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Summary 

The investigation of the movement taking place on the railway track, the kine­
matic geometry of this phenomenon as well as the determination of the track geometry 
adequate to the movement of the rail vehicles are dealt with. 

In the field of the fixed guideway system it is the rail track which primarily deter­
mines the movement, therefore, both from the point of view of theory and practice it is 
the movement which should be taken for basis as the most important determining factor 
in developing the track geometry. 

1. Function and method of the kinematic geometry 

The task of the railway kinematic geometry is, in knowledge of the state 
and characteristics of the motion, to investigate and determine the geometric 
structure of the track hy which the geometric form of the track is meant and 
this 'will be referred to in the following with the simple tcrm geometry. 

In the course of the kinematic or movement-geometric examination the 
movement is treated separately and independently from the factors generating 
it. The problems belonging to the mbject matter of the dynamics (or kinetics) 

of the transport, that is, determining the state of motion (i.e. the uniform, 
accelerated or decelerated phases of motion) induced by active or passive forces 
are not dealt with here. 

Thus, 
In this study the concepts and aspects of the classic mechanics are used. 

movement is examined in 
space and in 
time, 

the characteristics of the movement being defined as the functions of time. 
The basis of the movement-geometric aspect is the knowledge of the kine­

matic law of movement. The motion of the point, or the system of points (i.e. 
the solid body) is unequivocally determined in case where the position of the 
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point is known at any moment in short, the law of motion of the system of 
points is familiar. 

Considering the state of motion, the theory of the geometry of movement 
in accordance with reality permits the examination of the state not only of the 
steady motion of constant value but, also of that of an optional kind of motion 
of a general character. 

The geomctrical elcments of a rail track of spatial aligncmcnt arc defined 

by the curvature (G), or by the change in curvature (dC/dl). According to their 
hierarchy of order in the geometry of motion, track elements of 

a) constant curvature, i.c. 
h) changing C1.U'vaturc 

might be distinguished (Fig. 1). 
Thc track element of constant curvature is thc tangent section (the cur­

vature of which is, according to definition, zcro), and the circular arc section 
with a constant curvature of the inverse value of the radius of the circle); 
a track elemcnt of Cl higher order is thc transition curve the curvaturc of which 
varies with thc length of the cmve. 

In thc course of thc study, at tangent sections, in gencral, no problcms 
arise, they deserve some special attention only in dra.-wing up the trace, namely 
in determing their length between curves in plane, and their slopes in profile. 

A careful investigation is needed for a suitahlt' formation of the curvi­
linear section, and within this, especially that of the transition curYE'S where the 

geometry of the track is defined by the task to be fulfilled. In this paper special 
attcntion is given to the movements of higher speed with a vic'w to adequate by 

.- ! 

I, fTl 

Fig. 1. 

developing the rail track, and, in the first line the curvilinear sections. To ex­
press the interdependence between the movement and the geometry of the 

track and for the kinematic characterization of the motion, the vectors which 
describe the time-dependent change of the movement (i.e. the speed vector Y, 

the acceleration vector a, the h vector and the ill vector) are used. 
During investigating, while making use of the movement geometry, the 

general engineering way of looking is taken as a basis. Correspondingly, knowing 
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the permissible kinematic load (acceleration, h vector) partly the structure of 
the track geometry will be determined, and partly stresses will be calculated 
and compared to the permissible (i.e. the limiting) stresses. Taking all the 

Fundamental casE'S of mO',ement-geometric examinations 

A 

8 

C i 

Fundcmentc! cases 

Geometr'lc clmensicr,:ng 

Geome~r:: chec:':::ng 

(Examinatiorl :Jr trE' 
consistency OT a given 
treck geometry) 

Vc[o.Jctlng comparison ef 
different geoml?tries 
(Optimi:::::ng ;:>rob!ern) 

Given 

t Movement state 

lV, c t ) 

2. Limiting stresses 

ICnl; Ihnt 

1. Geometrical 
structurE' 

2. Limiting stresses 

le;,! ; Ihp • 

1 Geome!riccl 
structures 

2.Limiting stresses 

IQh' Ii\,' 

Fig. 2. 

Desired 

Geometrical 
structure 

ICiI ;(161<;'0,,1) 

mentioned into account, according to the examination of the movement geo­
metry, the following basic cases are to be distinguished (Fig. 2): 

A) geometric dimensioning: 
knowing the state of given motion and the limiting stresses, the selection of 
the geometric structure and the determination of its dimensions, 

B) checking the track geometry in a given case: 
determining the adequacy of an existing track length of given geometry and 
dimensions in case of a given motion state and limiting stresses, 

C) comparison and estimation of the different geometries : 
determination of the order of sequence and optimization of the geometric struc­
tures available for selection. 

The movement-geometric examinations always ha"ve double objectives, 
namely the determination of the 

acceleration (a) vector, and 
the characteristic of 3rd order motion (h vector), 

and knowing these, to establish the design state and thereafter to solve the move­
ment-geometric problem. 
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2. Vector equation of the rail track as a spatial curve 

In the following, if no distinctive remark is made, by the term "track", 
in accordance with the designing practices, in general, the centre line of the track 
including the t"WO rails is meant. (The centre line of the track fits in general 
the midpoints of the gaugc, however, in case of a gauge-widening in the curves 
it lies at a distance of half the value of the normal gauge to the outer rail.) 

The centre line of the track is, in reality, of spatial trace, the geometric 
elements of which are the tangents, the circular arcs and the transition curves. 

In examining the track as a curve in space, one makes use of the knowledge 
of the differential geometry which applies the analytic method in geometry. 
Since the calculations are carried out in the first line by applying the differen­
tial calculus, one assumes that the functions cntering in the equations are con­

tinuous and, in accordancc with the character of the problem, can bc derived 

continuously. 
In examining the track as a space curve and the motion on the track as 

a phenomenon proceeding in timc t, the position of the points of the track is 
described by the ycctor-scalar fUllction 

I r = r(t) 
I 

(2.1) 

where the position vector r is directed from the starting point Q (from the origin 
of the system of coordinates x, )', z involved in our investigation) to the inves­
tigated point P(x,)" z) (Fig. 3). 

Fig. 3. 

During the change of the scalar parameter t the end point of the position 
vector moves along the space curve describing the track. 

Since the parameter t is a scalar variable, to each possible value of which 
a vector is coordinated, the motion of the point taking place on the rail track, 
is described by the vector-scalar characterizcd in this way. 
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Be the orthogonal coordinates of position vector r, x, y and z functions 
of time parameter t. In this case, the vector equation of the track as a space curve 
is as follows 

I r = x(t) i + y(t) j + z(t) k I (2.2) 

which is the expression hy coordinates of the vector function (2.1). In the vector 
equation, i, j, k designate the x, y and z unit vectors (Fig. 3). 

The equations determining the track descrihed in the form 

x x(t), y = y(t) and z = z(t) (2.3) 

represent the scalar sysiem of equations of the space curve of the track, the three 
scalar equations of whieh are equivalent v,-ith the vector equation (2.2). 

3. Vector-kinematics of the point 

In the course of the kinematic study of the moyement on the track the 
'way to determine the law of motion, the vectors characterizing the motion 
(the speed and acceleration vectors, vector-h, yector-m) and the attending 
trihedron is dealt with. Since in the course of the motion-geometric investiga­
tion the motives generating the movement are not discussed, in the following 
the concepts of the geometric point and the material point are considered as 
identic. 

3.1 Law of motion of the movement of a point on the track 

The law of motion of a point mov-ing along the space line of a track is 
determined hy the vector-scalar function 

r = r(t) . 

In the form of coordinates 

wherein: 

x,y, z 

i, j, k 

r = x(t) i+ y(t) j + z(t) k 

coordinates of position vector r 

unit vectors of directions x, y, and z, respectively (Fig. 3). 

The point can he displaced in three optional directions in space, and so 
the numher of scalar equations determining the coordinates, identical with the 
degree of freedom of the motion of the point, is also three: x(t), y(t), z(t). 
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3.2 The attending trihedron 

In the course of movement geometric investigations, when defining the 
characteristic vectors of the movement, the role of the attending trihedron is 
of special significance. 

The attending trihedron is defined by three preferred orientation unit 
vectors couple by couple perpendicular to each other. These unit vectors are: 
the tangent oriented unit vector t, the principal-normal oriented unit vector n 
and the binormal oriented unit vector b. 

In the system of coordinates x, y, z the position of the attending trihedron 
changes with the motion of the point on the space curve (Fig. 3). 

1 The tangent oriented unit vector 

The tangent vector of the space curve, i.e. the velocity of the motion is 
determined by the first derivative of the position vector with respect to time. 

dr . a;=r. 
The tangent directed unit vector is 

l' 
t=--. 

li 1 

(3.1) 

The tangent oriented unit vector can also be determined directly by sub­
stituting the arc-length-function t = t(a) into equation (2.1) of the space curve, 
as the tangent oriented unit vector t is given by the derivative ,\ith respect 
to the arc length of the position vector 

d1' 
t=-. 

ds 
(3.2) 

The tangent vector of the curve related to the arc-length parameter is always 
a unit vector, namely 

dr d1' dt . 1 r 
-=--=1' 
ds dt ds 

----t 
ds - I:': 1 -
Tt 

2 The principal-normal directed unit vector 

Unit vector n of the direction of the principal normal is perpendicular to 
the tangent oriented unit vector t and lies on the osculatory plane associated 
with point P of the space curve (Fig. 4). 

The osculatory plane can be interpreted according to Fig. 4 as follows: 
consider three different points PI' P 2' P 3 not fitting to the very same line, 
which determine a plane in all positions. If points PI' P 2' P 3 tend towards point 
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Normal plane 

Rectiiying ;lIe ne 

Osculatory plene 

~, 

Fig. 4. 

P of the space curve then, the limiting position of the plane determined by 
points PI' P2' P~ is called the osculatory plane of the space curve at point P. 

