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Abstract

An elastoplastic constitutive model is proposed to account for stress loading effects based on triaxial test results of granite rockfill

materials. The model utilizes an extended yield function to flexibly control the yield surface shape, distinguishing between loading,

unloading, and neutral loading conditions. A non-associated flow rule is implemented, incorporating a critical dilatancy stress ratio

into the dilatancy equation to capture particle breakage behavior. The model primarily focuses on the formulation of a stress-path-

independent hardening parameter based on the dilatancy equation. A total of 12 model parameters are introduced, all of which can

be determined from two conventional laboratory geotechnical tests. Finally, the validity of the proposed model is verified through

triaxial test results of various rockfill materials.
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1 Introduction

To date, several earth-rockfill dams under construction or
planned worldwide have reached heights of 300 meters or
more [1-3]. Accurately predicting the deformation magni-
tude and its distribution pattern of these ultra-high dams
is essential for deformation control [4—6]. Over the years,
finite element numerical simulation methods based on
coarse-grained soil constitutive models have become the
primary means for stress-deformation prediction [7-10].
However, deformation predictions using existing coarse-
grained soil constitutive models often exhibit significant
discrepancies with measured data [11]. Therefore, fur-
ther research into the elastoplastic constitutive models for
coarse-grained soils is needed.

An elastoplastic constitutive model consists of three
fundamental components: the yield function, the plastic
potential function (or dilation equation), and the harden-
ing function. These elements respectively define the onset,
direction, and evolution of plastic strain. Based on these
functions, the elastoplastic stiffness matrix can be derived
to calculate the stress—strain relationship of the material.
Clearly, determining the form of the hardening parame-
ters is one of the key aspects in developing elastoplastic

constitutive models for coarse-grained soils [12, 13].
The development of plastic strain is the fundamental cause
of soil hardening and serves as a critical factor in defining
the hardening parameters. Previous studies [14—17] have
shown that using plastic volumetric strain, plastic shear
strain, or a combination of these factors (f{e?, £7)) as hard-
ening parameters is a common approach.

The Modified Cam-Clay (MCC) model is widely
regarded as one of the most representative elastoplastic
models for soils. The original Cam-Clay and Modified
Cam-Clay models were proposed by Roscoe et al. [18]
from the University of Cambridge and by Hsieh et al. [19]
to characterize the stress—strain behavior of normally con-
solidated clays, which exhibit monotonic coupled hard-
ening. In the modified Cambridge model, the hardening
parameter / is a function of plastic volumetric strain (£?),
meaning that in the p—g space, the profile of evp is ellipti-
cal, with larger elliptical yield surfaces corresponding to
higher plastic volumetric strain (¢7). While this character-
istic is suitable for normally consolidated clays, it does not
apply to coarse-grained materials like rockfill, as shear-in-
duced dilatancy may occur [20-22]. That is, if plastic
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volumetric strain is solely used as a hardening parame-
ter, it will not increase monotonically during shear, which
contradicts the continuous expansion of the yield surface.

For soils exhibiting complex hardening behavior and
non-monotonic volumetric-strain coupling, a central chal-
lenge in elastoplastic theory has been the formulation of
incremental functions related to volumetric strain to accu-
rately capture the hardening process. Experimental obser-
vations have shown that overconsolidated clays and dense
sands typically exhibit non-monotonic coupled harden-
ing behavior. Consequently, extensive research has been
conducted to characterize their stress—strain responses.
Dafalias [23] introduced a state parameter defined by the
distance from the current stress point to the bounding sur-
face to quantify the plastic stiffness and its degradation
rate in overconsolidated clays. Hashiguchi [24], building
on the MCC model, proposed the concept of a subload-
ing surface to describe the yielding behavior during load-
ing. Whittle and Kavvadas [25] suggested that the yield
surface gradually rotates during loading to account for
stress-induced anisotropy.

