MEMBRANE THEORY
OF HYPERBOLIC COOLING TOWERS

By

Department of Reinforced Concrete Structures, Technical University, Budapest

(Received: August 21st, 1980)

1. Scope

This study treats of the membrane theory of cooling towers with hyper-
bolic curvature, in the general case where axes of the directrix and of the
shell of revolution do not coincide.

Investigations are limited to internal forces and deformations of the
tower (shell) due exclusively to dead and wind loads.

2. Geometry

Coordinate axes r and z are assumed according to Fig. la.

I is the total shell height over supporting columns;
[, and 1, are shell heights below and above throat, resp.;
k is the shell thickness (constant).

Equation of the directrix {distances of meridian curve points from the

rotation axis):
22
r=c+tallt+a—, (1)
a?

where

a and b being the hyperbola axes (see Fig. 1). Introducing notations:

£ = Tz- o=V1+ a2 (2)
we have:

r=a(g+_—). @)

a, b and ¢ are constants determined by the meridian curves.
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Meridian curvature radius:
(r — o a g
n=—————=- 3" (4)
aa® sin® @ o - sind @
Curvature radius of the horizontal circle:
T, = .c L a1+ b6l = .r , (5)
sin @ sin @
0=121a« {6)
Introducing notation
5= 1TT o0 (1)
sin<p=—g—, cos<p=—a_~§—. (8)
0 0
Further relationships being:
alo + 2| sins ]
T a
== ’ (9)
5% 0
do aé €os d o sin?
—E 2 ? , a9 P (10)
d¢ 0 sin @ d¢ 08
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3. Loads, notations

3.1 Shell surface load components

X — component tangential to the horizontal circle,
Y — component tangential to the meridian,
Z — normal component.

Components with a positive sign are seen in Fig. 15.

3.2 Dead load

The specific load:
g="h"vy (1)

X=0, Y=gsing, Z=gcosgq. (12)

3.3 Wind load
Value of the dynamic pressure: ¢(z)
X=0
Y = g(2) cos px(9) (13)
Z = q(5) sin p X f(%)
where f(9) is the function of the angular distribution of wind load (form
factor).

Describing the angular distribution of wind load by a Fourier expression:

X = )-S'IXH sin n¢ (in the actual case X, = 0)

n=0
~ n
Y f=ed

n

l Y, cos nd, (14)

M

Il
=Y

i
Z = X Z, cosnd,
n=90

3
It

where
Y, = —g(z) jn cos ,

. (15)
Z, = q(z)jysin .

jn being coefficients of the Fourier expression of form

n==i

S jncosnd =j, -+ jicos P + j,cos29 4 ... (16)
n=0
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For a dynamic pressure g acting on the vertical surface, to simplify calculations,

variation with height of wind load is reckoned with as:
q(z) = g sin @.

3.4 Membrane forces

N, — normal force tangential to the meridian;
N, — normal force tangential to the horizontal circle;
Ny = N,z — shear forces.

Applying the Fourier method:
N, = 3 N, cos nd,
Ny = 3 Ny, cosnd,

2z

= 2 Nygn sin nd.

4. Determination of membrane foreces

4.1 Differential equation of the problem

Equilibrium. equations [2]:
ON, | O(rNgp)

Ty % - e + Nprycos p = —rri X,
r AL rN, cos ¢ + ANy _ —rr, Y,
ot 0p
N, N, __,
reon .

Let us replace variable ¢ by z. Taking Eq. (5) and

e =z T, iR @ ~——
do Lme dz
into consideration, we obtain:
3No - 3(TI\/W) sin @ + IVOq: cos p = ——TX,
09 0z
%—Nocoscp -{—wsinq) = —TY,
09 0z

N,,sin<p~}~I—N(p=-—-—rZ.
Ty

17

(18)

(19)

(20)

(21)

(22)

(23)

(24)

(25)
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From (25):
r r

N, = — zZ— N,. (26)

sin @ rysin @

The system of differential equations (23) to (25) can be reduced to

0z rysin® ¢ 09 sin @ singp 99 ’
(rINg sin @) o+ LNy T (Y sin ¢ + Z cos ¢). (28)
oz r? o sin @

Taking surface and internal loads by Eqs (14) and (18), resp., into consideration
(Fourier’s method) yields:

ArlNonsing) L 2 oy, )= — L (Y sing+Z,cosg)  (29)
dx r sin @
2 2 2
d(rNogn) o a’nr (rNy, sin @) = — ’ (Xn. 4 == Zy) . (30)
dz (r—e¢)? sin @ sin @
Introducing new variable (see in (2))
E=2 (31)
a
vields:
4_14d. (32)
dz  a d&
Introducing reduced internal forces
U, = Uy(§) = 1N, sin o, (33)
Vn = Vn(s) =7 Nx?qm (34)
and notations
o]
a0+
Ay =———(Y,sing + Z,cos g) , (35)
sin @
b
By= Xz (36)
sin @ sin g

the derivative being, in short form:

9 .
F =0

]
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leads to the differential equations

U, + e V,=A4,, (37)
o[e+4]
a
nea (g -+ _‘_’_)
Vy————"lU,= B, (38)
0
Introducing reduced membrane force
c c)\? .
= o+ —) U, = N¢na{e + -—] sin g (39)
a a
transforms (37) and (38) to:
( Hn ‘ ~+ - o Vn = An7 (40)
c . c)?
e+ — a [Q T —”]
L a a
V,— 22 H =B, (41)

Let us express ¥, and V,, from (40) and (41):

2
e e B R L e A N
n a a sin @
V;z--———“—(g+f—JH;;+—°i“—Hn+—2f- + 2222 g
n a np? n a) sin g
2
+-f‘—{g + 4 (43)
n a :

V, is expressed by relationships (41) and (42), yielding differential equation

2
a4+ S g (e + —a-] F, (44)
0 (e -+ —-]
a
for the reduced internal force H,, where:
Fn=A},+————2——c-M——An~———-——T-‘——-—— B,. (45)

2
[g—]—-———c)sin(p a(g+ _c)
a a
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Solution of the differential equation yields the value of H,, delivering, in turn’
internal forces:

1
Nyp = = H,, (46)
a(g—}———] sin @
a
- 1 .
Ny = .____._._.;[[Q +_°.J o0 H] (47)
na [g+i) a sin @
a
alp + =
L
No= —— %[z, + 2], (#9)
sin @ ry

4.2 Solution of the differential equation

Differential equation (44) will be applied for determining internal forces
arising from unilateral loads (wind load components varying with angular
position around the shell (n > 1).

Differential equation (40) is easier to handle for axisymmetric loads
(n = 0) (axisymmetric part of dead and wind load).

4.21 Axisymmetric loads
4.211 Dead load

Assuming constant thickness, specifie load is g = hy. Taking Eqs (12),

(35) and (36), as well as n = 0, Ny, = ¥, = 0 into consideration,
2 [ . €
a 1P -~ —
a
Ay=———- B,=0. (49)
sin @

Making use of differential equation (40):

— = ay (50
o+ = ?
\ a.
hence:
o+ =
= —— Ly Al (51)
( , c] . v sing
o+ sing
a

Value of the relationship in brackets may be obtained by numerical integration.

2%
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Assuming sin ¢ = 1.0 within the integral:

N, =____~_.f"g____.{-;‘[95 +T/1:.-1n (E —{—*V}.—:Q)] +£'§ -+ C1} | (52)
(e+£—} sin @ - : ’

C, being a constant according to the boundary econdition.

In knowledge of IV, N, may be obtained from Eq. (48). For a varying
shell thickness, assuming it to be section-wise constant, starting from the shell
upper edge, internal forces can be determined at arbitrary points.

4,212 Axisymmetric part of the wind load

‘Wind load (16) described by a Fourier polynomial includes a load of
constant angular intensity (n = 0) as constant term j,:

Xo=0 Yo=—q(&)jocos g, Z,=g(§)j,sinp. (53)
Ao =10, By =0, Vo =0, (54)
hence:
, :
m=@+ﬂq- (55)
a
In knowledge of H,:
Npp= ——— ;. (56)
c
o
a

C, being a constant to be calculated from the boundary condition.

“P+% N
Nm=__——~—°‘;—[zo+iﬂ). (57)

sin ¢ T
4.22 Unilateral wind loads

Determination of membrane forces arising from unilateral wind loads
will have recourse to differential equation (44).