Therefore, the vector 
dt d2r 

(3.3) 
ds ds2 

falls on the line of the principal normal, i.e. perpendieularly to the line of the 
tangent, and is the first derivative with respect to the length of arc of the 
tangent unit vector, i.e. the second derivative vector with respect to the length 
of arc of the position veetor. The absolute value of this vector is 

with G = curvature of track (m -1); 
12 = radius of curvature (m). 

(3.4) 

The formula of the unit vector n which fits to the principal normal direc­
tion directed towards the centre of curvature is as follows: 

dt 
ds 1 dt 

n = I:: I = G ds = 

3 Unit vector of binormal direction 

dt 
0-
- ds 

(3.5) 

The unit vector of binormal direction is perpendicular to unit vectors t 
and n of tangential and principal normal directions, respectively, constituting 
with them a right-spin system (i.e. looking from the end point of b, the sense 

6 
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of the shorter rotation transmitting t into n is a counterclockwise rotation) 
(Fig. 4.) 

The unit vector of binormal direction is: 

h = txn (3.6) 

4 The three unit vectors of the attending trihedron determine three 

planes (Fig. 4), namely 

unit vectors t and n determine the osculatory plane, 
unit vectors nand h determine the normal plane and 
unit vectors t and h determine the rectifying plane. 

3.3 Kinematic motion characterizing vectors. 

For a kinematic representation of the motion taking place on the track, 
the motion characteristics describing the variation of motion in time, i.e. 
representing the interconnection of the motion and the geometry are used. 

At an early stage of the development of railway transport - due to low 
speed - to describe the motion, a knowledge of the pairs of values of distance­
time, i.e., the speed "were sufficient. 

However, later on, in the course of further railway transport development, 
due to a continuous increase in speed a characterization of the motion on the 
rail track, an adequate development of the track became inevitably more and 
more sophisticated, and besides velocity, as critical designing factor, also ac­
celeration presented itself as a critical concept in defining the motion on the 
track. 

Nowadays, however, on tracks suitable for high (120 ... 200 km/h) or 
very high speed (over 200 km/h) in consequence of a speed surpassing all ever 
applied the characterization of the motion, i.e. the convenient determination 
of the geometry of the track inevitably requires the establishment of kinematic 
characteristics of motion of a higher order expressing and suggesting a sophisticat­
ed consideration of the variation of motion in time. 

The position of a point carrying out a motion on the rail track of curvi­
linear space is determined by the position vector r = r(t) in the knowledge 
of which it can be established that the most significant kinematic characteris­
tics of the motion are in the following sequence: 

speed vector designated with the symbol v; (m/s); 
acceleration vector, designated with a; (m/s2); 

third order or h vector, h (m/s3). 
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3.4 The speed vector 

A significant characteristic of the movement taking place on the track 
is the speed which is a vectorial quantity. Its symbol is v, the unit value m/s or 
in practical railway use: V km/h. 

Fig. 5. 

Centre-line of 
railway track 

By applying the displacement vector (Fig. 5) 

Llr = r(t + LIt) - r(t) 

its mathematical formula becomes as follows: 

. Lll' dr . v=hm =-=r 
dt~o LIt dt 

(3.7) 

i.e. the speed vector is the first vector derived with respect to time of the vector­
scalar function describing the track curve which is defined as the limiting value 
of the derivative. 

Substituting the length of the curvilinear section of the track s and apply­
ing formula (3.2) results in: 

I ,,-- dr -_ dr . ds -_ t . 
T Ivl=t!rl 

I dt ds dt 
(3.8) 

From this expression it follows that the speed vector is tangent-directed 
and its magnitude, as a scalar quantity, is given by the first derivative of the 
travel with respect to time, in the knowledge of the route-time function. 

Knowing the form of the position vector expressed by coordinates (2.2) 
the formula given in a system of orthogonal coordinates is as follows 

v=r=xi+flj+zk (3.9) 

with the speed components 

Vx = x(t), Vy = fI(t) es V z = z(t) • 

6* 
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The magnitude of the speed vector is given by the formula 

v = Ivl = Vv~+ v~+ v~ (3.10) 

and the angles formed ,vith the coordinate-axe (i.e. the direction cosines) by 

formulae 
x 

cos !Xv = cos (v, x) = -
Ivl 

fJ cos Pv = cos(v, y) = - es 
Ivl 

'" cos Yv = cos(v, z) - (3.11) 
Ivl 

3.5 The acceleration vector 

The significant characteristic of movement, more significant from the 
point of the geometric design of the track than that of speed, is the acceleration 
vector. While speed characterizes the displacement, acceleration is the charac­
teristic parameter of the variation of speed. Its symbol is a, and the measuring 
unit m/s2• 

The acceleration vector of the mov-ing point may be determined on the 
basis of Fig. 6 and formula (3.8), by using the following equation 

dv .. d I' I dv dt 
a = -- = r = - ( r It) = - t + v 

dt dt dt dt 
(3.12) 

As is seen, the acceleration vector is the first derived vector of the speed 
vector with respect to time and the second derived vector of the position vector 

'Y""-:::-*-----J> Centre-line- of 
Y rallwcy tree;'; 

Fig. 6. 

with respect to time. The components of the acceleration vector entering in the 
formula (3.12) are perpendicular to each other, namely the derivation of equa­
tion t2 = 1 results in 

dt 
t - 0 

dt 



RAILWAY MOVEMENT GEOMETRY 229 

from which follows that vectors t and dt/dt are perpendicular to each other. 
One of the components is tangent-directed, and the other is expressed by the 
relationship (established by making use of relation (3-5)): 

(3.13) 

i.e. its direction agrees with that of the principal normal. Since the tangent 
and the principal normal determine the osculatory plane of the curve, the ac­
celeration vector lies on the osculatory plane of the track. 

In the formula 

(3.14) 

of the acceleration vector the tangent directed acceleration measures thc change 
of the magnitude of speed and its sense corresponds to the sign of dv. In case of 
an accelerating motion dv is positive, i.e. the sense of the tangent oriented 
acceleration is the same as that of the speed vector while in case of a decelerat­
ing motion it is opposed to that. 

The normal directed component of the acceleration vector, the normal 
acceleration measures the change in the direction of the speed vector. Since it is 
of a principal-normal direction, independently of th'e direction of the speed 
vector, it always points towards the centre of curvature (in agreement with the 
direction of the unit vector n) wherefore it is called a centripetal acceleration. 

It ensues from the above that the acceleration vector lies in the osculatory 
planc on the side of the tangent where also the track is to be found. At the point 
of inflection where the tangent intersects the travel of the moving point only 
tangential acceleration results, namely, since G = 0 is true, the acceleration 
of normal direction is equal to zero. And in addition, it is to be seen that only 
the acceleration of a point travelling along a straight line might be equal to zero, 
since at a curved travel necessarily a normal directed acceleration is induced 
in every case by the change of direction of the speed vector. 

Given the knowledge of the coordinate-formula (2.2) of the position 
vector r, the acceleration vector is given by the formula 

dv .. ... ... 
a = - = r = XI+ Yl zk 

dt 
(3.15) 

the magnitude of its components lying along the lines of the coordinate axes 
are as follows 

ax = x(t); ay = y(t) and az = z(t). 
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The equation of the acceleration vector is 

a = lal = Va~+ a~+ a~ (3.16) 

and the direction cosines (their angles with the axes of the coordinate) by equa­
tions: 

x 
cos iXa = cos (a, x) =--

lal 
y 

cos f3a = cos (a, y) = - and 
lal 

cos Ya = cos (a, z) 

The acceleration vector is inclined at an angle 

to the direction of the tangent. 

la I 
tg t. = __ n_1 

latl 

(3.17) 

(3.18) 

The values of the so-called lateral acceleration (ao' m/s2) developing in the 
normal plane permissible on the lines of some foreign railways are indicated 
in column 2 of Annexe 1, established on the basis of the prescriptions of the 
railway in question. 

Table 1 contains the values of the lateral acceleration established on the 
basis of the entrilOs of Annexe 1, the measurements performed and the results 
of theoretical investigations which serve as basis for the geometric examinations 
and for the determination of the numerical values. 

From among the kinematic characteristics of a higher order the charac­
teristics of the third order or h vector is in the first line the geometrical determi­
nant of the curvilinear railway tracks serving for very high speeds, and also 
the generator and measure of physiological effects. Its designation is h, the 
measuring unit m/s3• 

Table 1 

Permissible values of the unbalanced radial acceleration 

Characteristic of the change 
of curvature 

In case of a gradual change of curvature 
(e.g. circular curve with transition) 

In case of a discontinuous change of 
curvature (e.g. circular curve without 
transition) 

The magnitude of 
unbalanced radial 

acceleration 

0.65 

0.35 
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The h vector gives an exact information on the variation of acceleration, 
therefore, by making use of the relationship (3.12) the follov.ing may be written 

h =~=r=~(~t+v~) = d2Vt+2~~+v d2t 
dt dt dt dt dt2 dt dt dt2 

(3.19) 

i.e. the third order h vector is the first derived vector with respect to the time of the 
acceleration vector and the third derived vector with respect to the time of the position 
vector. 

In the formula (3.19) 

1. 

2. 

3. according to (3.13) 

dv 
-=at 
dt 

dt 
-=vGn 
dt 

(3.20) 

(3.21) 

(3.22) 

4. d
2

t = ~(vGn) = dv Gn+ v (dG n+ G dn)(3.23) 
dt 2 dt dt dt dt 

where dGfdt - derivative of the curvature with respect to time, 
dn/dt - derivative of the unit vector n with respect to time. 

Let us express the derived vector 

dn 

dt 

dn ds . 
=--=n'v 

ds dt 

with the aid of the unit vectors of the attending trihedron. Since the unit vector 
n (of constant length) is of a variable direction it is true that 

n' ..L n 

it can be written that 

(3.24) 

For determining the coefficients let us multiply equation (3.24) in a scalar 
way with unit vectors t and h. Then n't = a2l' however, the derivation of 
n . t = 0 gives n't = -nt" and from the formula (1.3.13) t' = Gn, therefore 

a 21 =-G 

and in the second case n' . h = a23 def. T 
where G - curvature of track, m -1 and 

T - torsion of track, m-I. 
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Hereafter 

n . v = (Tb - Gt) . v (3.25) 

and the expression (3.23) can be written as follows 

d2t = atGn+v[dG n+GV(Tb-Gt)] 
dt 2 dt 

(3.26) 

By making use of the relationships (3.19), (3.20), (3.21), (3.22) and (3.26), 
the formula of the h vector may be written, in the form 

(3.27) 

Summarizing the symbols entering in formula (3.27): 
v - value of speed, m/s; 
at - value of tangent-directed acceleration, m/s2 ; 

G curvature of track, m -1; 

T torsion of track, m-I; 
dGjdt. - derivative of track curvature with respect to time, m -IS -1. 

