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Abstract

This study investigates axial buckling of sandwich composite shells with anti-tetrachiral lattice cores and graphene-reinforced surfaces, 

analytically deriving mechanical properties for GPL distributions: uniform (UD), V-pattern (FG-V), and X-pattern (FG-X). The fundamental 

formulas are formed utilizing Reddy higher-order shear deformation theory (HSDT) and minimize the total potential energy principle. 

The Navier solution tactic is employed to extract the characteristic equation of the system, which is subsequently resolved to calculate 

the critical buckling load for different geometric and mechanical parameter configurations. The results reveal that volume fraction 

and distribution of GPLs significantly influence the buckling load, with optimal performance being contingent upon the geometric 

constraints of the lattice core. By optimizing the lattice core specifications, the highest buckling load can be achieved with minimal 

GPL volume fraction, enhancing the economic feasibility of nanoparticle usage in such structures. Notably, the FG-V distribution with 

a 0.05 wt.% GPL demonstrates the most efficient configuration for maximizing the buckling load. The results emphasize the importance 

of optimizing the geometry of the lattice core to achieve the maximum buckling load. Specifically, for a  lattice configuration with  

Rx/Ry  =  1.5, the optimal inclination angle of 10° leads to a 0.8% increase in buckling load compared to other angles. Similarly,  

for Rx/Ry = 1, the highest buckling load is obtained at an inclination angle of 60°, which is approximately 30% greater than the minimum 

buckling load observed. These findings highlight the critical role of geometric optimization in maximizing the structural stability and 

performance of bi-curved sandwich composite shells.
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1 Introduction
Bi-curved sandwich panels are one of the major structural 
components in several applications, such as aerospace, 
marine, transportation, mechanical, and civil engineer-
ing, owing to their superior tensile-to-weight ratio [1–4]. 
Sandwich panels are usually made of two stiff outer 
faces – often metal or composite – combined with a light-
weight core that enhances structural efficiency. The core 
is usually composed of low-density materials, such as 
porous plastics like foam or honeycomb structures, thin-
walled profiles bonded to the outer layers, and latticed 
sheets [5]. Such a structural combination offers high stiff-
ness and load-carrying capacity with relatively low struc-
tural weight. Those characteristics make the sandwich 
panels the best option for applications requiring mechani-
cal strength and lightness. This feature is also valuable in 
designs where the reduction in material usage and overall 

weight is an objective without compromising on struc-
tural integrity [6–8].

Sandwich panels with lattice cores have been widely 
used in civil engineering applications due to their light-
weight and high strength [9–11]. For instance, the 
Sandwich Plate System (SPS), consisting of two metal-
lic plates with an elastomeric core, has been employed 
in projects such as the Dawson Bridge rehabilitation in 
Edmonton, Canada, and the construction of the Philippine 
Arena near Manila  [4]. These structures contribute to 
overall weight reduction and enhanced mechanical perfor-
mance, enabling more optimized structural designs.

The use of sandwich bi-curvature panels in engineer-
ing applications has been attracting growing interest 
from researchers in different scientific fields towards the 
research and evaluation of this structural class in numerous 
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aspects [12]. One of the most significant areas has been 
incorporating nanoparticle-reinforced materials, which 
can be expected to bring about significant enhancement 
in the material traits of the sandwich structures  [13,  14]. 
The  employment of nanoparticles, such as carbon nano-
tubes [15–18], nano alumina [19–21], TiO2 nanoparti-
cles  [22, 23], and graphene platelets (GPLs)  [24–26], has 
shown encouraging results in the strengthening of these 
materials, enhancing their load-bearing capacities under 
various conditions. Rahmani et al. [27] reviewed the vibra-
tions of FGM core sandwich structures utilizing HSDT. 
Rahmani et al. [28] explored vibrations of the composite 
outside layers with a flexible core cylindrical sandwich shell 
by considering HSDT. Dastjerdi et al. [29] examined com-
posite plates for bending through an extended Kantrovich 
technique utilizing HSDT. Kheirikhah et  al.  [30] consid-
ered the sandwich sheets to have composite outer layers 
and a soft core buckle. They studied how the shape and size 
of the structure affect its buckling behavior. Viola et al. [31] 
established a comprehensive scheme for the dynamics of 
high-thickness and bi-curved multilayered plates.