Due to the inability of the MCC model to accurately
capture the hardening behavior of soils with non-mono-
tonic coupled hardening, Yao et al. [26, 27] introduced
a stress-path-related factor and derived a hardening
parameter that is independent of the stress path for geoma-
terials. The derivation employed an associated flow rule,
with dilatant materials (such as sand) used in the analy-
sis along the constant p path. Although both rockfill and
sand are granular materials, the mechanical differences
between them cannot be entirely overlooked. Additionally,
for elastoplastic modeling of rockfill, the form of the dila-
tancy equation is typically specified, making the use of
a non-associated flow rule more suitable [28, 29].

This study aims to develop an elastoplastic constitutive
model that captures the stress-strain behavior of rockfill
materials under loading. The model is derived by speci-
fying a yield function, a stress-dependent dilatancy equa-
tion, and a hardening rule. A key feature of the model is the
adoption of a non-associated flow rule, leading to the con-
struction of a more generalized, stress-path-independent
hardening parameter for rockfill materials. The model has
been validated using typical experimental data and can pro-
vide scientific support for deformation prediction and con-
trol in ultra-high earth-rock dams. Throughout the paper,
compressive stress and strain are defined as positive values,
and all positive stresses are considered effective stresses.
For simplicity, commonly used primes are omitted.

2 Stress loading elastoplastic constitutive model

2.1 Elastic behavior

Based on previous experimental observations [6], the
stress-strain relationship of the elastic behavior of rockfill
materials is given by combining the bulk modulus K¢ and
the shear modulus G*

K* =k5pa££]

a

G =kp, (ﬁj
P,

In Eq. (1), in order to maintain the consistency of dimen-

1)

sion, the standard atmospheric pressure (p, = 100 kPa) is
introduced, and k¢, k¢, m and n are four material parameters.

2.2 Yield function

In elastic-plastic theory, the yield function is generally
defined by a stress invariant and a certain form of hard-
ening parameter to distinguish between loading, unload-
ing and neutral loading conditions. In this study, the yield
function used is in the following form:

m, 5
e p mv q
ra=(e - 2] 1457 gt o

@

The partial derivatives of the yield function f(p, ¢, H)
with respect to the mean normal stress p and the general-
ized shear stress g are given by
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In Eq. (3), ¢, ¢¢, and m  are material parameters, H rep-
resents the hardening parameter, # = g/p represents the
stress ratio, and M denotes the critical state stress ratio.
The parameter m  is an exponent controlling the isotro-
pic compression behavior. It should be noted that in the
deviatoric stress term of Eq. (2), the factor m /(2 —m ) is
introduced to ensure that when n = M, 0f/0p is identically
zero. This guarantees that, regardless of the value of mv,
the critical state line passes ¢ = Mp through the apex of all
yield surfaces in the (p, ) plane. The value of m modifies
the elliptical yield surface into a teardrop yield surface.

Fig. 1 illustrates the yield surface shapes for different m
values when M is set to 1.5. It is evident that when m <1,
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Fig. 1 The yield surface shapes with different m

the yield surface tilts positively along the p-axis, and when
m, > 1, the yield surface tilts negatively along the p-axis.
When m = 1, the yield surface takes the same elliptical
shape as the modified Cambridge model (MCC Model).

2.3 Dilatancy equation
This study investigates the weakly weathered granite rock-
fill materials with the same gradation and preparation dry
density (p, = 2.07 g/cm’) under four different confining
pressures (g, = 300, 600, 1000, 1500 kPa) through consol-
idation-drained shear (CD) tests. The particle distribution
of the rockfill material, including both the designed and
scaled (tested) materials, is shown in Fig. 2, and the test
results are presented in Fig. 3. For the rockfill material,
the initial deviatoric stress increases rapidly with axial
strain. The initial tangential modulus shows a roughly
positive correlation with the confining pressure. As shear
progresses, the rearrangement and reorganization of the
rockfill particles lead to a continuous reduction in the tan-
gential modulus. Once the axial strain reaches a certain
value, the deviatoric stress first reaches a peak and then
exhibits a distinct strain-softening behavior. Furthermore,
with increasing confining pressure, the peak deviatoric
stress increases significantly, and the compressive strain
becomes more pronounced. Throughout the entire testing
process, shear dilation was observed at both low and high
confining pressures, with the phenomenon being more
pronounced at lower confining pressures.