From formula (3.27) it is to be seen that h in case of a space track, rises 
from the osculatory plane of the track, and is composed of three orthogonal com­
ponents. The magnitude of the components can be calculated from five relations 
which are the definite functions of the speed, acceleration, the derivative of the 
acceleration with rcspect to time, the curvature, the derivative of the curvature 
with respect to time and torsion. 

From formula (3.27) of the h vector the following ensue: 
- In case of a constant speed motion or of an accelerating motion the 

h vector inclines from the rectification plane of the track (i.e. from the plane 
determined by the tangent and the binormal) towards the centre of curvature 
(see Fig. 7 demonstrating the spatial position of the h vector, the acceleration 
vector and the speed vector). 

- In case of a movement along tangents with constant speed or with 
acceleration, the magnitude of the h-vector is always zero. 

Since in most of the movement-geometric examinations the effect of the 
h factor is decisive (see Chapter 6), the examination of the h vector dwindling 
to zero in case of a curvilinear track (G " 0) is of particular significance. 

By making use of the formula of the position-vector r (2.2) expressed 
by using coordinates, the formula of the h vector reads 

h _ da _"._ .... I .... 
---r-xITYJ 

dt 
(3.28) 
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Rectify;ng plane 
I, 
I 

Fig. 7. 

and the magnitudes of the components directed to the directions of the coor­
dinate axes are expressed by the functions 

kx = x(t), hy = y'(t) and hz = ·:o'(t). 

The magnitude of the h vector is given by the equation 

I - Ih I - 1(/2 , h2 I h2 
Z - , I - I Ix -, Y T z, (3.29) 

and its direction cosines (angles of inclinations made 'with the axes of coor­
dinates): 

x' 
cos t/.,iz = cos (h, x) = ih! ' 

cos {Jiz = cos (h, y) = !h' and 
i I 

cos Yh = cos (h, z) = ~ 
Ihl 

(3.30) 

The angles subtended by the projection of the h vector on the plane (t, n) 
and (t, b), respectively, with the tangent line are to be calculated by using the 
following relationships 

, Ihnl 
tg I'fm = -- ; 

Ihtl 
(3.31) 

In establishing the permissible value of the h vector the results of the 
theoretical examinations and measurements as "well as the prescriptions valid 
with the railways of different countries (column 4 in Annexe 1) are to be con­
sidered. Thereafter, on basis of the geometric investigations and calculations 
the permissible value of the h vector is to be selected from Table 2. 
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Table 2 

Permissible magnitudes of the h vector 

Character of change of 
curvature 

In case of a continuous, breakless change of 
curvature (function dGjdl) 

In case of a change of curvature 
with break (function dGjdl) 

In case of a discontinuous change of 
curvature (function dGjdl) 

In case of the circular curve and the straight 
line joining without transition 

Magnitude of the 
3rd order character~ 

istic 

0.5 

0.4 

0.3 

0.2 
----------------------------

4. Vector kinematics of rigid bodies 

In the following the movement geometry of a rigid body will be investigated 
by taking into account the general statements made when discussing the vector 
kinematics in the preceding chapter. 

In the investigations the rigid body is considered as a system of points, 
that is, a population of mass points. 

A characteristic feature of the rigid body is that the spacings of its points 
do not change in the course of its motion. However, in reality in case of material 
bodies the spacings of the points can vary under the effect of an external force 
but, in the course of the kinematic examination of the railway track one may 
use the geometric abstraction of the rigid body, since in the course of investiga­
tion the incidental changes in the dimensions of the moving body are negligible 
compared with the dimensions of the rigid body. 

4.1 Law of motion of the rigid body (i.e. system of material points) 

The motion of the system of points (the rigid body) from the point of 
kinematics is unequivocally definite if one knows the position in space (i.e. 
the space coordinates) of the system of points at any moment, in short, the 
law of motion of the system of points (the rigid body). 

The law of motion of the rigid body as read from Fig. 8 can be written as 
follows 

r(w, t) = rA(t) + e(t, ~,7],() = rA(t) + e(t, w) (4.1) 

which is a vector-vector function and describes the motion of the rigid body 
in the way of a two-variable function of variables t and w. 
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(0' 
Fig. 8. 

The symbols entering in formula (4.1) have the following meanings: 
rA(t) position vector of selected point A(x, y, z) (incidentally centre of 

gravity) of a rigid body (vehicle) in the system of coordinates x, y, z 
(briefly "object-vector"); 

w(t) - vector directed from a selected point of the rigid body (vehicle) 
A towards optional point P of the vehicle examined, the position 
vector in system ~, 17, C (Fig. 8); 

r(w,t) - position vector of an optional point of the rigid body (vehicle) in the 
system of coordinates x, y, z (briefly "image vector"). 

Written in form of coordinates, the law of motion of the rigid body reads: 

r(w, t) = [XA(t) i +.y ACt)j + zA(t)k] + Q[~t(t) + 17n(t) + 'b(t)] (4.2) 

(From formula (4.2) it is to be seen that the degree of freedom of the rigid 
body is six.) 

Stabilization of the variable w gives the law of motion of a selected point of 
the rigid body (vehicle), (~= const; 17 = const; ,= const), consequently 
in case of point T (see Fig. 8): 

rT(w, t) = [XA(t) i+ YA(t)j + ZA(t) k] + [~Tt(t) +'7Tn(t) + CTh(t)], (4.3) 

while stabilization of the time-parameter t permits the determination of the 
positions of all of the points of the rigid body at a given moment of time (t = const.; 
~ -;L const.; 17 " const.; C " const.). 

4.2 Vectors characterizing the motion 

For a kinematic characterization of the motion taking place on the rail­
way track of spatial trace, the vectors characterizing the motion, i.e. describing 
its progression in time are used which, at the same time express the relation 
between the motion and geometry. 
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Knowing the posItIOn vector r describing the variation in time of the 
motion and the position of the point of the rigid body examined (w = const) 
the most significant kinematic characteristics of the motion taking place on the 
rail track relating to the point examined can be determined in their order of 
succession as follows: 

dr 
speed vector v = - m/s, 

dt 

I 
. d2r 

acce eratIOn vector a = --

d3r 
h vector h = -- m/s3• 

dt3 

dt 2 

Presentation of the vector-vector functions which characterize the motion 
of the rigid body can be done '\'1th the aid of a "vector space" or "vector field", 
accordingly, one can say "speed-space", "acceleration-space", "h-vector­
space", etc. HO'wever, their diagrammatic representation is difficult, in case of 
a streamlined illustration it is possible by curves (trajectories) in the points of 
which the direction of the tangent is the same as that of the vector associated 
with the point in question characterizing the motion. 

In the folIo'wing, by assuming the rail vehicle to be a rigid body, for the 
most significant elements of the track geometry (circular arc, transition curve), 
the vectors characterizing the motion induced at the critical points of the vehicle 
are determined and thereafter, the differences between the vectors obtained 
in that way and those calculated by assuming the point-motion should be 
established. 

The examination for a general case is demonstrated by Fig. 9. In the 
system of coordinates x, y, z the position vector of a selected point A of the 

Fig. 9. 

A 
z I 
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vehicle, which may be the centre of gravity of it, is r A' The components of the 
vector (! oriented from point A towards the critical point T examined are as 
follows: 

in the tangential direction: a.t, 
in a cross direction (perpendicular to the track centre-line, along the line 
connecting the running faces of the rails): 

L1r 
band 

lL1r! 

perpendicularly to the plane placed on the tangent, i.e. cross direction 

where: 
a, b, c 

t 

( 
Lh .. ) ctx-,-, . 

:.11': 

longitudinal measurements established from dimensions of 
the vehicle, m; 

, f d" ( dr) unIt vector 0 tangent rrectlOn t = 7fT : 

difference-vector TA - Tb at the cross section of the track 
examined (Fig. 9). 

Knowing the position vector ("object vector") and the vector e the position 
vector of the critical point of the vehicle T examined ("image vector") can be 
given in the system of coordinates x, y, z 'with the aid of formula 

and in the knowledge of the above equation the vectors characterizing the 
motion can be established. The differences between the values of the vectors 
characteristic to the motion at points T and A which furnish explanation to 
the practical use and significance of the examination of the motion of a rigid 
body or a point can also be determined. 

