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Abstract 

In generall, the mechanical models are described by different type of differential equations. 
In the approach presented here the unconstrained optimization problem that derives from 
the boundary problem is decomposed into a pair of constrained optimization problems. In 
this paper the presented models concerning the stress-limited elasto-plastic state change 
include the theoretical results of the earlier studies. The theoretical results are illustrated 
by some numerical examples. 
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1. Introduction 

The term of plasticity is used in mechanics as a certain determination of 
irreversible deformation of solids produced by external actions. These de­
formations are caused by the change of material micro structure without 
cracking. Due to the plastic deformations some kinds of energy are al­
ways dissipated. Generally, the theories used in structural mechanics for 
describing elasto-plastic state change with time-independent material flow 
are formulated on the basis of macroscopic observation of the material be­
haviour [17]. In the phenomenological theory of plasticity, which can be 
tracked back to TRESCA [20] and GUEST [7], the material is assumed to be 
macroscopically homogeneous, isotropic and free of stress and strain in its 
original state. The stress and strain based approach to plasticity can be 
found in works DRUCKER [6] and ILYUSIN [8]. In the 50-s PRAGER [15, 16] 
worked hard on this topic. The mathematical work of KARUSH [10], KUHN 
- TUCKER [12] advanced to the development of the computation in the 
structural mechanics. MAIER [13] and DE DONATO [4] proposed a general 
and powerful matrix description of Koiter's theory [11] in plasticity. The 
ability of the classical theories to describe realistically the plastic defor­
mation of metals is generally accepted, however, certain recommendations 
restrict their use in modelling the behaviour of the structural concrete. In 
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the 70-s a collection of studies on elastic-plastic theories by mathematical 
programming is edited by MAIER - COHN [3]. The mathematical program­
ming methods as helping tools play an important part in the structural 
plasticity [9, 18, 19]. The common thing is the energy dissipation it is not 
taken into consideration in these works. 

Ordinarily the variational interpretation of a problem is created ac­
cording to the type of differential equations that occur (including the initial 
boundary conditions), and then the approximation functions to be used 
have an appropriate order which follows from the type of each equation. In 
the approach presented here the unconstrained optimization problem that 
derives from the boundary problem is decomposed into a pair of constrained 
optimization problems. 

The individual material properties are included as functions of the 
state characteristics and this fact connects the parts coming from the orig­
inal equations into a system. Decomposition of the unconstrained optimiza­
tion problem into a constrained optimization problem is not unambiguous, 
but the different decompositions all must satisfy the same Euler-Lagrange 
equations. It is executed in such a way that the primal-dual problems 
have physical meanings. From the mathematical point of view, the primal 
and the dual variables are intensive and extensive mechanically and the 
objective function contains different types of energies. 

z 

Ox!l] 
local sydem 

position vecto~ Global coordinate 

y system 

Fig. 1. Where O'(t) = [O'x(t), O'y(t), O'z(t), Txy(t), Tyz(t), Txz(t),] 

The state variables (e. g. stresses, strains, etc.) are given in vector space 
by vector-scalar functions in the case of equilibrium state. The structure is 
discretized similarly to FEM. For a discretized structure that vector space 
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is supposed to be a 3 dimensional space in a global co-ordinate system. 
Every node of the element is defined by a position vector (see Fig. 1). A 
state vector described in the local co-ordinate system is attached to each 
position vector. The number of the independent components depends on 
the freedom of the nodes (6 for the example in Fig. 1) and it equals n times 
the dimension of the state vector. 

In case of time-dependent problems the state functions are given in 
both local and global co-ordinate systems and are vector-vector functions 
which depend on the time. Within the context of a small displacement 
theory, the position vectors are time-independent. 

In this paper the presented models concerning the stress limited elas­
to-plastic state change include the theoretical results of the earlier studies 
[21]. The theoretical results are illustrated by some numerical examples. 

2. Mathematical Background 

It is supposed that the Euler and Lagrange descriptions of the structure 
correspond, that is the position vector does not depend on time. It means 
that the state characteristics can be given using function subspaces based 
on the local co-ordinate axes, and can be expressed via a linear combination 
of the (unknown) coefficients of basis functions of these spaces. 

In other words, the state variables (e.g. o-(x, t)) are approximated by: 

n 

o-(x,t)::::: Lx(t)N(e) , (1) 
i=l 

where N(e) notes the shape functions depending on the position vector (e) 
and the coefficients x(t) depending on time. 