Recent studies have further advanced the understanding 
of cellular and composite structures. For instance, Malek 
and Gibson [32] provides a detailed investigation into the 
mechanical response of cellular materials under varying 
loading conditions, which is relevant to the present study. 
Moreover, Tornabene et al. [33] explores the structural 
behavior of lightweight cellular cores, contributing to the 
discussion on the homogenization approach. Additionally, 
Salehipour et al. [34] and Tornabene et al.  [35] present 
recent advancements in composite reinforcement strate-
gies and material optimization, which support the moti-
vation for integrating nanoplates into composites. These 
references have been incorporated to provide a more com-
prehensive background for the study.

Chen et al. [36] examined the post-buckling reaction of 
bi-curved sandwich panels with transverse stiffeners. They 
determined the equivalent mechanical properties of the 
stiffened shell using static equilibrium. Lotfan et al.  [37] 
considered the vibrations of bi-curved shells under axial 
motion, employing HSDT. Tornabene et al. [33] investigated 
the dynamics of bi-curved shells with honeycomb cores, 
using the finite element method under various loading con-
ditions. Sayyad and Ghugal [38] considered the dynamics of 
bi-curved FGM shells using the Navier solution technique, 
providing insights into the impact of the material grada-
tion on the natural frequencies of the structures. Esmaeili 
and Kiani [39] examined the vibrations of bi-curved shells 

reinforced with graphene nanosheets, which have become 
popular due to their excellent mechanical properties. 
Han et al. [40] considered the vibrations of graphene-rein-
forced bi-curved shells employing HSDT. They utilized the 
Halpin-Tsai model to define the mechanical properties of 
the structure and derived the equations by Hamilton's prin-
ciple. These studies collectively enhance our consideration 
of how material composition and structural reinforcement 
affect the dynamics and vibrations of the bi-curved shells, 
particularly in advanced engineering applications.

Although intensive investigation has been performed 
in the domain of bi-curved panels with cellular core con-
figurations, there is still a noticeable gap in the research 
on how GPL reinforcement affects the buckling behav-
ior of bi-curvature composite panels with cellular cores. 
In this investigation, the buckling reaction of a bi-curva-
ture sandwich composite panel with a cellular core and the 
GPLs-reinforced faces is considered analytically for the 
first time. The rule of mixtures is employed in determin-
ing the efficient mechanical traits of the nanocomposite 
faces. The formulas governing the buckling behavior of 
the structure are derived based on HSDT. In solving the 
derived equations effectively, the Navier solution method 
is adopted. The impact of different metrics will be system-
atically explored, including the geometry of the cellular 
core and GPL distribution, on the buckling response of the 
panels after verifying the analytical results. This explora-
tion contributes to a deeper understanding of the structural 
productivity of composite materials in advanced engineer-
ing applications, paving the way for the optimization of 
designs that leverage GPL reinforcement to enhance the 
strength and stability of bi-curved sandwich structures.

2 Mathematical formulation
In this work, a bi-curved sandwich composite shell char-
acterized by a lattice core and GPLs-reinforced surface 
layers is examined, as illustrated in Fig. 1 [41]. The dimen-
sions are defined by the longitudinal and transverse edges, 
which measure a and b, correspondingly. 

The curvature radii for the longitudinal and transverse 
directions are depicted as RL and RT , correspondingly, 
while the thickness of the core is displayed by tc and the 
thickness of the outer layers by t. The coordinate system's 
origin is positioned at the mid-plane of the shell, with the 
z-axis oriented toward the curvature of the panel. The core 
structure is designed using a lattice configuration, depicted 
in Fig. 1 (b). In this design, the lengths of the diagonal sec-
tions, diagonal legs, and vertical legs are depicted as Ly 
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and Lx = βLy , correspondingly, while the thickness of the 
cross-section of the foundational elements is considered as 
tf = αLx. Consequently, the geometric configuration of the 
anti-tetrachiral auxetic core cells is governed by four pri-
mary parameters: L, α, β, and r, as illustrated in Fig. 1 (b). 
This intricate relationship among the parameters is essen-
tial in identifying the mechanical performance and buck-
ling characteristics of the bi-curved sandwich composite 
shell under various loading conditions.