Fig. 4 illustrates the effective stress paths and direc-
tions of plastic strain increments observed in the triaxial
tests conducted on the weakly weathered granite rockfill
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material in this study. A key aspect of Fig. 4 is the enve-
lope of the peak-state stress ratio (solid blue line) and
the critical dilatancy stress ratio (dashed blue line). It is
observed that both stress ratios decrease with increasing
confining pressure. Fu et al. [6] effectively characterized
the aforementioned envelope using a power-function for-
mulation, as given:
» Envelope of peak stress state is:

Ly, (i)n/ . @)
pﬂ pa

In Eq. (4), 7, and n, are material parameters. For the
CD tests shown in Fig. 3, these parameters are re= 2.66
and n,= 0.88. The expression of peak stress ratio M, is

as follows:
n/»—l
M, =r, (ﬁj . Q)
‘ ‘ p(l
» Envelope of critical dilatancy stress state is:
A, (ﬁj , 6)
pa pa

In Eq. (6), r,, and n_ are material parameters. For the
CD tests shown in Fig. 3, these parameters are r, = 2.25
and n_ = 0.92. The expression of critical dilatancy stress
ratio M_ is as follows:

M, =r, [ﬁj - )
p[l

The first step in establishing the dilatancy relation-
ship is to plot the relationship between the dilatancy ratio
and the stress ratio using experimental data from the
conventional triaxial tests shown in Fig. 3, as presented
in Fig. 5 (a). It is observed that when the stress ratio is
less than 1.0, significant data scatter occurs, particularly
during the initial shear stages. This phenomenon can
be attributed to several factors, such as the influence of
the initial fabric [30] or the frictional constraints at the
specimen ends [31, 32]. Additionally, some scattering is
observed near the dilatancy zone. To account for particle
breakage, Fu et al. [6] incorporated the critical dilatancy
stress ratio M_ into the dilatancy equation and proposed
the following nonlinear formulation:

d=d, 1-(%) . ®)
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Fig. 2 The particle distribution of the weakly weathered granite rockfill material: (a) Grain size groups: 60~40 mm, (b) Grain size groups: 40~20 mm,
(c) Grain size groups: 20~10 mm, (d) Grain size groups: 10~5 mm, (¢) Grain size groups: 5~2 mm, (f) Grain size groups: <2 mm, (g) Engineering

grading curve and test grading curve

In Eq. (8), d, represents the initial dilatancy ratio, which
numerically corresponds to the vertical intercept when
1= 0. M, is the critical dilatancy stress ratio.

Based on conventional triaxial test data for weakly
weathered granite rockfill, the relationship between
dilatancy ratio and normalized stress ratio is provided
(Fig. 5 (b)), with d, = 0.66 and d = 3.5. It can be observed
that the above dilatancy equation effectively models the

variation between the dilatancy ratio and normalized
stress ratio under different confining pressures.

2.4 Construction of stress-path-independent hardening
parameters for rockfill materials

Research has shown that the plastic work W7 generated
by loading along different stress paths from a given stress
point to another yield surface is nearly independent of the
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Fig. 3 Results of conventional triaxial compression test of weakly
weathered granite rockfill: (a) Deviatoric stress—Axial strain,
(b) Volumetric strain—Axial strain

stress path [33]. Since plastic work reflects the dilatancy
behavior of soils, it is considered a potential hardening
parameter for rockfill materials. The expression for plastic
work is as follows:

w"=[dw" =[pde! +qde! = [p(de] +n de?).  ©)