In case of wind loads:

hence

(58)
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and so:
n2a®

F,=

(59)

sin? @

Taking values of g(z) and Z, from (17) and (15), resp., into consideration
vields the constant

F, = n*a*qj,. (60)

Solution of the inhomogeneous differential equation with a variable coefficient
will be obtained by summing the solution H_; of the homogeneous equation,
and a particular solution H,, of the inhomogeneous equation:

H,= H,y + Hpp. (61)
In knowledge of particular solutions y, and y, of the homogeneous equation:
H.py = Cyy, + Coys- (62)

A particular solution of the inhomogeneous equation, according to the known
method of varying the constants, can be written in the form:

Hp= Xy, + Xoys» (63)

X = Cl(‘s)" Xz = Cz(§)~ (64‘)

where

C,(&) and C,(&) are known to be given by relationships:

= —.—-2’—%———.—[@+—°—) F,, (65)
Y1) —Y1Y2 a
C;=-—--f-—l———.-(e+i) F,. (66)
Y1) Y12 a

4,221 Load term n=1

In this case, differential equation (44) becomes:

Hy = {Q . .f;J F,, (67)
where
F; = a%j, . (68)

Solution of the homogeneous equation:

HlH = Cl + Cz&s (69)
thus:
yi=1 and y,=_§ (70)
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A particular solution of the inhomogeneous equation:

Hip = X; + X,&. (L)

X, = —F, (e + f—) sdt (12)
_ a

X, = F, ‘Q+£ ds . (73)
al

The differential equation is solved as:

H =C, +Ct+X, +

‘lrr

(74)

C, and C, being constants to be determined from boundary conditions.
In knowledge of H,, membrane forces are delivered by Eqs (46) to (48).

4,222 Load terms n > 1

Wind load terms n >>1 prevent solution of the differential equation in
closed form.

There exist several approximate procedures. For instance, expanding
the variable coefficients into an infinite power series, two particular solutions
of the homogeneous equation can be written bv the method of indeterminate
coefficients.

In their possession, the solution is obtained in the familiar way.

5. Membrane deformations

5.1 Differential equation of deformations

Displacements:

u — tangential to the ring;

v — tangential to the meridian;
w — normal.

Signs: v and v are positive along increasing ¢ and ¢, resp., w is positive if it
points outwards. Relationship between displacements and strains:

1 (ov N ) .
Bl b w 75
o=l (75)
Eosi(vcos(p—ll—wsin(p—kéi], (76)
T of
Voo = —2 cos Q-+ du + _év_ (17)
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Relationships between internal forces and displacements:

N,——vN,,z—I—)-(-?—vn{—w), (78)
r |0
N‘,mqu,:—I—)-[vcoscp—{—wsinq)—{—-QE], (79)
r 0d
D u ou ov
N, =— | + , 80
=g [ Ty o
D = Eh (81)

v being the contraction coefficient.

In possession of membrane forces in form (18), angular distribution of
deformations may be assumed as:

u = X u, sin nd, (82)
v = X v, cos nd, (83)
w == X w, cos nd. (84)

Now, replacing variable ¢ by z yields:

dv w 1
2 gin g 4 —L = —(N_, —vN,,), 85
S ein g + 2 (N — oIy )
nu, -+ v, cos ¢ + w, singo:l—;-:(Ngn—ng,n), (86)
_..’.‘icosq),;_.‘_iﬁ.sin,p_ﬁvn:wnr - (87)

r dz T D
From (86):

w, sin ¢ = —nu, — v, GOS(p-}—%(Ngn——vNW). (88)

Eliminating w,, reduces the system of differential equations (85) to (87) into:

e u, = - N_(r,sin @ < vr) —
dz l (r—c)? " Dr,sin? ¢ [ qm(l )

d | v, nea? 1
[sin qv]

— Nyp(r 4+ vrysin )], (89)
d {unJ m_v 20 +v)

— Nogy « (90)

r r2 sin @ Drsin ¢
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Considering variable & (see in (31) and (32)) and introducing reduced dis-
placements

W) =20, (91)
r

D (§) = ——= (92)

sin @

and notations

2a(l + »)
R, =R TV N 93
Drsin ¢ i ®3)
By = —— [Nyo(rysin ¢ + o) — Nopo(r + orysing)]  (94)

Drysind ¢

permits to write differential equations (89) and (90) as:

n

@Uln + '—”"—"“c——z r\9n == szn . (95)
a-{9+—J
a

nog (Q -+ h
V= —— U = &, (96)

e

where the point refers to derivation with respect to &. Introducing reduced
displacement

m=@+ﬂ%=ﬁ (97)
a a )
transforms (95) and (96) to:
%, . + = 2 cs9n = ofl, . (98)
[ [
e+ a [e + -—)
a a
p ——1‘-“31 %, = B, . (99)
From (98):
®n=£(9+i) o;zn_i[(9+ij %, — “f’s""zcn], (100)
a n a sin @
Wf}”ﬁk+iﬁm+““%ﬁ~ie+ﬁ-@wo%+
n a TLQ a sin q)