2.1 Equivalent mechanical characteristics of the 
cellular core
This section delineates the equivalent mechanical charac-
teristics of the lattice core, which are pivotal in identifying 
the overall enactment of the bi-curved sandwich composite 
shell. To determine the equivalent mechanical properties 
of the cellular core, a numerical homogenization approach 
was employed. In this method, a representative unit of the 
cellular structure was selected, and appropriate boundary 
conditions were applied to extract its mechanical response 
under various loading conditions. Subsequently, the effec-
tive elastic moduli were determined using the average 
stress-strain relations. Furthermore, the homogenized 
properties were validated by comparing them with exper-
imental results and finite element analysis to ensure the 
accuracy of the proposed model.

The mechanical traits of the cellular core – namely 

density, Young's modulus, shear modulus, and Poisson's 
ratio – are derived based on the geometric parameters of 
the structure [42] and expressed as follows:

1.	 Effective density ( ρc ): the density of a cellular struc-
ture with a lattice core relies on the traits of the con-
stituent materials and the geometric configuration of 
the cells. It is depicted below:
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2.	 Effective Young modulus (Ec ): the effective Young's 
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3.	 Effective shear modulus (Gc ): the shear modulus of 
the anti-tetrachiral cellular core was obtained as:

G
E

c
c

c

�
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, 	 (5)

where νc stands for Poisson's ratio of the material.
4.	 Effective Poisson ratio (νc ): νc for the lattice core 

expressed as follows in Eq. (6):

� c � �1. 	 (6)

2.2 Effective mechanical porosities of GPLs-reinforced 
surface layers
Surfaces of the bi-curved sandwich shell are reinforced 
with GPLs using two distinct distribution strategies: uni-
form distribution (UD) and functionally graded distribu-
tion (FGD).

2.2.1 Uniform distribution (UD)
In this case, GPLs are dispersed uniformly across the 
thickness of the top surfaces. The volume fraction of 
GPLs (VGPLs ) is represented as:

V V
GPLs-UD

=
0
. 	 (7)

In a functionally graded distribution strategy, the distri-
bution of GPLs varies across the thickness of the compos-
ite shell, which can be categorized into two configurations:

Fig. 1 Schematic configuration of the GPL-reinforced bi-curved 
sandwich composite shell with anti-tetrachiral cellular core:  

(a) Bi-curved sandwich composite shell with cellular core and GPLs-
reinforced faces; (b) Anti-tetrachiral core, illustrating the unit cell and 

its geometrical parameters [41]

(a)

(b)
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•	 FG-V: in this alignment, the volume fraction of GPLs 
increases or decreases vertically through the thickness:
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•	 FG-X: here, the volume fraction of GPLs varies hor-
izontally, allowing for a gradient effect that responds 
to varying stress distributions across the surface of 
the shell:
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The efficient mechanical traits of the GPLs-amplified 
surface layers can be derived using the rule of mixtures, 
accounting for the volume fractions and individual moduli 
of the GPLs and the matrix material [43]:
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where E, G and ηi (i = 1,2,3) are the Young modules, and 
GPLs constants, correspondingly. The index m consis-
tently denotes the matrix properties of the surface layers.

The density and νc for the GPLs-reinforced surface 
layers are considered based on the characteristics of the 
matrix and the GPLs:
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2.3 The HSDT
In this study, the analysis is performed under the plane 
stress assumption, which is appropriate for thin structures 
where the out-of-plane stresses are negligible.

In this section, the primary formulas for the buckling 
of bi-curved shells with lattice cores and GPLs-reinforced 
surfaces are derived. For this purpose, the HSDT presented 
by Reddy [44] is used. Based on this theory, the midplane 
displacement fields are obtained as follows:

•	 Transverse displacement (w (x, y, z)):
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•	 Longitudinal displacement (u (x, y, z)):
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•	 Transverse displacement (v (x, y, z)):
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where ϕ1 and ϕ2 stand rotation of normal vectors 
around the x and y axes. Also, transverse shear 
strains for the bi-curved shell are obtained in 
Eqs. (20) and (21):
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By inserting Eqs. (18) and (19) into Eqs. (20) and (21), 
the third-order shear strains of Reddy theory are obtained 
as follows:
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Using the Eqs. (17) to (23) of the strain-displacement 
equations of HSDT, omitting z3 terms, equations can be 
displayed in Eqs. (24) to (27):
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where:
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According to Eq. (13), the constitutive relations for the 
upper, lower, and core surfaces of bi-curved shells can be 
obtained as follows:
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where the superscript k represents the upper, and lower 
surfaces and core. In Eq. (13), the terms k
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atively thick shell [31]. Also, the diminished stiffness mod-
ulus matrix for the k-th layer is as follows [32]:
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Using the principle of minimum potential energy, 
the  primary formulas can be derived for the buckling 
examination of bi-curved sandwich shells with a lattice 
core and tops reinforced with GPLs. According to this 
principle, for a system in static equilibrium, the over-
all potential energy of the system is minimized [45–47]. 
The overall potential energy Π of the panel structure can 
be expressed as the sum of the strain energy U and the 
work done by external forces W :

� � �U W . 	 (48)

Strain energy can be calculated by incorporating the 
strain energy density over the volume of the shell [48]. For a 
bi-curved shell, the strain energy density is provided below:
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To find the equilibrium configuration of the shell, 
the  principle of minimum potential energy is deployed, 
which states that:

� � �� � � �U W 0. 	 (50)
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The first variation of strain energy can be obtained below:
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The first variation of work done by external forces is 
displayed below:

� �W N w
x

N w
y

q wdxdy
b a

x y w�
�
�

�
�
�

�
�

�
�

�

�
�� � � � � �

0 0

0
2

2

0
2

2
. 	 (52)

where Nx
0� �  and Ny

0� �  signify external tensile forces are 
applied in the x and y axes.
By inserting Eqs. (51) and (52) in Eq. (48) and setting the 
coefficients δu, δv, δw, δϕx and δϕy to zero, there is:

�u
N
x

N
y

Nx xy
x:

�
�

�
�

�
� �� �0

0, 	 (53)

� v
N
x

N
y

Nxy y
y:

�

�
�
�

�
� �� �0

0, 	 (54)

�w
K
x

K
y

s
P
x

P
x y

P
y

s
R

xz yz x y y

xz

:
�
�

�
�

�
�

�
�

�
�

� �
�
�

�

�

�
�

�

�
�

�
�
�

1

2

2

2 2

2

2

2

xx
R
y

N
R

N
R

N w
x

N w
y

q

yz x

x

y

y

x y w

�
�

�
�

�
�

�

�
� � �

�
�
�

�
�
�

� �� � � �0
2

2

0
2

2
0,

	 (55)

��x
xy x

xz

M
y

M
x

K:
�

�
�
�
�

� � 0, 	 (56)

��y
xy y

yz

M
x

M
y

K:
�

�
�
�

�
� � 0. 	 (57)

where:
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The moment and force resultants of the shell can be 
obtained in Eqs. (62) to (65):
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where K = 3 is the total count of layers and h hk k�� � � �� �1
,  

displays the distance of k-th layer surfaces from the mid-
dle plane of the composite shell.

By employing the minimum potential energy princi-
ple, a robust foundation is established for analyzing the 
mechanical behavior of bi-curved sandwich shells rein-
forced with GPLs. This method enhances our understand-
ing of the stability and bearing capacity of such structures 
and aids in optimizing their design for applications in var-
ious engineering fields.

2.4 Solution
The Navier solution technique is deployed to solve the 
equations. Accordingly, considering the simple supported 
boundary conditions, there are:

u x u x b v y v a y, , , , ,0 0 0� � � � � � � � � � � � 	 (66)

w x w x b w y w a y, , , , ,0 0 0� � � � � � � � � � � � 	 (67)

� � � �x x y yx x b y a y, , , , ,0 0 0� � � � � � � � � � � � 	 (68)

N x N x b N y N a yx x y y, , , , ,0 0 0� � � � � � � � � � � � 	 (69)

M x M x b M y M a yx x y y, , , , .0 0 0� � � � � � � � � � � � 	 (70)

Thus, in light of the aforementioned boundary condi-
tions, the displacement fields are represented below:
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where Umn, Vmn, Wmn, ϕx,mn and ϕy,mn are the unknown coef-
ficients corresponding to the buckling modes m and n in 
the x and y directions, correspondingly.