The Contours of volumetric strain and plastic work in
the p—q space were plotted using the experimental data
from Fig. 3, as shown in Fig. 6. It can be observed that the
contours of plastic volumetric strain differ significantly
from ellipses, particularly at lower levels of mean normal
stress. In contrast, the contours of plastic work are closer
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Fig. 6 The contours of (a) volumetric strain and (b) plastic work in the
p—q space

to ellipses. It should be noted that, due to the unknown
nature of elastic behavior, the contours in this context
were drawn using total volumetric strain. In practice, the
contribution of elastic strain to plastic volumetric strain
and plastic work is minimal, so the actual contours will
not differ substantially from those shown in Fig. 6.
Although plastic work satisfies the basic conditions
for being a hardening parameter, it is not an ideal choice.
Studies have shown [15, 16] that stress paths with differ-
ent mean normal stresses but the same stress ratio incre-
ment should exhibit similar shear characteristics, resulting
in approximately equal increments of plastic volumetric
strain and plastic shear strain, with corresponding incre-
ments of the hardening parameter also being similar.

However, the actual increments of plastic work can differ
significantly. Section 2.5 provides a detailed method for
constructing a stress-path-independent hardening param-
eter suitable for rockfill materials.

The construction method for the hardening parameter
H is introduced based on the previously established yield
function. Let c,=c,—c, then the yield function in Eq. (2)
can be rewritten as

m, 2
p m, g 1

[} 9H = — l+ e ——HZO. 10

f(pg.H) [ ] ( Z—m‘,MZPJ ¢ o

P

a

The hardening parameter H can be expanded as follows:

H=| de,” 1)
R()

In Eq. (11), R(n) represents the stress-path-related fac-
tor, where R(#) = 1 in the modified Cambridge model.
From Egs. (10) and (11), the total differential form of the
yield function can be derived as

P
a_fdp_f_gdq_i dgv =
op oq ¢, R(n)

df = (12)

For normally consolidated clays or soils with minimal
dilatancy, it can be assumed that the characteristic state
transitioning from contractive to dilative behavior coin-
cides with the critical state. Therefore, both the critical
dilatancy stress ratio and the critical state stress ratio are
represented by M. By introducing the dilatancy equation,
Eq. (11) can be transformed into

o o
de? = R(n)| Ldp+ <4
el =c, (n)(ap At qj

d, ’
dgsp :CpR(n)dLMf?—ndﬂ[%dp-’r%dq)
b _

(13)

In the constant p stress path, it is known that dp = 0,
and the plastic shear strain increment can be expressed as

_dy2-m, p" 1 M —n

dg o -
p" " R(n) M*“7

Ldgj” . (14)
c, m, 2n

Based on the experimental results from refer-
ences [14, 34], the g—¢_relationship curves for rockfill
and clay along the constant p stress path are compiled, as
shown in Fig. 7. It can be observed that the shear curves
for rockfill and clay are similar, with the primary differ-
ence being the peak stress ratio. Normally consolidated
clay exhibits monotonous volumetric compression along

the constant p stress path, with both the critical dilatancy
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stress ratio and the critical state stress ratio equal to M.
In contrast, rockfill may experience dilatancy before
reaching the peak stress ratio, resulting in a peak stress
ratio M, that exceeds the dilatancy stress ratio M.

For normally consolidated soils, with R(y) = 1 in the
modified Cambridge model, the relationship between the
deviatoric stress increment and the incremental plastic
shear strain in Eq. (14) is given by

d, 2 " MY —n® 1
SR P TN ger, (15)
c, m, p"— M™ 2n

P v

dg

Considering that the ¢ —# curves of rockfill and clay are
similar under the constant p stress path, the relationship
between the deviatoric stress increment and the plastic
shear strain increment of the rockfill is assumed to be:
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dy 2—- " MY -n® 1
LM P T e (16)
c, m, p"™ M 2n

P v

dg=p

In Eq. (16), p is an undetermined coefficient, represent-
ing the ratio of incremental plastic shear strain between
rockfill and clay. Equations (15) and (16) can be respec-
tively transformed into the relationship between shear
modulus and stress state, as follows:

* Clay
3d,2-m, p M -n“ 1
G=0Z P TN (17)
c, m, p" M* 2n
» Rockfill
3d, 2—-m, p~ M/ -n" 1
G=p—L = / pERE (18)
Cp mv p Mf TI