4.3 Examination of curves without cant (m = 0) 

Numerical data: 

V = 160 km/h, (v = ~~~ m/s), 

R = 4000 m, (L = 88 m), 
a = 12.25 m, 
b = 1.43 m, 
c = 2.025 m. 
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Fig. 10. 

a) Determination of vectors rA' Q and r 

Considering Fig. 10, as a curve without a cant, it can be ,v-ritten 

r A = (R sin ; t) i + R (1 - cos ~ tl j + 0 . k 
(]=at-bn+ch 

with the replacement of vt = l 

dr a.t = a. _A_ 

dl 

ch = c(tXn) = c 
l 

cos-
R 

I 
-sin-

R 

j 

l 
sin-

R 

I 
cos -

R 

the "image vector" r being defined by formula 

k 

0 = ck 

0 

[R
' v vb' v 1. 

r = r A + (2 = sm R t + a cos R t + sm R t J 1 + 

(4.4) 

(4.5) 

+[R(l-COS; t)+asin ;t-bcos; tJj+Ck (4 .. 6) 
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b) Examination of the speed vector 

The formula of the speed vector at the critical point of vehicle T (Fig. 
10) is: 

dr [ v av. v 
VT = Tt = v cos R t - R sm R t cos- t l-L 

bv V]. 
R R I 

-L V sm- t + - cos - t + - sm - t J + [ 
. v av v bv. v ]. 0 k 

I R R R R R 
(4.7) 

At the moment t = 0, the magnitude of the speed vector can be obtained 
with the aid of formula 

and by replacement of the numerical data 

IVTI = V(160 + 1.43.160 )2 + (12.25.160 )'2' = 160.058 km/h 
3.6 3.6.4000 3.6.4000 

The magnitude of the speed vector at point A is given by the formula 

drA I' V). ( . v ). 0 k 
VA = ---a;- = ,v cos R t I + V sm R t, J + . (4.8) 

The numerical value of the speed vector at point A(t=O) is V = 160000 
km/h. The difference is V = 0.058 km/h which in comparison with point A 
means a change of 0.036 per cent. 

c) Examination of the acceleration vector 

At the point of vehicle examined one obtains 

dv [ v2
• v av2 v bv2

• V ]., 
aT = Tt = - R sm R t - R2 cos R t - R2 sm R t 1-;-

T - cos - t - -- SIn - t - -- cos - t J - 0 k I 17
2 

V av
2

• v I bv
2 

V J' I 

R R R2 R I R2 R I 
(4.9) 

Substituting the numerical value into formula (4.9) gives, for the acceleration 

(t = 0): 

( 

V2 bv2 }2 
_-L_ = 0.4940 m/s2 

R I R2 
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The acceleration vector at point A is given by the equation 

dv A ( V2 . V ). I (V2 V). 0 k 
a A = Tt = - R sm R tIT R cos R t J + (4.10) 

The numerical value of the acceleration at point A (t = 0) is as follows 

? 

laAI = ~ = 0.49383 m/s2 

R 

The difference L1a is 0.00017 m/s2 (0.034 per cent). (For this examination 
the plane x, y of the system of coordinates is assumed to be horizontal.) 

d) Exam£nation of the h vector 

At the point of the vehicle examined the value of the h vector can be 
obtained by using the formula: 

da [V3 v =-= - cos_t 
dt RZ R 

av3 v bif v J sin-t---cos - t i 
R3 R R3 R 

- sin-t - --cos -t--sin- t j..L 0 k 
[ 

V3 v av3 v bv3 v] 
R2 R R3 R R3 R I 

(4.11) 

Replacement of the numerical data gives the numerical magnitude of 
the h vector (t 0): 

Ih I = V(~ ..L b'V3)2 ..L a
2
v
6 

= 0.005489 m/'s3 
T RZ I R3 I R6 

The h vector at point A can be calculated by applying the formula: 

hA=~=- -cos-t i- -sin-t J'+Ok da ( v
3 

V) ( v3 V) 
dt RZ R R2 R 

(4.12) 

The numerical value of the h vector at point A (t = 0) is as follows: 

The difference is 

V3 

IhAI = - = 0.005487 m/s3 

RZ 

Jh = 0.000002 m/m3 (i.e. 0.036 per cent). 
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4.4 Examination of curves with a cant (m . ' 0) 

Numerical data: V 160 km/h, 
R 1300 m, 

mR 0.133 m 
a 12.25 m 

b 1.43 m 

c 2.025 m 

a) Determination of vectors rA' Q, and :r 

Considering Fig. 9 the following formulae can be written: 

i v 'I : v ) 
TA= !Rsin t"i+RI,l-cos-t i " l R, R .1 

lnR k 
2 

[
f :3 ) v 1 

Tb= IR--sin tJi 
\ 4 R l' 3 ( v \ iR-41-cosRtj 

L1:r { .::.Ir I 
Q = at+b-, --- c jtx-, -,-: 

1[L1rl ' l.dr\ ! 

-cos - t j 
(

3 v) 
4 R} 

mR k 
2 

from "which one obtains by substitution of vt 

at=ad;t=(acos~)i faSin~)j+Ok 

b Llr (b· 1 j. l'b I ). b 2mR k-. --, = . SIll - I - J. cos - J _ 
1.::.11': R R 3 

r j k 'I 

( .::.Ir ) I I 
0 -ctX-,-=-r cos- sin-

drl R R , [ [ 

1 I 2mR 
sin- -cos-

L R R 3 

= - c --SIn -1...L C -- COS - J...L C k 
( 

2mR . ) l. (2mR I ) . 
3 R I 3 R I 

7 

241 

(4.13) 

(4,.14) 

-
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the formula of the image vector r is: 

r = rA, e = SIn - t, a COS - t, SIn - t - c --SIn - t 1, I [R' v I V lb' v 2mR' v ]. I 

R R R 3 R 

[R (1 v ) I • v b v I 2mR v]. I + - cos R t ,a SIn R t - cos R t, c -3- cos R t J, 

-L[mR b
2mR

-LC]k (4.15) 
I 2 3 I 

b) Examination of the speed vector 

At the critical point of vehicle T the speed vector is 

dr r 'v av. v bv v 
Tt = lv cos R t-li SIn R t+R cos R t 

2cmRv V]. --=- cos - t .1 
3R R' 

I [ • V I av v I bt· . v , VSInlit'RcOS R t'RSInIi t 2Cm RV,. v ]'1 Ok --'-'- "In - t J, . 
3R R 

(4.16) 

The numerical value of the speed vector for t = 0 ",ill be 

bv 

R 

The speed vector at point A: 

v A = d~; = (v cos ; t) i + r v sin ; t) j 0 k (4.17) 

At point A the magnitude of speed (t = 0) is 160 000 km/h, the difference 
Llv = 0.073 km/h which corresponds to 0.046 per cent. 

c) Examination of the acceleration vector 

At the point of vehicle examined we have: 

aT =-= --sIn-t--cos -t--sln-t I Sln- t I, dv [ v2
• v av2 v bv?. V I 2 cm RV2

• v ]. I 

dt R R R2 R R2 R 3R2 R 

I [V2 v av2
• v I bv2 V - -cos -t---Sln-t---cos-t 

I R R R2 R I R2 R 
2cmRv

2 V]. I 0 k --'--- cos - t J, -
3R2 R 

(4.18) 

By substituting the numerical data (t = 0) and by considering the 
gravitational acceleration one obtains: 

mR·9.81 = 0.6520 m/s2 
1.5 
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The formula of the acceleration vector at point A is: 

a A = -- = - - Slll - t 1 -L - cos - t J + 0 k dv A ( V
2 

• V ). ( V
2 

V) • 

dt R R I R R 
(4.19) 

The numerical value of the acceleration vector at point A (t = 0) taking 
the gravitational acceleration into account will be: 

mR 9.81 = 0.6496 m/s2 
1.5 

The difference is Lla = 0.0024 m/s2, i.e. 0.37 p.c. 

d) Examination of the h vector 

For the critical point of the vehicle: 

h _ da, = [-~ cos ~ t 
T - dt R2 R 

SIn - t - - cos - t I R cos - t I-L 
ar3 

• f v bv3 v 2cm r3 v ] . 
R R3 R I 3R3 R I 

-L --sin-t---cos-t---sin-t I R sin-.t j-LOk(4.20) 
[ 

V3 v ar3 v bv3 v 2cm 11.3 v J 
I R2 R R3 R R3 R I 3R3 R J I 

The numerical value of the h vector for t = 0 is: 

v( V3 

IbTI= --RZ 
I R -L __ = 0.05197 m/s3 b11.3 2cm V3)2 a2v6 

R3 I 3R3 I R6 

The formula of the h vector at point A is as follows: 

hA = -- = - - cos - t 1- - Slll- t J - 0 k da A ( v
3 

V J" (11-3 . v I' I 

dt R2 R RZ R) I 

and the nuerical value of the h vector, at point A(t = 0) 'Will be: 

v3 

IhAI = R2 = 0.05195 m/m3, with a difference of 

Llh = 0.00002 m/s3 (i.e. 0.038 p.c.) 

4.5 Examination of the cosine-transition curve without a cant (m = 0) 

Numerical data: V = 160 km/h, 

7* 

L = 88 m, (R = 4000 m), 
m=O, 
a = 12.25 m 

b = 1.421 m, 
c = 2.025 m. 

(4.21) 
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a) Determination of vectors rA' p, and r 

By rationally considering Fig. 10 and taking for basis the approximate 
formulae of marking fTom the cosine transition curve and by replacement of 
1 = vt one obtains: 

vii [::: U( --1 
9 zR ~n 

nu JJ' 0 k cos Lt J+ -

Q = at bn ch, 

carrying out the substitution vt = 1 gives 

ar=a =ai 
cll 

-bn b 
1 dt 

-

G dl 

r' 1 

aL . n l)' . --sm-, J 
2nR L 

o i - b j Ok 

l~ -, 

T nl 1.J 
ch = c(tXn) C 1 ------Slll 0 

2R 2nR L 

L O 1 0-1 

The formula of the ima:,;e vector r reads: 

Ok 

- ck 

1'=1'A -'- P = (t·t a)i nu) av 
cos Lt + 2R t-

aL . nv. 11. 
- -- SIll - i - 0 J J 

2nR L 

b) Examination of the speed vector 

ck 

(4.22) 

(4.23) 

(4.24) 

The formula of the speed ...-eelOI' at the critical point of the ye hide reads 

dr . [v~{ 
VT==-==VJ+ -,-

. dt '2R 
Lv . nu G'l: m: nu 1. 
--~m t+-----cos - t J+ 0 k 
')-R L 9R ')R r J _.:l, _.....L.J 

The numerical ...-alne of the speed vector at point £/2 = l't is 

I vL _~+ av \" = 160.0009 kmjh 
I, 4-R 2n R 2R I 

The formula of the speed vector at point A reads 

dr A • , [' v~ LV.;TV) • 
\TA = -- = VI, --t----8111- t J 

dt 2R 2nR L 
Ok (4.26) 

'i 
'I 
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The numerical value of the speed vector at point A(L/2=vt) is as follows: 

vL _~)2 = 160.0003 km/h 
4R 2nR 

the difference being 

Llv = IVTI = !V AI = 0.0006 kmjh (0.0004 per cent.) 

c) Examination of the acceleration 

The vector of the acceleration at the critical point of the vehicle is given 
hy formula 

cos -H---sln- t i 
r" nv an v2 

• nv ). 