Replacing Eqs. (71) to (75) with Eqs. (53) to (57) using 
the Navier solution method, there are:

L U L V L W Lmn mn mn x mn11 12 13 14
0� � � ��

,
, 	 (76)

L U L V L W L Lmn mn mn x mn y mn21 22 23 24 25
0� � � � �� �

, ,
, 	 (77)

L U L V L W L Lmn mn mn x mn y mn31 32 33 34 35
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, ,
, 	 (78)

L U L V L W L Lmn mn mn x mn y mn41 42 43 44 45
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, ,
, 	 (79)

L U L V L W L Lmn mn mn x mn y mn51 52 53 54 55
0� � � � �� �

, ,
. 	 (80)

To identify the buckling loads of the bi-curved sand-
wich shell structure, the system of homogeneous alge-
braic equations represented by Eq. (81) is first considered. 
For the system to have a nontrivial (nonzero) resolution, the 
determinant of the coefficient matrix must be zero [49–51]. 
This condition leads us to formulate the characteristic 
equation, which is crucial for evaluating the buckling 
reaction of the configuration [52–54].

The characteristic equation is derived based on the gov-
erning differential equations of the system, considering the 
equilibrium conditions and boundary constraints. Assuming 
small deformations and linear elastic behavior, the equation 
governing the structural response can be expressed as:
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The elements of this matrix typically contain contri-
butions from bending stiffness, shear stiffness, as well as 
the influence of the geometrical constraints imposed by 
the bi-curvature form and its raw materials. One can then 
find the critical buckling loads Pcr by seeking the roots 
of the characteristic polynomial. The roots of this equa-
tion determine the fundamental behavior of the system. 
The  derivation follows standard variational principles, 
incorporating compatibility conditions and constitutive 
relations for bi-curved GFRP-Reinforced sandwich com-
posite shells. The lowest positive eigenvalue of this poly-
nomial gives the critical load corresponding to the onset of 

buckling of the shell. This parameter is of greatest impor-
tance in considering the stability and structural integrity 
of sandwich composite panels under various loading.

3 Results
In this part, the impact of several metrics on the buckling 
load of the bi-curvature sandwich composite panel is pre-
sented for simply supported boundary conditions. To com-
pare and discuss the outcomes, the dimensionless buck-
ling load is used, which is depicted in Eq. (82):

P P
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�� �

2

2
3 1 �

. 	 (82)

The matrix material in faces is typically a polymer 
amplified with GPLs. The mechanical traits of the matrix 
material can be summarized as:

Em m m� � �2 6 0 32 1185
3

. , . , .GPa
kg

m
� � 	 (83)

GPLs are known for their exceptional mechanical prop-
erties. The relevant characteristics for the analysis can be 
approximated as follows:
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The lattice core is a crucial component of the sand-
wich structure, contributing to its overall stability and 
load-bearing capacity. The mechanical characteristics of 
a lattice core can be defined as follows:

Ec c c� � �2 32 0 34 1450
3

. , . , .GPa
kg

m
� � 	 (85)

These properties will be influenced by the geometry of 
the lattice structure and the material used, impacting the 
overall mechanical performance of the bi-curved sand-
wich composite shell.

In addition, in extracting all the results, the numer-
ical default values of the geometric parameters are: 
hs = 1 mm, hc = 4 mm, RL/a = RT  /a = 2, a = b = 100 hc, and 
wGPLs = 1%. Four types of compound bi-curvature panels, 
including hyperbolic parabolic (RL/RT = −1), elliptical par-
abolic (RL/RT = 1.5), spherical (RL/RT = 1), and cylindrical 
(RL/RT = ∞) shells, are investigated. Also, in the default 
mode, the distribution type of nanoparticles is FG-X with 
a volume fraction of 0.1.

To validate the buckling load obtained from the current 
analysis, the studies conducted by Sharan [55] and Librescu 
et al. [56] have been referenced. For a fair comparison, the 
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same geometric and mechanical specifications utilized in 
these studies were employed in our analysis. Table 1 [55, 56] 
summarizes the buckling load results obtained from our anal-
ysis alongside those reported in the referenced studies. The 
alignment of our findings with those from Sharan [55] and 
Librescu et al. [56] demonstrates the precision and reliability 
of the analytical approach adopted in this research. As illus-
trated in Table 1, there is a strong correlation between the 
buckling load values derived in our work and those stated in 
Sharan [55] and Librescu et al. [56]. The consistency shows 
that there is robustness to our analytical model and that these 
methods are appropriate in investigating buckling perfor-
mance for a sandwich composite shell with a bi-curved lat-
tice core and GPLs-amplified top faces.

