together with final

strain energy (SE) for various u (p =2, 44 x 44 mesh)

W

S E=1.13x10"3

N

H=3
S E=1.11x10"3

u=1
S E=1.06x10"3

S E=1.07x103

#=9

Fig. 21 Results of example three, density contour together with final
strain energy (SE) for various u (p = 3, 45 x 45 mesh)

accuracy of the two models. The optimal topology of com-
plete structure for p =3 and =9 is shown in Fig. 22. It is
evident that the results remain constant when using var-
ious NURBS degrees, indicating that the solution is not
influenced by the degree of the polynomial employed.

7 Conclusions

In this article, an SIMP based method, along with isogeo-
metric analysis, is employed for topology optimization of
shell structures. NURBS basis functions have been used
for approximation of density function of artificial materi-
als. The geometry is initially created using a coarse mesh of



Fig. 22 Optimal topology of example three

control points, which is then refined to achieve the desired
accuracy in the optimization and analysis model. The den-
sity function is approximated using NURBS at the control
points, treating their values as design variables in the opti-
mization problem. The optimal material distribution in the
design domain is determined by minimizing the strain energy
with a volume constraint. Sensitivity analysis is conducted
and the problem is solved by using MMA. The results indi-
cate convergence of objective and constraint functions to the
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