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Abstract

This paper presents a new solution of spatial similarity transformation using plane trans-
formation. The transformation creates a relationship between the coordinates of different
points of two coordinate systems.

The mathematical background of the transformation it discussed in detail, and &
mathematical solution it presented to solve the transformation task in case of larger angles

too. Finally, two examples of practical application of the transformation procedure are’
presented and calculated.
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introduction

In geodesy and photogrammetry, it is often necessary to solve transforma-
tion between two different coordinate-systems. Helmert or similar transfor-
mation is that kind of transformation where the values of transformation
in both coordinate systems are related by mathematical similarity. By use
of computer systems utilization of more general and effecient methods is
possible to solve the transformation task (KovAcs, 1984). In this study
an iteration method for solving the equations of both planar and spatial
transformation is presented. First, we present the plane similar transfor-
mation in detail, then the spatial transformation is discussed and finally
the solution of practical examples is given.

Plane Similar Transformation

The plane similar transformation (KREILING, 1972) can be expressed for a
specifie number of points n (n > 2) by the following equation:
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where:
(z,y)i and (u,v); are the coordinates of the two systems,
(z0,y0)" is the shift vector,
(m) is the scale factor,
() is the rotation angle.

The solution of the previous equations can be divided into the follow-
ing steps:

A. Determination the center points of the subsets which conteain common
points of the two coordinate values:

Ts = Z“"_'l‘) Ys = ‘_—Z s ) Us = "—'“Z ., Vs = )
i n n n

g
S

B. The new shift-coordinate values:
Ti =2 — s, Yi = Yi — Ys,

U; = U — U, U; = v; — Vg .

C. Then the following reduced equation can be derived:
'v;,:‘ n z] [ -7] [mcoscx
Vy | Yy i_{ﬁ T |;|msine

v+i=Ax, (i:l,Z,...,ﬂ)

or

D. The normal equation @ = A Ax + A7] can be written as:

0 _[Z(ﬁg“"ﬁ) 0 . COS & _TZ(ﬂg§g+@'g§i)
o) =170 7 s@) lmeine] T | Sy + 7im)

from this equation the unknown values are:

(T + 0:7;)
L@ +7)

mMCeoso =

msino = ———Z(—u—i@‘i — UiTi)
- > (2} +77)

The relationship between the scale and rotation angle is:

m = \/(mcosoz)2 + (msina)?;
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mcos ) M sin &
— sinq = ——
M m

E. The shift-vector can be calculated according to the following equation:

z0 s ] cose —sine | | us
= —m| .
Yo Ys _l Sin & cos e Vs

The advantage of plane tran
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ormation procedure is not only its ability
to precisely determine the rotation angle of small angles (o < 5°),
but also that of bigger ones, that is calculating the angle of is always
possible due 1o the defined value of the irigonometric twin cosa and
sin e,

sformation equations proceeds
he first one the approximate values of rota-
tion angles are calculated. In the second step the final values of the trans-
formation parameters are calculated through an iteration process (MINDA,
1986). This calculation concept will lead to generalization of the calculation
process, so it is required to calculate the rotation matrix.

Mathematical principle of iranformation

If we consider the first modele coordinates (U, V, W); and the second
one as (X, Y, Z); — it can be for example geodetical coordinate system,

(i=1,2,3, ..., n; n > 3). The transformation relation between the two
coordinate systems can be written as:

X Xo i otz ri3] [U Xo U
Y| i=|Yo|+m|ra 72 r3| |V |= Yo} +mR |V
Z Zs rs1 raa T3zl | W Zy | W
where: R is a 9-element ortogonal rotation
matrix (r1 ... 7‘33),
m is the scale factor, and

(Xo, Yo, Zo)® is the shift coordinates.

Turning back tc X, Y, Z and U, V', W, the coordinates of the central
point, we can obtain the following equation:

Vz X o2 | [O
Vy -+ _3_/_ =m | T2 T92 T93 vV
vz | Z ], T3l T32  T33 w



182 J. MINDA and O. ALHUSIAN

The rotation matrix can be broken down to a multiplication of three rota-
tion matrices:

R =R,R43R«
or
1 0 0 cos¢p 0O sing cosk —sink O
R=|{0 cosw -—sinw 0 1 0 sink cosk O
0 sinw cosw sing 0 cos¢ 0 0 1

According to this equation and considering one of the matrices as an un-
known value, we can write three mediator equations systems. These are:

A.

'I)z‘*‘f Tj
(RoRy) |0y +7 | =mR. |V (1)
v2+7 ; w
B, — -
. U:c‘%“i{_ _q_ ]
(Ro) | vy +7 | =mRy |Re | T | | . 2)
vz-%--Z_ W z-_l
vy + X U
[‘uy—%—? =mR, [RgRe | V . (3)
va‘:“— : W

H
If Rs, Ry and Ry, are considered unknown, then they can lead to the
denotation of the original three plane transformation. The equations
can be solved by an iteration process and this results in determining
the values of %, ¢ and w angles. The determination of scale factor m
will be discussed in the following part.