3.1 The effect of the geometry of the lattice core
The geometrical arrangement of the lattice core cells sig-
nificantly affects the buckling behavior of bi-curved sand-
wich composite shells. These geometrical characteristics 
can be generally defined with three principal parameters: 
the inclination angle, cell size, and core structure thick-
ness. All these parameters play a dissimilar role in the 
variation in buckling load.

In this study, the optimum configuration refers to the 
design that achieves the highest buckling load. The opti-
mization process was conducted by evaluating multiple 
configurations with varying geometric and mechanical 
parameters. The configuration that exhibited the maxi-
mum buckling load was considered the optimal one.

Table 2 illustrates the angle of inclination (θ) of the lat-
tice core components concerning the corresponding buck-
ling load of the shell at a variety of cell size parameters. 
The results indicate that there is an intricate relationship 
between angle and buckling load and further highlight 
the critical need for optimization of core geometry during 
design. The impact of angle (θ) on the buckling load gen-
erally shows high variability. At some cell sizes, the angle 
has a negligible influence on buckling capacity, while in 
others, it becomes of paramount importance. Of special 

interest, at an inclination angle of 10°, the buckling load 
elevates by about 0.8% compared to the minimum mea-
sured buckling load for other angles. The results show an 
optimal angle of inclination at which the buckling load 
is maximum for any configuration. The determination 
of such an angle is important so that, under compressive 
loading, the structure should not fail in terms of stability. 
For example, for Rx/Ry = 1.5 the angle does not have much 
influence on the buckling capacity, and the highest amount 
of buckling load occurs at an angle of 10°, which is about 
0.8% more than the lowest amount of buckling load.

In the analysis of the buckling performance of the bi-cur-
vature sandwich panels, the angle of inclination (θ) of the 
lattice core members demonstrates a major influence on the 
buckling load. Specifically, when considering a cell config-
uration represented as Rx/Ry = 1, the highest buckling load 
is achieved at an angle of 60°, resulting in a buckling load 
approximately 30% greater than the minimum observed 
value. The varying effects of cell angles on the buckling 
load have been depicted in Fig. 2. The results illustrate that 
lower values of α do not influence the buckling capacity 
of the panel. However, as the value of α increases, there 

Table 1 Comparison of buckling loads

Curvature Present work HSDT [55] FSDT [56] HSDT [56]

Rx/a = 5, 
Ry/a = 5 12.456 12.236 11.822 12.007

Rx/a = 10, 
Ry/a = 5 11.945 11.861 11.479 11.697

Rx/a = 10, 
Ry/a = 20 11.748 11.797 11.409 11.610

Plate 11.724 11.753 11.353 11.555

Table 2 Influence of inclination angle on buckling load for α = 0.5, 
β = 1, L = 0.02

Rx/Ry

θ

10 30 60 80 85

1.5 15.646 15.521 15.523 15.573 15.592

1 5.924 5.616 7.315 6.093 6.048

0.5 1.371 1.272 1.271 1.316 1.330

0.3 0.229 0.133 0.131 0.176 0.189

−0.3 0.527 0.526 0.526 0.525 0.526

−0.5 1.669 1.666 1.666 1.666 1.667

−1 7.024 7.009 7.011 7.014 7.015

−1.5 15.946 15.914 15.919 15.927 15.929

Fig. 2 Influence of inclination angle on buckling load for varying α
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is a  pronounced change in the buckling behavior of the 
system. For configurations α = 0.4 and α = 0.2, the maxi-
mum buckling loads correspond to specific angles, namely 
θ = 56.6° and θ = 11.6°, correspondingly. In the best-case 
scenario, these angles lead to a 36% increase in the buck-
ling load compared to other configurations.

Fig. 3 further supports these findings by showcasing 
that for each value of β, there exists an optimal angle θ that 
maximizes the buckling load. This relationship empha-
sizes the necessity of tuning the angle of the core mem-
bers to achieve the best structural performance. The ideal 
values of β and θ for maximizing buckling loads are dis-
played in Fig. 4. Drawing on the outcomes, the highest 
buckling load is obtained with configurations θ  =  25.5° 
and β = 0.9, yielding a maximum load value of 7.35.