L (9 + _’?.)2 oA, . (101)
n a
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Expressions (99) and (101) for 9, yield differential equation of reduced defor-
mation ¥ :

s A= g [g + i) g, . (102)
¢ {Q + i} ¢
a
where:
Fo— R b 205 g " -8, . (103)
[g—i——c—)sm(p aQ-‘r-—c—}
a a

5.2 Solution of the differential equationr

Differential equation (102) will be applied for determining displacements
due to wind loads. In case of axisymmetric loads, Eq. (96) will be applied.

5.21 Axisymmetric loads
5.211 Dead load

In knowledge of internal forces Nq, and IN,, since n = 0 and Ng, = 0,

oy = 0, (104)

& =% INI=_—» 2 sin? -+ N 2 sinz g — ]| (105
0 Dsintpl "\ o ? ? 8 P . (105)

In case of axisymmetric loads, U, = 0, thus, by solving differential equa-

tion (96)

0 = B, (106)

. N
«v0=aasin¢j——j~ N |——v aasinzgo +
Dsin? g o o

o+ = "
+ N, 3a~sin2g0——1 dt + C.
e x)

we obtain:

Value of integration constant C can be determined from the boundary con-
ditions. Below, at the support:’

Uy = P, = 0. (108)
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In possession of Y, taking (88) into consideration:

Wy = —, cf)s r + - (Nyn — Ngn)
sin @ Dsin g

U, = 0. (109)

For reinforced concrete cooling towers, » may be considered as zero.

5.212 Axisymmetric part of the wind load

In knowledge of membrane forces N, and N;, (see under 4.212) displace-
ments may be obtained from relationships similar to those for the dead load.

5.22 Unilateral wind loads

Disturbance term in the right-hand side of the differential equation may
be obtained by assuming v = 0, and applying the neglect permitted in deriva-
tives:

2
R, = Ny » (110)
D (9 ~+ f—) sin ¢
a
2 .

0}Zn = 2 cosfp Nb n + Nﬁpn ’ (111)

D[Q+—2) sin® @ D(o-;—-—c-Jsincp

xa (Q 4 —E)
‘Bn=——-——g;—~——N ————-—-——————a—N,l, 112
© D sin® ¢ o Dg? ’ (112)
In compliance with the above:
-2 - 2 .
o+ 2| §, = e Nogn + ———— Nogn +
a 2 Dsin? g
D (g 4 —1 sin® @
a
n an .

-+ Nq:n + '1")";5‘ -N:m ° (113)

D (Q—i—-c-] sin® ¢
a.

This relationship in the right-hand side of the differential equation can also
be expressed in terms of function H, determined in connection with membrane
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forces. Omitting deductions:
2 cos
{Q -+ _‘J Fp= - H, +
a 2,
nDa (g -+ —| sin® p
a
[ . c .
n[e3 + 2a |o + —] sin® q’] 20° + afo + -—) sin®
a a
+ Hn - . Fn L) (114')
c|® . nDa 03 sin ¢
Dag?lo + —| sin® g N
a
where:
F, = n’a%qj, .

Differential equation delivering reduced displacement ¥, is similar to that of
membrane forces, hence also its solution relies on similar principles.

Values of both integration constants in the solution can be determined
from boundary conditions for the lower shell edge:
U, = v

n="0. (115)

Displacements u,, v, and w, can be calculated in knowledge of reduced dis-
placement ¥, and reduced force H,:

u, = a¥, (116)
2 €) e €os @
‘\?n=_... tQ’lL_Hn'— N Hn-‘
n?D (9 -+ —C—) sin @ “ e
a
117
a ¢} ..  cOs
——[(Q + —') :‘Cn—' . 7 %n]'
n a sin @
v, = —sin ¢ V,. (118)
Taking (88) into consideration:
ol
w, = — nun-{-vncoscp—}——-————_——a—-—zn—-mﬂn . (119)
sin @ D sin ¢ Dg?

Summary

A membrane theory of hyperbolic cooling towers is presented for the general case where
axes of the directrix and of the shell of revolution do not coincide.
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