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In this paper we introduce the expected value and the standard deviation of product-
sums of permutations. We know that the product-sums of permutations are:

S(z) = X in(i)
=1

where S(:7) denotes the value of product-sums in 7. It is shown that every element occurs
at least onee from R, to @, where @, stands for the sum of the squares of the first natural

n(n = Ln - 2) . - :
numbers and R, = — for the product-sums corresponding to the permutation
n(n — 1)... 21, and hence product-sum Q, corresponding to 12...(n — l)n is the maximal,

and R, corresponding to n ... 21 is the minimal one. A mode for the production of the product-
sums. is indicated.

1) 2n - 1D¥(n — 1
ﬂi—l) and D¥(S(x)) = i—(—z—lﬂ%(n—-‘z where
M(S(1)) is the expected value and D(S(x1)) is the standard deviation of product-sums. We
also introduced the complement permutations so that

It is further that M(S(7)) =

a(l) + 7 ({)=n -+ 1

where 7’ is a complement of = since 7 = (a(1), ..., 7(n)) and 7" = (a"(1). . ... 7°(n)) denotes
the images of (I,.... n).

Of course we will do work in the probability field where each permutation has the same
probability,

Introduction

The problem mentioned above is important both for theorical and
applied mathematics.

The aim of this paper is to determine also product-sums of permutations
and their expected value and standard deviations. The suggested theorem is
introduced by some notations and definitions and then theyv will be proved.

P, denotes the set of permutations of the finite set N, where N =
= {1.2.....n}. For any w¢ Py. S(7) denotes the value of product-sums in
T, where

1

S(x) = 3 iai) (1)

i==1

and o = (w(l), . .., z(n)).
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Further let the expected value and standard deviation of product-sums
of permutations of N be denoted by M(S(x)) and D(S(x)). First of all the
complement permutation is introduced because then we can calculate with
n!

“2*‘ only.

Definition: Let =’ be the compiement of z where
a(i) + a'(@) =n+ 1 (1 <i<n). (2)

We can then prove the follewing

Lemma:
-+ 1
ﬂ@+SW%ﬂn+Dn;] (3)
Proof: Let w = (w(1), . ... z(n) and &’ = (a'(1). ..., a'(n)) denote the images
of {1,2....,n} so that
a(t) + ='(i) = n -+ 1 (1 <i<n).
Then:
S(a) + S(x') = Sial) + Fiw()= i [2() + 7(0)]=
=1 =1 =1
nn = 1) n+ 1

=M ) = (1)

- L

Q.E.D.

In [1] we have determined the pessible values of S(xz) for each n and =.
We omit the trivial cases n < 4. Let (, stand for the sum of the squares of
nn - 1)(n -2
e

the first n natural numbers and R, = ) for the product-sum

corresponding to permutation n...21.

Theorem: Let n and k be natural numbers, n > 4. The following statements
are equivalent:

1) R, < k<0,

(2) There exists a permuiation @ of the set {1,2..... n} so that
S(z) = k.

This theorem is proved in [1].

We know that S(z) = k is a random variable, so we can prove the next
theorem:

Theorem: The expeeted value of product-sums of permutations js given:

M(S(x)) = "(”———;i-ll (4)




~1
ot

EXPECTED VALUE OF PRODUCT-SUMS OF PERMUTATION

Proof: a) Accordingto (3) the product-sums of permutations are symmetrical

et

3]

with respect to the eentre of [R, @]. It is thus true that
n(n -+ 1)

M(S() = 3 [S() + S(=)] ="

b) We can perform this proof on an elementary method too, where the
constructs of permutations can be seen:

mn

2 3in—D!I=12+n)n—1n—-1!=1+n—1-2)(n—1)!