2R L 2RL L ~ 
Ok (4.27) 

The numerical value of the vector of acceleration point Lj2 = vt can be ob­
tained hy i'eplacement of the actual data iuto equation (4.27): 

2R 

The formula for the determination of the acceleration vector reads as 
foIlo'ws: 

a, = dVA = 0 i 
~ dt 

o 0 ) v- v- nv 
--. - cos- t i -L 0 k 

2R 2R L J I 

(4.28) 

By replacement of the actual data into equation (4.28) one ohtains the 
numerical value of the acceleration vector at point A,(L/2 = vt): 

0.2469 m/s2 

The difference hetween the magnitudes of the acceleration vectors at the 
middle of the transition curve is 

43 per cent. 
According to the ahove calculations the dev-iation of the accelerations 

at the midpoint of the transition curve is comparatively significant, however, 
considering its numerical value (0.1 m/s2) it does not play a decisive role, as, 
after the transition curve, the magnitude of the lateral acceleration increases 
to 0.4938 m/s2

, as pointed out in the preceding paragraph, where the value of 
fla is only 0.00017 m/s2, i.e. 0.034. per cent. 
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d) Examination of the h vector 

The formula of the h vector at the critical point of the vehicle reads as 
follows: 

h
a O' r :n;v .:n;v a:n; v :n;v. 

T = - = 1- -- sm - t -L -- cos - t J 
d 

[
.3 23] 

dt r 2RL L r 2RL2 L 
Ok (4.29) 

The numerical value of the h vector at point L/2=vt is (namely, the change 
in the curvature is the highest in that point of the cosine transition curve: 

m,.3 
[hT[ = -- = 0.3917 m/s3 

2RL 

Formula of the h vector at point A is 

h daA O' r (m? . :n;v ). 
"A = -- = 1 T --Sln- t J 

dt 2RL L 
Ok (4.30) 

The numerical value of the h vector at point A is as follows (L/2=vt): 

[hAt = i d3r A 1= :n;v
3 = 0.3917 m/s3 , 

I dt3 2RL 

and, in this case, Jh = 0 

4.6 Examination of the cosine-transition-curve with a cant (m ~ , 0) 

The numerical data are as follows: 
V 160 km/h, 
L 278 m, (R = 1300 m), 
m R 0.133 m, 
a 12.25 m, 
b 1.421 m, 
c 2.025 m, 

[Jri 3/4 m. 

a) Determination of vectors rA' P and l' 

Respective consideration of Fig. 9 and the approximate formulae of 
marking the cosine-transition-curve and carrying out the substitution of l = vt 
results: 

:n;v )]. m R ( :n;v ) cos L t J + 4 1 - cos L t k V( --1 
2:n;2R 

(4.31) 

rb = vtl-L _-L______ - cos - t ]-. [ 3 v
2
t

2 
L (1 :n;v )]. r 0 k 

r 4 r 4R 2:n;2R L r 
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LtI' = r A - I'b = 0 i - ~ j + m R (1 - cos JC l) k 
4 4 L 

(ILtrl ss ! m) 

(2 = at + b I~:I - c ( t X I~:I) 

carrying out the substitution vt = l gives 

dr A • (al aL. JC I) • , (am R JC . JC Z'\ k at = a--= a! -----sln- J-'- ---Sln-
dl 2R 2JC R L I 4L L) 

b LtI' 0 . b' bmR (1 JC z) k ILtr I = I - J + -3 - - cos L . 

r i j k-' 

1 
l L. JC 

----sm-l 
2R 2JCR L 

L 
~R (1 - cos ~ z) o -1 

cmRL . JC ( JC ) ---sm-l 1- cos -I -
6nR L L 

cmRn . n 1]' I cmR (1 JC I) . ---Sln- 1--- -cos - J 
4L L I 3 L 

ck 

The image vector I' can be expressed as follows 

I [, cmRvt ('I nv ) I 
I' = fA' P = vt, a - tiN - cos Lt, 

,--SIn - t - cos - t - --SIn - t 1, I cmRL . nv (1 nv) cmRn. nv ]. I 

6JCR L L 4L L 

[ 
v2t2 L2 ( nv ) av t aL JCv 

I 1 J b I • I , ----.-?-l -cos- t - ,----.--sln-t, 
4R 2wR L 2R 2nR L 

C~R (I-COS; t)]j+[:R (I-COS n; t)+ 

-- -cos- t ---Sln-t-c bmR (1 JCV ) + amR JC . nv I ] k 
3 L 4L L I 

247 

(4.32) 

(4.33) 
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b) Examination of the speed vector 

The speed vector at the critical point of the vehicle 

cm v r rrv ) :7V 1 cmRrr~v rrv J' , - -'-6-RR- cos2 -~L' - t -!--...::.:...- sin2 t - cos - tIT 
L 4V L 

, [V2t Lv. J'W av (1 
-t" 2R - 2rrR Sin!:t 2R cos - t -rrv )' L I 

cmRnv . :TW J' ----'-'--sln- t 1 
3L L· [(

m,.RLnv bmRnV). rrv , cc -;- ._-' - SIn - t -r 
3L L' 

(4.34) 

The numerical value of the speed vector at point L/2 vt is as follows: 

'v I IT 
cmR :7 v ) 2 + Lv _ Lv 

l2R, 4R 2nR 

av 
)

ry 

C7nRnv -

3L 2R 

+ (' lnRrrv 
, 4L 

b 
)

O]li') 
~r;:v - -= 160.0,t2 km/h 

The expression of the speed vector at point A (L/2 = vt) reads 

. ( v
2 

Lv, rrv 'I' , I' m Rrrv . nv ') 
VA= dt = Vl+ 2R t- 2rrR SIll!: t, JT ~SIll L t k (4.35) 

The numerical value of the speed vcctor at point A (L/2 = vt) is (L/2 = vt): 

The difference in values of the speed vector is: 

v = [vTI- [v AI = 0.012 km/h (0.01 %, 

c) Examination of the acceleration vector 

The expression of the acceleration vector at the critical point of the 

vehicle is 
d 

[ 

ry 
v cmRnv- . rrv 

aT =-dt = - SIn-t-
2RL L 

3RL (
. rrv) nv I 

SIll!: t cos!:t T 
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--':':"--Sln-- t 1- -- - COS -- t -cmRJe
3
v
2 

. JeV ]. r [V2 (1 JeV ) , 
4£3 L '2R L' 

_a_Je_v_·2 sin _Je_v_ t +_c_m....:·R"-Je_
2
_v_2 cos _Je_' v_ t] j ....L 

2RL L 3£2 L r 

(4.36) 

The value of the acceleration vector and point L/2 = vt can be calculated 
by using the numerical data and the value of the acceleration due to gravity 
as follows: 

!aTI ='f-~ l, 2RL 

, cm p;r3v2j2 

4£3 ! 

mR·9.81 
--=-'---- = 0.4300 

2 ·1.5 
I 0 m/so 

The acceleration Ycctor is to hc calculated hy the formula 

dt 

(4.37) 

The magnitude of the acceleration vector at point A (L/2 = vt) is ohtained 
by taking into account the acceleration due to gravity: 

mR ·9.81 

2 ·1.5 

o v· 

2R 

mR - 9.81 

2 ·1.5 
0.3248 m/s2 

The difference of the magnitudes of the acceleration vectors is to be found 
as follows: 

The acceleration vector is comparatively significant, hO'wever, considering 
its magnitude is not highly decisive since after the transition curve, in the cir­
cular arc of a radius R = l300 m, as seen from paragraph 4.4.3, the lateral 
acceleration attains the value 0,65 m/s2 hut the value ..1a is only 0.0024 m/s2 

(i.e. 0.37 per cent). 

d) Examination of the h vector 

The h vector, at the critical point of the vehicle, is to he found by using 
formula: 
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T = - = - cos - t cos - t...L h da [2CmRn2V3 nv + CmRn4.l;.3 nv 
dt 3R£2 L 4L4 L I 

_2_c_m..:cR,-n_
2
v3_ cos2 (_n_v t)li...L [['_n_v3_ 

3R£2 L J I 2RL 
SIn-t-

cm RJilv3 ) . nv I 

3£3 L I 

I cos - t I am Rn!-v3 nv ] k 
4£4 L 

(4.38) 

By replaccment of the numerical data one obtains the value of the h 
vector at point L/2 = vi: 

2cmR n2
V3 )2 I I 71:1;.3 

3RL2 . T \ 2RL 

The h-vcctor can he calculated at point A by making use of the formula: 

L _ daA _ O. I ( nV3 . JW j' I (mRn3v3 . 71:V ) k 
llA - -- - IT --SIn - t J T SIn - t 

dt 2RL L. 4£3 L 
(4.39) 

The numerical value of the h vector at point A (L/2 = vt) is follows: 

[h 1= I d3rA I = [(~)' 2 I m R71:
3
1;.3J2]f12 = 0.3816 m/s3 

A, dt3 2RL. I 4£3 

The difference of the yalues of the h vectors is 

Llh = 0.0112 m/s3 (i.e. 2.9 per cent) 

In the aforesaid, by taking for basis the motion of the rigid body (i.e. 
the system of points) the critical values of the Yectors characterizing the motion 
induced were determined and the diversions in relation with the assumption 
of the point motion, for the most fundamental cases occurring in planning 
railway lines were examined. From the results of the examination it is to be 
seen that in case of the motion taking place on the railway line the assumption 
of the point motion in the movement-geometric examinations would meet, 
in general, the practical requirements and the necessity of a kinematic examina­
tion of the motion of a rigid body may occur in specific circumstances only. 
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5. Uniform cosine-transition geometries 

In the present paper a particular attention is given to the transition curves 
having much more favourable characteristic features as continuous, brcakless 
transitions of curvatures, by putting particular emphasis from among them 
on the 

cosine geometry 

which, according to the results of the movement-geometric investigations pos­
sesses unequivocally the most favourable kinematic, i.e. geometric charac­
teristics. 