The state variables are given in both local and global co-ordinate 
systems as vector-vector functions which elements depend on time. These 
elements are described in a function space which is determined on the 
local co-ordinate axes. It means that the state variables can be given as a 
vector with function elements on the local co-ordinate axes in a function 
subspace.The state variables (x(t)) can be expressed by the generalized 
Fourier series according to the basis of the function subspace: 

x'(,) = ~ [~";;P;(')] ej, ";; E lJl, P;(') E L', 'E ['1, t,J, (2) 

where e] (j = 1, ... , s) is j-th unit vector of the local co-ordinate system 
ordered to the £-th node, s: number of degrees of freedom at the nodes, 
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Pi(t): i-th element of basis of the function subspace (orthonormal polyno­
mial system on [tb t2]). 

The state variables are described on every node in the following space: 
F = Lr X L~ X ••• X L; and on the whole structure 

n (L2 L2 2)n F = 2 X 3 X ••• X L8 , (3) 

where n is the number of the nodes and s is the number of freedoms. 
To describe the elasto-plastic process a nonlinear mathematical pro­

gramming problem is created in space F n where the variables are the 
Fourier coefficients (Xij. It has been proved elsewhere that the Kuhn-Tucker 
theorem and Wolfe's duality [1] are valid in space Fn. 

Then the nonlinear mathematical programming problem exists in 
space F n in terms of elements (x(t)). The general description of the non­
linear programming problem is the following in space Fn. 

Dual: 

Primal: 
min f(O'(x(t))) , 

9i(0'(X(t))) ~ 0, i = 1, ... , k; 

hj(O'(x(t))) = 0, 

x(t) E Fn
, 

j = 1, ... ,q, 

m", {f(U(X(t))) + ~ A,(t)g,(u(x(t))) + ~ Uj (t)h j (u(x(t))) } , 

(4) 

\1 f(O'(x(t))) + >'(t)\1g(O'(x(t))) + u(t)\1h(O'(x(t))) = 0, 

g(O'(x(t)))>.(t) = 0, >.(t) ~ 0, x(t) , >.(t) , u(t) E F n
, "It E [tl' t2] , 

(5) 
where the extreme is looked for every time point t, u(t) and >.(t) are the 
dual functions. 

For the solution it is necessary to transform the problem into the £2 
space by the help of Riesz-Fischer theorem. In the £2 space the Kuhn­
Tucker theorem and the duality theorems are valid [2]. The inequalities 
cannot be transformed into the e2 space because for the inequalities the 
isomorphism is not valid. The inequalities are checked at some given time 
point (Pi(tv ), i = 1, ... , 00, v = 1, ... , w). The nonlinear programming 
problem is in £2 space after the mapping (4): 

Primal: 
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glv(aij) ~ 0, 
hr(aij) = 0, 

l = 1, ... , k, 
r = 1, ... , q, 

v = 1, ... , W, 

aij E lR. 

VJ(aij) + ,\Vg(aij) + iiVh(aij) = 0, 

g(aij). = 0, ). ~ 0, aij E lR, 
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(6) 

(7) 

where J(aij), g(aij) and h(aij) are the pictures of the functions f(o-(x(t) )), 
g(o-(x(t))) and h(o-(x(t))) after the mapping into the 12 space, respectively. 
The dimensions of the mathematical programming problem increasus. 

In the practice the infinite vector space is truncated to a finite one, 
this means a finite number of basis functions are taken into consideration 
in the function space. 

The solution of the nonlinear programming problem is a stationer 
curve. The limitation of the presented model is: at least one continuous 
component has to be assumed, the small displacement theory is valid, sta­
bility problems are neglected. 

For the numerical solution it is necessary to transform the problem 
into the 12 space where the Kuhn-Tucker theorem is valid [2] and the results 
are mapped back to the space Fn. 

3. Linear Elastic Case 

9.1 Time-Independent Case 

In time-independent case the complementary strain energy can be written 
in the form of unconstrained optimization form [22] that expresses the 
derived variational principle. The loads and stresses depend on the place 
vector only. 

. { f f f{ ( ) (oo-;c OT;cy OTz;c -) mm iii B o-;c,o-y, ... ,T;cy + ox + oy + oz +X u+ 
v 

+ (OT;Cy + Oo-y + OTyz + y) V + (OT;CZ + OTyz + ao-z + z) w}dV-
ox ay oz ox ay az 

-11 [(Xv - Xv)u + (Yv - Yv)v + (Zv - Zv)w] dS-

SI 
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-11 [Xvu+ Yvv+ ZVWjdS} , 
S2 

(8) 

where V, S: volume and boundary of the structure, respectively, B(s): 
complementer strain energy function, (in linear elastic case: B(s) = 
= 1/2uFu, F: flexibility matrix), p* = [X, Y, Z]: vector of external 

loads, p;; = [X v, Y v, Zv] and u* = [u, V, w]: prescribed value of internal 
loads and displacements, respectively. 