3.2 Influence of nanocomposite shell parameters
This section presents the influences of some parameters 
related to the nanocomposite shell on the buckling capac-
ity of a bi-curved sandwich composite structure. The con- 

sidered parameters are curvature, aspect ratio, volume frac-
tion, and the way nanoparticles are distributed. All  these 
parameters are essential in determining the structural 
integrity and effectiveness of the composite shell.

3.2.1 Effect of curvature on buckling load
The geometric curvature of a nanocomposite shell plays 
a vital role in determining its mechanical characteristics. 
On increasing the curvature, the buckling load generally 
shows a non-linear behavior, which may contribute to the 
enhancement of the structural stability of the shell. This 
section deals with the correlation of different curvatures 
and the load-bearing capability of the shell, hence serv-
ing valuable perspectives on ideal design configurations 
to achieve superior performance. Furthermore, the curva-
ture radius of the shells significantly affects the buckling 
load in bi-curved composite structures. Fig. 5 illustrates 
the impact of curvature on the dimensionless buckling 
load Pcr of the double curvature shell for various values 
of Ry > 0 and Ry < 0. The results indicate that, in both sce-
narios examined, the impact of the shell's curvature on the 
buckling capacity is relatively minimal. As RT increases, 
the buckling load shows an upward trend in both modes, 
with the highest buckling load achieved in the RL/a  ≥  6 
mode. Furthermore, the case represented by RT  =  −a, 
a specific value Rx/a leads to a peak in the buckling load. 
Beyond this optimal point, the buckling load decreases, 
ultimately converging to a constant value at higher param-
eters. This behavior aligns with the structural characteris-
tics of thinner shells, where reduced thickness correlates 
with smaller critical loads. These findings underscore 
the importance of carefully considering curvature in the 
design of bi-curved composite shells to optimize their per-
formance under buckling conditions.Fig. 3 Optimal cell angle for maximum buckling load across different 

values of θ

Fig. 4 The impact of curvature on the buckling capacity of the panel 
with two curvatures for diverse values of Rx/a

Fig. 5 The impact of curvature on the buckling capacity of the panel 
with two curvatures for diverse values of Rx/a
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3.2.2 Effect of aspect ratio on buckling capacity
The aspect ratio, defined as the ratio of the shell's length 
to its height, is another crucial parameter that affects 
the buckling behavior. Analyzing different aspect ratios 
reveals how elongation or compression of the shell impacts 
the distribution of stress and the overall stability. This 
relationship is explored to identify optimal aspect ratios 
that maximize the buckling load. Fig. 6 illustrates the 
impact of the shell aspect ratio a/b on the buckling load 
for various values of RL/RT . The findings indicate that the 
square-shaped shell, corresponding to the a/b = 1 condi-
tion exhibits the highest buckling load. Conversely, in the 
case of a/b = 1.4 as the geometric dimensions of the shell 
transitioning towards a rectangular shape, there is a signif-
icant reduction in the buckling capacity – approximately 
71% lower compared to the square-shaped shell.

Additionally, the results reveal that the parabolic hyper-
bolic shell configuration (i.e., RL/RT = −1) demonstrates the 
highest buckling capacity, while the lowest buckling load 
is observed in the RL/RT = 0.5 mode. This highlights the 
critical role that the aspect ratio plays in the structural 
integrity and performance of bi-curved composite shells 
under buckling conditions, emphasizing the advantages of 
maintaining optimal geometric dimensions.

3.2.3 Influence of volume fraction and distribution of 
nanoparticles
The volume fraction of GPLs within the nanocompos-
ite shell directly influences its mechanical properties, 
including stiffness and strength. This analysis examines 
the correlation between the volume fraction of nanopar-
ticles and the resulting buckling load, establishing guide-
lines for effective reinforcement through strategic mate-
rial composition. The method of distributing nanoparticles 
– whether UD or functionally graded distribution (FG-V 

and FG-X) – also has significant implications for the struc-
tural performance of the shell. This section evaluates the 
impact of diverse spread models on mechanical behavior 
and buckling load, highlighting the advantages of tailored 
reinforcement strategies. Figs. 7 to 9 illustrate the effects 
of GPL distribution concerning two parameters, β and 
Rx/a, across various volume fractions of GPLs.