The clotoid transition curve of the linear curvature-transition is signifi­
cantly more unfavourable from the point of the movement-geometry than the 
continuous, breakless curvature transitions, since the joints of the curvature 

function at the beginning and end of the transition are not breakless. 
In investigating the different geometries the transition curves applied 

between tangents and curvilinear sections, 
in connection ,~ith compound curves and 
in case of reverse curve designs, 

m all of the above caees the transition Clave is considered as a special geometry. 
In determining the curvature-transitionary geometries the following 

symbols are used: 
R - radius of circular arc (Fig. 12); 

I 
G=­

R 

X,Y 

L 

- curvature of circular arc, m-I; 

distance of the point examined from the beginning of transi­
tion (the joining point of lesser curvature), m; 
curvature at the point examined, m-I; 

orthogonal coordinates of the point examined in the local 
system of coordinates, m; 
orthogonal coordinates of end point of the transition curve, 
m; 

length of curvature transItIOn (i.e. transItIOn curve), m; 
radius to be calculated in the knowledge of radii of com­
pound curves (Fig. 13), m; 
radius to be calculated 'when knowing the radii of reverse 
curves (Fig. 14) m; 

From the above symbols it follows that 
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5.1 Uniform geometry of the cosine transition curve 

In case of transitions between tangent and curve as well as in case of 
compound and reverse curves, and further for cant transitions (see Chapter 
5.2) the cosine basic geometry depicted in Fig. 11 is applied. 

')1 J-

<---~" -:: -----~ 

-----............... ~/ ....... 
r---"":: ::"'-S-~~-_-/----;;"""""'::-..... - ..... -----. _-_,--''---:-c_~:) 

-----.,.... ~ j ---- ----

Fig. 11. 

By reflecting the segment 0 x <" :7r of the cosme function (depicted 
in Fig. 11 by short dasheclline) in the x-direction (long dashed line) andleng­
thening the ordinates by the unit length yields the function of the hasic cMine 
geometry (full heavy line in the figure): 

In a general case (i.e. of compound and reverse curves) at point x = ° 
y == 0, wherefore, the general fllnction of the cosine basic geometry reads: 

y (5.1) 

where Co and c are constants to be calculated in compliance with the problem 
given. 

Table 3 

Constant vallles of cosine-transition of curvature 

Position of the tran:-ition curve 

Between tangent and circular 
cnrve of radius R 

Between compound curves 
(RI > R~) Ro = RIR~jRl - R~ 

Between reverse curves 
Ror = RIR~/RI+R~ 

Co 

o 1/2R 

Ij2Ro 

1/2Ror 
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In case of a cosine curvature-transition we have: 

-1 ('" 9) In . ;).~ 

The values of the constants Co and c are indicated in dependence of the 
situation of the transition curve in Table 3. 

a) Cosine transition curve between tangent and circular curves 

The geometrical determination of the cosine transition curve between the 
tangent and curvilinear section and the knowledge needed to marking out the 
transition CUl'Ye is dealt with in connection 'with Fig. lZ. 

T· r· f h . . .,. ~ (- '1) he cur\;-ature Innctlon 0 t.:.e traI1S1tloa cnT"\-e conslcicrlng 0Q' ;).::.. ~ 

Table 3 and Fig. 11 reads 

1 i 
C.=-.. 11 

L ZR 
:T ) cos -I 
L 

namely, co=O, and according to (5.2) at the middle of the transition CUl"ye (l 
0.5 L)c = 1j2R. 

The trigonometrical function of tangent is: 

I 
~ 1 I 

TI=J G1dl=-ll 
ZR . 

L 
-SIn 

:T 
(5.4.) 

At the cnd point of the transition CUl've (l = L) the inclination of the 
tangent is 

L 
TL=--

2R 

The system of equations for the arc-length parameter of the orthogonal 

coordinates, required to a marking out in the system 'of coordinates x, y is, 
in accordance with the accuracy of staking ont, and by considering the first 

tWI) terms of the power series given by the equation: 

I 

X = f cos"[ cll "'''-' 1 (I 

o 

£3 sin :T 1 
L 

(5.5) 
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I 

f . 137 V. 
Y = SIll TI dl ~ - .------

11 52n4R3 
o 

L2 cos n I 
l4 L 

-192R3 2n2R 

2n n L4 cos-" I IV sin - I 
I 

L L 
I 

T 128n4R3 T 

(1 5£2 
24n2R'? 

IV . 2n I Sln- . 
L 

64n3R3 

[2 ) 
8R2 + 

I V. cos
3

( ~ I) 
I 144n4R3 m (5.6) 

The coordinates of the end point of the transition curve can be calculated 
by using formulae (5.5) and (5.6): 

X L (1-0.02267 V) 
, , R2 

m (5.7) 

Y = V ( 0.1~868 0.00274 ~: J m (5.8) 

The further data necessary to mark out the transition curve using the 
symbols of Fig. 12 are as follows: 

L 
(5.9) TL=-

2R 

f= Y-(R-RcoSTL) m (5.10) 

xo = X - R sin T L m (5.11) 

t = Y ctg TL m (5.12) 

th =X-t m (5.13) 

tr = Y cosec TL m (5.14) 

The approximate layout formulae of the transition curve are, in case of 
the condition x PS I, as follows: 

x 

Y = -ex dx =' - -- 1 - cos -=-- x J' X2 L2 ( n J' 

. 4R 2n2R L 
m (5.15) 

o 
£2 (1 1 L2 

Y = - ----) ~O.149-
R 4 n 2 R 

m (5.16) 

n 2 - 8 £2 £2 
f=--

8n2 R 42.23R 
---- m (5.17) 
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Between straight line and circular 
curve 

t:;: Yctgt:,. 

X=1..O-O.022671:) 
R' 

1 (l-~'sin+!) 
2F< 

Fig. 12. Cosine transition curve I. 
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b) Cosine transition curve between circular curves of identical direction 

Between lines curving in the same direction (i.e. in case of compound 
curves) the symbols used for the geometric determination and the marking out 
of the cosine transition curve are indicated in Fig. 13. 

The calculation of the geometry of the transition curve should be per­
formed similarly to that recognized in case of the transition curve between the 
tangent and circular curve, using the uniform cosine basic geometry. The function 
of curvature determining the geometry of the transition curve by taking into 
account Fig. 13, i.e. Table reads, as follows: 

m-I (5.18) 

wherein m, (5.19) 
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5e~\Nee~, :: ~::,",:cr eres :,-:-;:-,,; - ~"\e 

SeT,;? Ciro?c~,:,-, 

" 
,,/ 

"J~~--~. -- >- - ;-

"'l- -----;---~ 

Fig. 13. Cosine transition curve If. 

and R j and R z are the radii of the circular curves of the compound curve 

(RI> R z) m. 
The tangent trigonometric function of the cosine transition curve het'ween 

the circular arcs curving in the same direction is: 

I 

Gdl=-+-- I--sm-l J~ I If L.n) 
RI 2Ro I, :z; L 

(5.20) 

o 



RAILWAY MOVEMEiYT GEOMETRY 257 

The inclination of the tangent at the end of the transition curve is given 

by the formula (I = L) 

L RI +Rz 

2 RI' R z 

For marking out the transition curve the orthogonal system of coordinates 

x, y is used, where the geometric beginning of the transition curve is the origin 
of the local system of coordinate;;:. Consequently, the cosine transition curve 
between circular arcs curving in the same direction is considered, as opposed to 
the earlier practice, as an individual geometry and not an intermediate section 

of a basic geometry. 
The system of equations of arc-length parameters of the orthogonal coor­

dinates needed to marking out, by taking into account the first tv.-o terms of the 

power series, reads as follows: 

8 

I 

x = COS "I dl·~ I [1- - [3 ----t------+- -L f 'V) (1 1 1) 
\ 16;-r2R5 6Ri 6R1R o 24,Rg I 

o 

___ I sin ;r; I _ 1----·_ 

L 

£3 . 2;r; I 
---Sln--

32;r;3R1l L 

1 
I 

1 1 
( £3 

16RiR o 
I 

32RIR5 192R~ 2;r;3RiRo 

£3 ) ( L2 £4 
I I' ;r; I I 

T 8;r;3Rg SIll L T 2;r;2R
o 2n4RiR o 

;r; 
---I I cos-l+ 

L 

m (5.21) 

£3 
-L 

2;r;3RI R5 I 

£4 

2;r;4R1R1l 

m (5.22) 
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The coordinates of the end point of the transition curve can be calculated 
by making use of formulae (5.21) and (5.22): 

X = L _ V (1 0.02267 0.11601 

6Ri R5 RoR1 
m (5.23) 

y = L2 (0.14868 _1_) _ £4 (_1_ 
R o 2R1 24Rt 

I 0.00274 ,0.01935 0.04744) 
T R3 T R R2 R2R o 1 0 1 0 

m (5.24) 

W7len marking out in practice the transz,twn curve between t .. wo circular 
arcs curving in the same direction two instances may occur. 

Case A): the position of two circular curves is given (in Fig. 13 by the coor­
dinates of the origins 0 1 and O 2) and "we look for the data of the transition curve L 
corresponding to this situation. A close approximate value of the length of the 
intermediate cosine transition curye to he ohtained can he determined with the 
aid of the tangent-angle method as follows: 

L?8 m (5.25) 

with D RI - R2 - 0 10 2 m. 
In the practical solution of the above problem the length of the transition 

curve cannot, as a matter of course, be shorter than the minimum length oh­
tained on the basis of the h vector. 