=2

-zé‘i(n—1)::2(3+n)(n—2)(n-1)!:2(n2-g-n_2-3)(n_1)z

2 Sin— 1)1 =34 £ n)n—3)n— 1)1 =32~ n —3 - 4)(n — 1)
f=4

rn

n—1)-2 X in—-—Dl=nm—-Dr+nn—(On-—Dln-1)!=

i=(n—1)
=n—r*+n—(n-—-1)"n]
and
(12_12‘-’+....;_n:)(n_1)1:"("'—‘1}6(2”“5'1)(,,_1)g.
Then:
(n—l)!{(712+71—l-?.)—{—Z(nzf—n-?_ ) I
+{n—+n—-(n—1 - n]+ n(n & 1)@n + 123(271 _Li)} —
= (n —1) IZI(H-J—-M 1q(z 4+ 1)+ n(nf‘1)6(2n—'1):l:
o= 1
n— (n + — D(Bn — 2
—(h— 1) [n( )(n- o) — n(n - 1)(n12 )(3n ) -
+ n(n + 1)(2n — 1)]2 (n_ﬁl)!n(nf— L(3n2+ 3n) — n’!n(n -+ 1)_2
6 12 4
Where
n=l | __n(n? — 1)(3n — 2)
Z i+ 1) = 12
Finally:

N T ) I el Vi
M(S(=)) - 1 1

Q.E.D.
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¢) In general the transformations are performed on the permutations
and for the permutations. We know that

M(S(n)) = — Z Zz (i) (5)

'zEPnI
Then
1 n . . n
M(S8()) = — Sia(i)=— 3i > a(i) =
N :iaePy i=1 n.i=1 aePx
1 n n 1 n n
=3 Sal)=—Fi Fj S 1=
n!iZ1 731 aihs nlisi =17 4R,
a(i)=j
1 ( WAL n{n -+ 1)2
=—| 31 n— 1)! .
n! ;;; J ( ) 4

since there are (n — 1)! permutations with =(7) = j.

Q.E.D.

Further we can prove that the standard deviation of produect-sums is:

DA(S(7)) = M(S(=))*] — [M(S(=)P

Theorem:

| w(n - 1 — 1)
D*(S(x)) = 6)
(S(a0) - (6
Proof: The expected value is known, so we must determine only the second
moment. Namely according to (5):

MSEF] == 3 Siat) Zkatt

(R

F—l
Then there are the second moments of product-sums of permutations which

depend on two variables. So now it will be partitioned depending on either
1=k and i == k. Then:

n(n - D{(2n + 1)'27
6

according to (5).
Finally:
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5 n{n + 1)2(2n + 1)* N 1 n¥n + 1)2 B n(n+1)2n4-1)P
DSl = 36 ‘ n(n — 1)[ 4 ]
_n’(n+ 1) _ n’(n + 1)*(n — 1)
16 144 '
Q.E.D.

A method can also be given for the construction of subsequences of {z}
where {z} is the construction of {S(xx)}. In [1] we describe how a permutation
can be constructed m = (=(1).....n(n)) with given degree n and product-
sum k. We know that:

(%) S(1234) = 30, S(2134) = 29, S5(2143) = 28, §(2314) = 27,
8(3714) - 26, S(3142) = 25, S(4123) = 24, S(4132) = 23,

22, S(4312) = 21, S(4321) =

Here it is given a {m} where {S(7)} = S, and S, = {S(x) : w€ Py} the set

of possible values of S(z) for =< P,.

]
<@

n—5

= S,-.; and S, S.=0. where j =k 7)
L, b i J

If we know the S,_; than we can construct the S,. Namely when we achieve

the (n —1)...21... than in the next we will start from S,.,, ,—, such

that for the place of =(1) put n and for the place of w(n) put (n — 1), where

we must go back with n — 1 spaces in S,_,. So for every n we know that
L 1)

from R, to Q, sums of product-sums of permutations are + 1. Itis
true because ‘
L
0 -R="7") ®
From (8) it is followed that
no(T n-+1
11+ [): ‘)+1 ©)
i=5 2 3
The (9) is clear because
: n
ISn - 9 (10)
since R,.; +n'— R, = n.(n;)— 1) : and we can prove the (9) with
+1
induction but :] 4 i :L_ 1= Z—i— 1]. So we can choose n now some sub-
sequences of {S(am)}:
(9) with inducti btr} " nrl) g h b
with induction, bu -+ = . 7 sub-
5 Bl {k—{-l] o we can choose some

sequences of {S({x=})}.
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Inset: some subsequences of {S({x})}:
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