The variational problem (8) can be written as a constrained varia­
tional problem using matrix notations: 

min 111 {B (u )} dV, com plementer strain energy, 

V 

111 (B* u + p) dV = 0, equilibrium equations, 
V 

11 (pv - pv) dS = 0, stress boundary conditions, 

S1 

11 udS = 0, displacements boundary conditions, (9) 

S2 

where V, S: volume and boundary of the structure, respectively, B(s): 
complementer strain energy function, (in linear elastic case: B(s) = 

= = 1/2uFu, F: flexibility matrix), Uz = 2: UiNi(X), Ni(X): shape func-
i=1 

tions, u = [uil: vector of stresses, B = [L (Ni(X))]: transfer matrix (in 
given cases it can be found in the well-known finite element books), L: 
differential operator, *: transpose, p: vector of external loads, pv and u: 
prescribed value of internal loads and displacements, respectively. 

The displacements (Lagrangian multipliers) concerning the nodes are 
independent of the volume integrals so we can write their problem (9). 

Gaussian numerical integral calculus has been used to compute all 
of integrals that is the values of the stresses have been determined on the 
Gaussian points. 

z. The unknowns of the problem are the stresses, acting on the Gaussian 
points. The unknown vector is partitioned according to the members, 
the Gaussian points, the stress freedoms. 

n. In linear elastic case the minimal value of the complementer strain en­
ergy function is searched for. After the integration the complementer 
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strain energy function is: 

min ~(p)o-*(G)Fo-(G). (10) 

iii. The equilibrium equations can be written by the stresses acting on 
the Gaussian points on the following form: 

mGz 

I: Bic,jpjo-(Gj)+Pk =0, k = 1, ... ,ns. (11) 
j=l 

The columns of the matrix B are partitioned according to the elements 
of the structure (m), one hyper-block contains blocks according to the 
Gaussian points (G) and the dimension of one block is determined by 
the stress freedom of a Gaussian point (z). 
A row of the matrix B contains the coefficients of the equilibrium 
equation system. The rows of the matrix B are partitioned accord­
ing to the nodes (n) and the dimensions of the blocks refer to the 
displacements freedoms (s) of a node. 
There are ns equations and mGz unknowns before taking into con­
sideration the boundary conditions. 

iv. In case of dispZacements-type boundary conditions - if Uk = 0 - the 
k-th row is deleted from the equilibrium equation system, because the 
supported node at the given freedom has to be in equilibrium. These 
equations can be used to determine the reaction forces. 

v. If the stress-type boundary conditions concern a given Gaussian point 
and stress freedom, the corresponding element of the unknown vector 
is zero, that is the corresponding column of the matrix B is multiplied 
by zero - this column is deleted from the matrix. The corresponding 
column and row are deleted from the matrix F as well. 

If the stress-type boundary conditions concern a given point of the 
structure it is necessary to express the stresses at this point from the 
stresses acting on the Gaussian points by the help of shape functions 
(Ni (x)). These conditions give new equations to the equilibrium system. 
It is necessary to subtract the effect of boundaries from the complementer 
strain energy function, too. 

3.2 Time-Dependent Case 

The loads and stresses depend on the place vector and time (t). The 
parameter t is changing in a time interval. The time-dependent case of the 
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functional minimum problem (8) can be written in the following form: 

min{ ill {B (uz(t),Uy(t), ... ,r(t)zy) + 
V 

+ (ouz(t) + orzy(t) + OTzz(t) + X(t)) u(t)+ 
ox oy oz 

+ (orzy(t) + OUy(t) + oryz(t) + yet)) v(t)+ 
ox ay az 

+ (8Tzz (t) + 8Tyz (t) + auz(t) + Z(t)) w(t)}dV-
ox ay az 

-11 [( Xv(t) -Xv(t») u(t)+ (Yv(t)-Yv(t») v(t)+ (Zv(t) -Zv(t») w(t)] d8-
51 

-II [:aCt) + vet) + wet)] dB} 
52 

(12) 

where the vectors have function elements and the meanings of the letters 
are the same as ttey were in Eq. (8). 

The constrained problem is: 

min III B(u(t))dV, complementer strain energy, 

v 

111(B*(u(t» +p(t»dV == 0, equilibrium equations, 
v 

11 (Pv(t) - Pv(t» dB == 0, stress boundary conditions, 

51 

II u(t)dB == 0, "tt, t E [tl, t2] , displacements boundary conditions. 