Case B): the transition curve is given L, and we are to find the position of 
the circular curve of radius R z related to that of radius RI' i.e. the distance D 
(Fig. 13): 

D = RI - Rz -11 (X - R2 sin TL)2 + (RI - Y - R2 cos TL)2 

The actual spacing 0 10; issued in this case is 

0 10 2 = R1-R2-D 

m (5.26) 

m (5.27) 

The position of the system of coordinates x, y to be used to mark out is definite 
for both cases by knowing the direction 0 10-; and the angle 

X - R? sin TL 
TD = arc tg -

RI - Y - R2 cos TL 

(5.28) 

The further data needed to mark out the transition curve are (see Fig. 13) 
as follows: 

(5.29) 
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f= Y - (R z - R2 cos T L) m (5.30) 

e = R;I. sin TL m (5.31) 

a=X-e m (5.32) 

t = YctgTL m (5.33) 

th = )( - t m (5.34) 

tr = Y cosec TL m (5.35) 

The approximate formulae for laying out the cosine transition curve be­
tween compound curves are, for the condition x R:: l. as follows (Fig. 13): 

V L2 
Y= I 

"R'R L I 0 

e~ 
f=Y-

2R2 
0.149 V 

Ro 

L2(Rl +R2)2 

8RzRi 

c) Cosine transition curve between reverse curves 

m (5.36) 

m (5.37) 

m, 

m, 

m 

The geometrical determination, i.e. the layout of the cosine transLtwn curve 
between reverse curves is demonstrated in connection with Fig. 14. 

The calculation of the geometry of the transition curve is performed in 
conformity with the principles recognized in connection with the transition 
curves to be applied between tangent and circular curves, i.e. between circular 
curves curving in the same direction. 

The curvature function of the cosine transition established on basis of 
the data in Fig. 14 and Table 3 reads as follows: 

1 1 ( :n; ) 
Cl = RI - 2Ror 1 - cos L 1 m-I, (5.38) 

where 

hI, (5.39) 

8* 
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I 
~ -------- ._-- ... 
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R::::,R~ I 

Fig. 14. Cosine transition curve Ill. 

RI and R z are the radii of the reverse curves in m. The tangent triangular func­

tion of the transition curve is: 

I 

T[= dl=---- l--sm-l fe I 1 ( L. IT ) 

RI 2Ror IT L 
(5.40) 

o 

The inclination of the tangent, at the end of the transient curve (I = L) is: 

L L 
TL=-----= 

RI 2Ror 

L RI-Rz 
2 RI +Rz 
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In marking Ollt the cosine transition curve between reverse curves the system 
of coordinates x, y is used, the origin of which is the geometric beginning of the 
transition curve. Similarly to the compound curves, the transition curve is con­
sidered also in this case as an individual geometry. 

The system of equations of arc-length parameters of the orthogonal coor­
dinates needed to mark out the curve is established by making use of the first 
two terms of the power series, as foIlo'ws: 

I 

x = f cos "Cl dl ?0 1 (1 ___ L_2_) _ [3 1 
l6n2R5r 6Ri 

1 1 ) I 

24R5r T 

+ 1 __ 
L_

3
_ V J' sin n l _ L2 

4.n3R5r 2:r3R 1R or L 4n2R5r 

__ L_2 __ II cos n I! V sin 2:-z: I 
2n2RIRor L' 32n3R~r L 

m (5.4.1) 

33V 137V 

12L2 n 
I ----I cos ~1..L 

4 2R R2 I 16 21;>3 L I n 1 Or n .Hor 

+ - Zslll-l-y-I-----
V V). 2n, Li 

32n3R] R6r 64n3Rgr L 64n4R1R5r 

V ) COS 2n l L4 COS3 (L:-Z: Z) 
128n4Rgr L 144n4R~r 

m (5.4.2) 

The coordinates of the end point of the transition curve are to be deter­
mined hy using (5.4.1) and (5.4.2): 

1 0.02267 X=L-V ..L __ _ 

6R2 I R? 
1 or 

m (5.4.3) 

y = v( 0.14868 _1_) -V (_._1 __ 0.00274 
Ror 2Rl 24Rt R 

..L 0.01935 0.04744.) 
I R R? R21;> 

1 Or l.L'-Or 

m (5.44) 
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When actually laying out the transition curve between reverse curves, 
similarly to what has been said in connection with the compound curves, two 
instances might occur: 

Case A): the position of the two reverse curves (in Fig. 14 the coordinates 
of the points 0 1 and O 2) is given. The close approximate length ofL cosine transi­
tion curve can he given hy the formula ohtained with the aid of the tangent 
angle method: 

m (5.45) 

m. 

Also to solve this problem, the condition is valid that the length of the 
transition cun"e should not he larger than that defined as a minimum with the 
aid of the h vector. 

Case B): the length of the transition cun;e, find the relative position of the 
circular arcs of the reverse curve is given. On the hasis of Fig. 14 we have: 

m (5.46) 

and 

m (5.47) 

The system of coordinates X'.r of marking out, is unequivocally deter­
mined by the direction 0 10 2 and the angle known for hoth of the ahovc cases. 

(5.48) 

Further data needed to mark out the transition curve are, by taking 
Fig. 14 into account, are the follo"\\'ing: 

L RI -R. 
'tL = ------~-

2 RI' R2 
(5.49) 

L R-R 
Ll = - arc cos 1 2 

:re; RI + Rz 
m (5.50) 

'to = ---- L 1 --sm- 1 Ll 1 ( L.:re; L) 
RI 2Ror :re; L 

(5.51) 

as well as 

01 = Yo cosec 'to; Al = xo-yoctg 'to 
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5 .2 Uniform cosine cant transition 

The calculation of the cosine cant transitions by using the uniform basic 
geometry is presented for the cases: between tangent and circular curve, be­
tween circular arcs curved in the same direction and between reverse curves, 
to be seen in Fig. 15. 

The length of the cant transition agrees in all cases with that of the transition 
curve. 

In case of the cosine cant transition between tangent and circular curve 
the function of cant reads (Fig. 15) as follows 

",-herein mR 

m = mR (1 _ cos IT 1) mm (5.52) 
2 '. L 

P 
= 1l.3jf-l00, the amount of cant in a circular curve (mm). 

I. Between strcignt lone onc clfcuicr curve 

m=-:-"( i -c os:::!) 
L 

11. Between ctrculcr arcs curving in the same direction 

,J ___ ~ ___ ,,'~ _____ =T~l f(::::~~:: 
Ill. Between reverse curve 

b~ ____________ I~L~ ______ __ 

Y,= '"' (I-cos~ I) ; 
" 2 L 

Yj =""-TO-cesT I) 
Fig. 15. Cosine cant transitions 
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In case of a cant transition between circular arcs curving in the same direc­
tion (Fig. 15): 

with and 
vOl 

m?=11.8--100 
- R z 

amount of cants in circular curves (mm). 

mm (5.53) 

mm 

Calculation of the cosine transition between reverse circular curves on basis 
of Fig. 15: 

where 

m? (1 ;;;: l) v· = --- - cos -
- 0 ') L - , 

100 and 
T/Ol 

m 1 = 11.8-­
RI 

mm (5.54) 

mm ;).~;) ( '" -"') 

mm. 

(The latter equation results from the condition of the zero point of the curva­

ture.) 

6. Actual prohlems in the field of the geometry of motion 

In order to practically represent the motion-geometric examinations 
dealt with in the foregoing the approximate solutions to some simple funda­
mental problems are presented. 

The examinations have in general, a double objective: 
determination of the unknown functions f( V) and 

- f(R) required on the basis of the acceleration vector and the h vector, 
thereafter, starting from the critical state, calculation of the value desired. 

A) The examination according to the acceleration vector ("acceleration­
aspect") is based on the inward (i.e. its opposed outward) radial acceleration 
applied on a vehicle moving along a curved track, the formula of which reads: 

v2 

lani = Cv'!. =­
Q 

m/52 (6.1) 

which in casc of the state of motion v = con~t (m/s), (tat = 0) means at the 
same time the value of the acceleration (Ian I lan I). 

B) In case of an examination on the basis of the h-vector ("h vector aspect") 
starting from the assumption v = const. of the acceleration-aspect, by neglect-
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ing the torsion of the track, the magnitude of the h vector for the motion along 
a curved track is expressed according to (3.27) by the formula 

An introduction of practical considerations of the trajectory function 

C = f(l) yields 
dC dG dl dC -- = -- -- = -- v . 
dt dl dt dl . 

the magnitude of the h vector being as folkw8 

(~)'2?", V3 ~ 
dl 3.63 dl 

m/s3 (6.2) 

since G4 -+ O. 
In formula (6.2) thc velocity V, given in km/h and dC/dl, is the dcrivatin 

of the function of curvature of the curved path with respect to the length of 
curve. 

B.i The approximate magnitude of the h vector on a track of a circular arc 
with transition curve. 

The maximum of the functions dC/dl of the transition curves which might 
be taken into consideration in designing railway tracks is the following: 

RL 
m-2 (6.3) 

wherein: R - radius of circular curye joining to transition curye (m), 
L -length of transition curye (m). 

The value of cc is, in case of continuous, breakless curvature functions 
for cosine transition curve nJ2 = 1,57 
for a 4.th degree parabola and for a sinusoidal transition curve 2 

(in case a of clotoid transition curve at the beginning and end points of the 
transition the function of curvature has break points, therefore here, the 
derivative dG/dl is not defined). 

Simultaneous consideration of (6.2) and (6.3) yields the approximate 
magnitude of the h vector at a critical point of the transition curve, by the 
formula: 

Ihl- ccV3 
3.63 RL 

m/s3 (6.4) 
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B.2 Approximate magnitude of the h vector in case of a direct joint of tangent 
and circular curve; on the basis of (6.2): 

J73 dG V:l LlG 
Ihl=----?S-
I, 3.63 dl 3.63 Jl 

J73 1 
m/s3 (6.5) 

3.63 R . d 

wherein: V speed, km/h; 
R - radius of circular curve, m; 
d - length percieving change in CUTvature (in case of four-axle 

vehicles bogie-base, in case of two-axle vehicles wheel-base; 
in the calculations of the present paper d = 17 m). 

6.1 Examination of the case of curve without transiiion 

Direct joining of straight and circular curve sections without transition 
is permitted only in case where at the tangent point the magnitude of neither 
the acceleration nor the h vector surpasses the permissible thTeshold value. 