 Results indicate that the increase in the radius of cur-
vature of the shell makes the buckling load converge 
toward a  defined value for all the scenarios analyzed. 
Interestingly, apart from the case of an FG-V distribution 
at a volume fraction of 0.02% GPLs, the buckling char-
acteristics exhibit a considerable extent of independence 
from the radius of curvature. Furthermore, the buck-
ling load rises by raising the GPL's volume fraction, as it 
enhances the equivalent stiffness of the structure. More 
specifically for FG-X distribution, the highest recorded 
buckling loads are 6.4 and 6.9 when the volume fraction 
of GPLs is elevated from 0.02 to 0.2, correspondingly, 
as shown in Fig. 7. Such a phenomenon marks the high 

Fig. 6 The effect of the a/b on buckling load for different values of RL/RT

(a)

(b)

Fig. 7 Influence of FG-X distribution on buckling trait for diverse 
values of volume fractions of GPLs: (a) Ry = −a, β = 0.5; (b) θ = 40°, 

α = 0.25
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importance of nanocomposite reinforcement in improving 
the mechanical efficacy of the bi-curved shells.

One of the key findings of this exploration is that the 
influence of GPL volume fraction and spread on buckling 
load remains relatively uncertain; the optimal performance 
for any such system depends strongly on the geometrical 
parameters defining the lattice core. By finding the optimal 
values for the lattice core properties, maximum buckling 
loads using the minimum use of GPLs can be reached. It's 
therefore economically beneficial to include nanoparticles 
when reinforcing these structures. Moreover, it is obtained 
from the results that the FG-V spread has the most pos-
itive impact on enhancing the mechanical properties of 
bi-curved shells, considerably increasing their buckling 
capabilities. Especially, the most obtained buckling loads 
related to the UD, FG-X, and FG-V spreads are 8.7, 6.9, 
and 10.8, accordingly, when the GPLs volume fractions 
are 0.2, 0.02, and 0.04, accordingly. This means that in 
FG-V, the optimal configuration to maximize the buckling 
load can be obtained with a reduced number of GPLs.

4 Conclusions
The mechanical behavior of bi-curved sandwich compos-
ite shells with lattice cores and GPLs-reinforced surfaces, 
under various conditions concerning buckling, is investi-
gated. The result demonstrates the critical role that geo-
metrical parameters, including lattice arrangement and 
shell curvature, play in the overall buckling load. Through 
comprehensive analysis, it has been demonstrated that the 
angle and geometry of the lattice core notably impact the 
buckling response, with optimal configurations leading to 
substantial increases in load-bearing capacity. Moreover, 
the reinforcement of the faces with GPLs, particularly in 
the functionally graded-V (FG-V) distribution, enhances 
the mechanical properties and provides a notable improve-
ment in buckling loads. The maximum buckling loads for 
the shells reinforced with GPLs are 98.7, 6.9, and 10.8 for 
UD, FG-X, and FG-V distributions, accordingly, corre-
sponding to volume fractions of 0.2, 0.02, and 0.04. These 
results indicate that the FG-V distribution provides the 
highest buckling load while requiring a lower volume 

(a)

(b)

Fig. 8 Influence of UD distribution on buckling trait for diverse values 
of volume fractions of GPLs: (a) Ry = −a, β = 1; (b) θ = 50°, α = 0.4

(a)

(b)

Fig. 9 Influence of FG-V distribution on buckling trait for diverse values 
of volume fractions of GPLs: (a) Ry = −a, β = 1; (b) θ = 50°, α = 0.3
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fraction of GPLs, highlighting it as the most optimal con-
figuration for enhancing the buckling performance of the 
shells with minimal material use.

The results indicate that by a proper choice of lattice 
core parameters and setting of the GPLs, it was possible 
to effectively increase the buckling loads and significantly 
decrease the material consumption while providing a cheap 
solution for structure improvement. Concluding the current 
research provides substantial information on the progress 
of fresh composite materials and opens the way for their 
application in aerospace, automotive, and civil engineer-
ing, where high structural integrity and performance need 

to be maintained. The natural next step in this research 
field should be the investigation of dynamic behavior and 
longevity characteristics of these composite shells under 
real operating conditions to help enhance the knowledge 
base relating to their practical applications.
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