52 
(13) 

Taking into consideration the approximation of the unknown u(x, t) 
according to the place vectors we get: 

00 

uz(x,t) == LUi(t)Ni(X). 
;=1 

_ ...............•.....•.•.... _ ................. _ ..... . 
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The time-dependent coefficients (O'"i(t)) can be written in the function space 
by the help of its basic system. The basic system is chosen as an orthogonal 
polynom system: 

00 00 

O'":z:(x, t) = L L aijPj(t)Ni(X). (14) 
j=l i=l 

i. The unknowns of the problem are coefficients aij. The infinite series 
of the orthogonal polynom system (Pj(t)) are truncated to a finite 
one (j = 1, ... , v). The vector of unknown coefficients is partitioned 
according to the members (m), the Gaussian points (G), the stress 
freedoms (z) and the considered part of the orthogonal polynom sys­
tem (v). The number of unknown is: mGzv. 

ii. The complementer strain energy function is in linear elastic case after 
the integration: 

(15) 

where the matrix F refers to the matrix F in a way that it contains a 
hyper-diagonal matrix with the same values instead of each element 
of F. The dimension of F is: mGzv, mGzv. (p) is a diagonal ma­
trix containing the Gaussian weights. The indexes of a show are the 
partitions of the vector of unknowns. 

iii.. For the equilibrium equations the matrix B is extended to a matrix 
B which has a hyper-diagonal block with the same elements instead 
of every element of B. The dimension of B is: nsv, mGzv. The 
generalised Fourier coefficients of the elements of external load vector 
are noted by f3jk according to the orthogonal polynom system (Pj(t)). 
The equilibrium equations have to be satisfied in every time point of 
t (\:It, t E [tl' t2]): 

mGz 

L PjBijkajk + f31k = 0, 1 = 1, ... ,ns, (k = 1, ... , v, \:11, \:Ii). 
j=l 

(16) 
iv., v. The displacements-type and stress-type boundary conditions are taken 

into consideration as it happened in the time-independent case, not 
only the corresponding rows and/or columns are deleted now but also 
the corresponding hyper rows and/or columns. 
Transforming the problem into the 12 space it is enough to compute 

with the generalised Fourier coefficients (Riesz-Fisher theorem). 
Summarising in case of time-dependent linear elastic case one has to 

solve infinite numbers of quadratic programming problems. The equality 
equations are linear with the same coefficient matrix and different right 
hand side and are the same objective function. 
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4. Stress-Limited Linear Elastic, Plastic Case 

4.1 Time-Independent Case 

The problem - given by (10), (11) and boundaries - is extended with 
restrictions for the measure of stresses: 

min ~(p)O'*(G)FO'(G), 

mGz 

L BkJPjO' (Gj) + Pk = 0, k = 1, ... ,ns, 
j=l 

i = 1, ... ,mG. (17) 

4.2 Time-Dependent Case 

The time-dependent problem can be formulated by the help of the problem 
defined by (15), (16) and boundaries and time dependent plastic yield 
conditions. 

The time-dependent plastic yield conditions can be written as a func­
tion of stresses: 

k = 1, ... , mG, (18) 

where O'L: limit stress. 
The inequalities cannot be transformed into the £2 space as it hap­

pened in case of equalities. It is necessary to check the inequalities in some 
given points in the interval of t. 

Summarising the time-dependent stress-limited system can be formu­
lated by the following mathematical programming problem: 

mGz 

L P/BUkajk + f3lk = 0, 1 = 1, ... , ns, (k = 1, .,. , v, 'Vl, 'Vj) 
j=l 
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boundary conditions, 

k = 1, ... , mG, c= 1, ... , w, (19) 

where w means the discretized time points where the inequalities are ex­
amined. 

The problem (19) contains mGzv unknowns, nsv equalities, mGw 
inequalities. The problem (19) cannot be separated into a series of math­
ematical programming problems because of the yielded conditions against 
of the elastic case. 

5. Numerical Example 

As an illustration of the proposed computational methods, let'sconsider 
a three-supported beam with time-dependent loading. The data of the 
structure can be seen in Fig. 2. The loads act on the nodes. The functions 
of the external loads are given by 

F(t) = 9.75 + O.25t + O.75t2 + 1.25t3 
• 

1 

[It I I{t) 
4 

[It) I{t) 
/$ 2 3 ?S 5 6 Z)/ 

V 
6 x 3.00 m V 

/. /' 

Fig. 2. 

The loads are approximated by the Legendre polynomial system up to 
four members. The structure is divided into 6 members with 7 nodes. The 
unknowns are the moments and the shear forces at the Gaussian points of 
the members. The number of the unknowns is 96. 

On the basis of the general form, the statically admissible inner forces 
are determined by the equilibrium equations and force boundary conditions. 
The objective function contains the complementary potential energy. The 
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displacement boundary conditions are taken into consideration in the ob­
jective function. 

To solve this problem we used a quadratic programming system. The 
results can be seen in Fig. :1. One can see that this method and the 
traditional algorithms give the same result. 

If there are some restrictions for the inner forces they give inequalities 
in the mathematical programming problem. In our example, the Huber": 
Mises-Hencky yield condition is used. In Fig . .4 one can follow the forma­
tion of the plastic hinges during the process. 
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