The value of the limiting radius determined on the basis of the accelera­
tion (6.1), above which the straight line and the curved section might be joined 
without transition is obtained by making use of formula: 

}/""2 
Ri = ---~ 0.22 J!2 

3.62[a[ 

in case where according to Table 1 a = 0.35 m/s2 • 

m (6.6) 

For a constant speed, motion the magnitude of the h vector calculated 
according to (6.5) and not taking the transition into consideration, ·with the 

v~ 361hl d ~35km/h 
1.. lar 

4 

~::, 50aaot 
L,0000 

30000L 

20000L 

10000L 

Fig. 16. Need of transition curve 

---
__ -(6) 
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V, kmih 
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value of Ihi = 0.2 m/s3 (Table 2) we have: 

0.0063 V3 m (6.7) 

The limiting functions R~ and Rl are depicted in Fig. 16. Consequently, 
the speed above which, from the vie-wpoint of the examination the h vector 
is critical, issues from the equality Rf Rl and reads 

(6.8) 

In case of a motion of constant acceleration (at = const.) considering 
(3.27) and not taking into account the tangent-directed component one 
obtains 

from which considering ih I = 0.2 m/s 3 (Table 2) and lat i = 0.35 m/s~ (Table 1) 
results the limiting radius in omitting the transition curve as follows 

Rl = 1.46 V + 0.0063 V3 m. (6.9) 

(It is to be noted that in calculating the above the approximate value 
of the h vector the omission of the tangent-directed component PG2 in case 
of values of several thousands of metres does not cause but an enor of a few 
cms. ) 

6.2 Determination of the minimum length of the transition curve 

On a line with transition curves, due to the permanent change of the 
curvature the length of the transition cannot be determined according to the 
acceleration-aspect and so many railways have no other choice but to establish 
the length of the transition curve on an empirical basis (L = 10 V . m, wherc V 
is the speed in km/h and m is the cant in ID). 

The length of transition, on the basis of the third order movement­
characteristic is to be calculated from formula (3.27) of the h vector keeping 
in mind that the magnitude of the h-vector should not surpass the permitted 
threshold value, not even at the critical point of transition (see Table 2). 

In case of transitions with a wavy change of curvature (cosine-, fourth­
order-parabole- and sinusoidal transition curves) the critical point is the mid­
point of the transition. From the magnitude of the h vector (3.27), after 
simplification, one obtain the following sixth order equation for the length 
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of transitions "\vith a wavy change of curvature 

v41al v6 
c --'-' , L 5 ..L co, _L4 + c m2v6 = 0 (6.10) 

1 R2 I - R2 3 

the single positive root of which is the solution to the equation. 

6,3 Determination of the maximum permissible speed in a cirClllar Cllrvc without 
cant and transition curve 

In practice, this instance occurs in circular curves of a great radius and 
in turnout curves without a cant. 

12Cl ~-

Fig. 17. Maximum permissible speed along circular curves without transition, 
non-superelevated 

The maximum permissible speed on the basis of acceleration (6.1) is the 
following 

va = 3.6 VlalR ~ 2.13 V'R km/h (6.11) 

if according to Table 1: a = 0.35 m/s2• Taking the h vector into account 
(Table 2) Ihl = 0.2 m/s3 ; according to (6-5) we have 

3 3 

Vi! ~ 3.6 Vlhl dR = 5.41 fIr km/h (6.12) 

Figure 17 shows the limiting functions Va and Vi;. By taking them into 
consideration, the limiting radius above which, in calculating the maximum 
permissible speed the h vector is critical, by using equality y-Q = V" the follow­
ing can be determined: 

(6.13) 
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Examination of the minimum permissible radius of cirwlar curve with transition 
curves 

The value of the minimum permissible radius of circular curves calculated 
from the formula of cant on the basis of acceleration is 

R?nin 
O.01l8P 

m (6.14) 
m + O.153\a[ 

(where m is the cant, in m). 
From the formula (6.4) of the 3rd OTcler motion characteristic 

m (6.15) 

From the comparison oftlle formulae R~in and R~ir" i.e. (6.14) and (6.15) 
it is to be seen that while the minimum radius calculated on hasis of the accel­
eration for a given speed depends only on the characteristics of the circular 
curve (m, a) and is not affected hy the existence of the transition; the radius 
to he calculated from the magnitude of the h vector calls the attention to the 
significance of the transition (L, x). Further, from relationship (6.15) R~in one 
can see that by increasing the length of L the value of R:nin may be decreased. 

Thus, the circular durve of constant cant should alway:;; he examined as 
a uniform geometry since it arise:;; from the geometric continuity of the railway 
line, a circular durve of constant cant cannot occur but together with a transi­
tion curve. The separate examination of the circular curve with a motion of 
constant speed would he misleading, as in that case only radial acceleration is 
indicated, the value of the lateral h vector is equal to zero. This, hO'wcvcr, 
would result in narrowing down the examination and neglecting the critical 
state. 

According to Fig. 18 the point of intersection of functions R~in and 
R~in determines the value of speed V R above which the effect of the h vector 

T 
v
R 

(Fi) 

Fig. 18. Minimum permissible radius of a circular curve \',ith transition 
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Fig. 19. The maximum permissible speed in case of a circular curve with a transition curve 

is critical: 

VR = ------'--"---- km/h (6.16) 

6.5 Determination of the maximum permissible speed for the case of a circular 
curve with transitions 

The permissible maximum speed in case of a given cant calculated fTom 
the accelcTation is obtained hy the formula 

km/h (6.17) 

and from the value of the h vector (1.6-4.) 

3 ____ ~--:;:-

3.61f IhlR . L . Cl(; km/h (6.18) 

Functions V~lax and V~ax are represented in Fig. 19. The abscissa of the 
point of intersection of the functions in comparison to which the radii of the 
circular curves are greater, and therefore, the h vector is critical, can be 
calculated on the basis of the equality ~ax = V~ax by equation 

Cl(;2 (Iai + ~)3 
, 0.153 

m (6.19) 

Examination of radii of vertical curves applied in changes of grading 

The radius of the vertical curve can be calculated on the basis of the 
acceleration with the aid of the formula 
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m, (6.20) 

wherein aJ designates the acceleration permissible in the vertical plane 
(aj = 0.35 m/s2). 

From the formula of the 3rd order characteristic of motion (6-5) 

Rh _ v-:J 
j - 3 63 1h-1 d 

vs 
?8--

238 
ID (6.21) 

. ,-; 

Taking the motion in the vertical plane into account IhJI = 0.3 m/s3• 

The limiting speed can be calculated from equality Ri = R} on the basis 
of (6.20) and (6.21) above ,,-hich the effect of the h vector is critical (Fig. 20). 

V. = 3.6 d?o; 52.5 km/h 
J la! 

(6.22) 

Here, it is to he noted that in practice, several railviays, considering the 
small radius resulting from the probable acceleration, determine the value of 
the vertical radii from the empirical relation R j = V" in lieu of the acceleration 
aspect. Figure 20 clearly demonstrates that the ahove proceeding represents a 
significant "overdimensioning" which is otherwise also to be seen from the 
comparison with the values calculated from the formula Rj = V:Jj328 justified 
by the geometry of motion (Tahle 4). 

!~ "GCOG~ ;------::------:-; 

'1_- v3 v' I 300001- l'i,.:: __ -::;-! 
i ' 36'iFild 238 j 

2COOO ~-
/ 

("1; 
/ 

/ihl 
/ 

moooL ~L' 
.I! / ----------
" . . ...-"--- ......... 
vO~~~~50~i~=-·~,o~O---~,5~O~--~20~O· , 

v, '/, krn/h 

Fig. 20. Examination cif the radii of vertical curves applied in changes of grading 

Table 4 

lyIagnitudes of radii of vertical curves applied in changes of grading 

RI' V km/h 

60 80 100 120 130 140 150 160 

Rj = V3j238 908 2152 4.202 7260 9231 II 529 14181 17210 

V2 3600 6400 10000 14 400 16900 19600 22500 25600 
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From the instances dealt with in the foregoing, above speed V 
= 35 ... 52.5 km/h (i.e. the radius E = 270 m), and in ealculating the length 
of the transition it is the effect of the h vector which is to be taken as critical. 

At the same time it can he stated that in case of the examination per­
formed on the hasis of the acceleration the error made will be ever greater 
"with an increase in speed (i.e. the radius of the circular curve) as is to be seen 
in Figs 16 ... 20. 

Annexe 1. 

Unbalanced outward :"Iaximum Velocity of 
Ma:;;;. incliuuw 

3rd order don of cant 
Country radial acceleration cant characteristic raising (1IV) 

\sQ!m:tx:m!s?' IDmJ..x nlnl ih~\m3.x m/53 IVem! mm/s nlV ~ ctg~IY 

"C.K. (BR) 0.65 150 0.25 (38-57) 10 

Austria (OBB) 0.65(0.85) 160 6 

Bulgaria (BDZ) 0.65 28(--35) 

Belgium (S~CB) 0.65 160 6 

Czechoslovakia (CSD) 0.65 150 0.4 28( - 35) 10 

Denmark (DSB) 0.65 150 8 

Finland (VR)* 0.69 150 10 

France (SNCF) 0.98 160 0.3 50 5.5 

Netherlands (NS) 0.78 150 8 

Japan 0.5-0.88 180 0.14 45 
Tokaido 0.65-0.39 

Jugoslavia (JZ) 0.65 150 10 

Poland (PKP) 0.6-0.65 150 0.7 (1.0) (28-35) 8 

Luxemburg (CFL) 0.65 150 8 

Hungary (:\1.;-'\V) 0.65 150 10 

(8) 
GDR (DR) 0.65 0.5 

(0.85) 1.50 (1.0) 28-35 8 

GFR (DB) V < 160 kmfh: 0.85 
V > 160 kmjh: 0.65 150 28(-35) 10 (8) 

!'iorway (!'iSB) 0.65 (0.69) 150 5.7 

Italy (FS) 0.85 0.3 7 
160 (0.15-0.2) (40-44) (5.2) 

Rumania (CFR) 0.60 28-35 

Sweden (SJ) 0.65 150 8 (6) 

Switzerland (SBB-CFF) 0.65 150 0.24 6 (5) 

Soviet Union (SzZsD)* 0.7 0.6 28-35 

USA 0.5 152 32 

" Gauge: 1524 mm 

Prof. Dr. Jeno MEGYERI H-1l22 Budapest, SzekilCs u 23. 