Solution of the Spaiial Transformation

Considering that » points (n > 3) are given from each coordinate sys-
tems, the unknown values of transformation can be calculated through the
following steps:

A. Determination the center points of subsets which contain common
points of the two coordinate systems.

. S X Y; Z;

1{5=L ) yﬁzz—s ZSZZ"'—;
: n Y’ n

vo=2Y oyl oy o2

n n n
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The original points of coordinate systems are shifted to the center
points as:

Xi_—_;{z—}{87 E'/*z?'i_:'s; Z£=Zi_ZS7
U, =U; - Us, = V=V, W;=W;, - W..

C. The element matrices of the rotation marix are obtained after sub-
tition in (1), (2) and (3) and then after improvement we obtain this
final form as:

I equation group

Xicosd+ Y;sinwsing — Z;coswsin ¢ | U =V [mcosx]
= b2 = =5 =5 i
Yicosw -+ Z;sinw ] Vo U |, |msink
I equation group:
W, ~T;cosk+ V;isink
lf Er = 3 p— N ‘;,—-T— t theﬁ;
Uicosk — Vising W

ITI. egquation group:

. ' e1n e
i B = [ 1 12]
e21 €22
where enn = ey = Wi,
e = U;sindcosk — V;singsink — W;cos ¢,

esn = —U;singcosk — V;singsink — W;cos¢,

? T COS W
th S| =E;
en [Z]i E"M[msinw]'
The final values of the angles can be obtained by application of iter-
ation procedure, the individual iteration steps should by performed
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according to 1, Il and 11 equaiion groups. As a begining, we con-
sider w=0, ¢ =0 and we replace the sinus and cosinus of the resulting
angle sequencely in the equation groups. The iferation goes on until
the sinus and cosinus values of the angle reach a final stable value.
The scale factor can be calculated according the following convention:
We take the eguation:

N <] b

I

d

b
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L RIS i 2
consider:
X
(7 & EL|Y| =m multiplications,
LZ ],
and then the scale factor can be derived from:
T
m = 2. .
n

[
b

Practical Examples

Two examples are given to demonstrate the proposed transiomation pro-
s

cedure

S
accuracy and their application on larger rotation angles.
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First Ezample — Normal Angle
This example depends (practically} on data given by SCHWIDEFSKY
AckeErMAaNn (1876).

Table 1 Teble
Phote Coordinates Geodetic Coordinates
Psz U v W Psz X Y Z
11 8.018 79.931 148.872 11 5083.205 5852.088 527.82%
13 $.8662 79.94G 147.8G0 13 5780.08G 5806.355 571.548
31 0.022 -78.865 151.815 31 5210.87¢ 4258.446 481.81i0
33 0.000 -75.048 154.822 32 5800.284 4314.283 453.484

ik %

Errors in em Plottter Coordinates
Pez AX AY AZ Pz U i 124
ii -8.2 353 -2.3 21 7.818  T1.373 144.924
13 4.9 -25 23 22 71.254 18.787 14D.650
3 122 -24 20 23 83.636 -73.591 148.673
38 -118 -84 206 24 16.43% -65.833 131.705

Second Ezemple — Large Angle

This exaple is taken from the DSRI analytical plociter experements.

Table & Table 6
Geodetic Coordinates Errors in cm
Psz X Y Z Psz AX AY AZ
21 50641.17 48326.54 B887.05 21 -38 0.7 5.8
22 49540.94 49934.56 976.98 22 683 2.7 -7.7
23 48138.44 49571.11 862.76 23 07 -18 7.1
24 48636.24 48657.71 828.54 24 -1.8 -1.5 -5.0
The resulis were
w= 41860414 g, ¢ = —0.1593 g, K= —1244748 g,

m = 18.370402,
Xp = 48674.97m, Yy = 48837.83m, Zo = 3155.32m.

Pt
[41]}
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Conclusions

An important advantage of the tranformation procedure is that it is pos-
sible to have a solution even in case of larger angles: this is due to the
fact that the determination of trigonometric twin {(sinus, cosinus) of any
angle leads necessarily to the prcise definition of the angle itself. Compar-
ing to other transformation methods; the procedures presented here can be
classified among the precise ones. The method is simpler since there is no
need to calculate the inverse matrix, which is also simplify the computation
process and shortened its execution time.

A disadvantage of this method is that all of three coordinates of con-
trol points are required to have a defined solution to the transformation
process. Special attention has to be paid when the coordinate system is
rotating together, where the rotation angle can have multi-value, this is
mainly due to the existence of the rotation matrix R and its central matrix
Ry (case of larger ¢ values) where the other two (R., R,) multiplication
factors can lie right or left of R, without changing the final value of R.
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