It should be noted that the variables on the right-hand
side of Egs. (17) and (18) are structurally similar. These
variables can be transformed into:

* Clay

M%-n* 1 M|{M (n)" 19

M a2 M )

» Rockfill

M%—n* 1 M| M o

Myt UMM ) (20)
M52 2 (M,

For the rockfill material used in this study, the dilatancy
parameterisd =3.5. Based on experimental results from ref-
erences [14, 34], the relationships between G, — (M, 32 =)
(Mf1~5~2;7) and G, — (M*> — **)(M">257) were derived, as
shown in Figs. 8 and 9. It can be observed that, after pro-
cessing the coordinate system, both the rockfill material
and clay approximate straight lines passing through the ori-
gin, with only differences in slope magnitude.

By simultaneously solving Egs. (11), (14), and (18),
and incorporating the plastic volumetric strain variation
under the isotropic compression stress path as described
in Eq. (10), the hardening parameter can be determined as

o)

It can be observed that in Eq. (21), the hardening parame-
ter H, which is independent of the stress path, is composed of
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two stress-path-dependent parameters: the plastic volumet-
ric strain increment & and the stress path-related factor R(y).

Based on the test results shown in Fig. 3, iso-contours
of the hardening parameter H in the p—q space were plot-
ted, as shown in Fig. 10. It can be observed that across
a wide range of mean effective stress, the contours of H
resemble elliptical surfaces. Notably, the right-leaning,
droplet-shaped yield surface (with m = 0.5) shown in
Fig. 1 aligns well with the contour pattern of the harden-
ing parameter H.

By substituting the expression for the hardening
parameter H into Eq. (10), the yield function takes the
following form:
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2.5 Stress-strain relationship of elastoplastic
constitutive model

By transforming the plastic strain increment formulation in
Eq. (13), the matrix form of the plastic compliance is derived.

plp,) 2-m,
(M -n*)(2-m,) 27 23)
M M
(M*—n*)(2-m) Mm% 2y M
dO Md" rld,, do Md" _T]d”

3 Constitutive model parameters
The proposed elastoplastic constitutive model for rockfill
materials under stress loading consists of four parameter
groups:
1. Bulk modulus parameters: k , k¢, m;
2. Shear modulus parameters: k , k¢, n;
3. Characteristic stress state parameters: r, n_, Ty
4. Loading-induced dilatancy parameters: d, d, .

Table 1 summarizes these parameters based on the cor-
responding experimental tests. The model requires a total
of 12 parameters, all of which can be determined from two
standard laboratory geotechnical tests.
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Table 1 Constitutive model parameters and calibration

Type of parameter Parameters Types of tests
Isotropic

Bulk modulus parameters k,ke,m p

v compression test
Shear modulus parameters
Characteristic stress state k, ke, n Conventional
parameters NN triaxial
Loading-induced dilatancy dyd, compression test

parameters

3.1 Calibration of bulk modulus parameters
The methods for determining the characteristic stress
state parameter, the dilatancy parameter, and the material
parameters can be found in Sections 2.1 and 2.3. Below,
the calibration methods for the bulk modulus and shear
modulus parameters are provided separately.

The relationship between the plastic strain increment
and the stress increment can be expressed as follows:

{def} er] {dp} _ {c;;p cr } {dp}
de? dg} | €, Ch Jldg
1
K. KL |[dp
B {dq}'

Under the isotropic compression stress path, both the

@4

deviatoric stress and deviatoric strain vanish. Consequently,
the Eq. (24) simplifies into independent equations:

de? =—dp. 25)

By incorporating the elastic volumetric strain incre-
ment, the Eq. (26) is obtained:

de, =def +de? :%dp:[ ! +LJdp. (26)

K KP

Based on the distribution of volumetric strain under dif-
ferent confining pressures in isotropic compression tests,
the experimental data can be fitted using a power func-
tion, as illustrated in Fig. 11. The fitted power function is
expressed as follows:

€ =c [ﬁJ : @7
P,

In Eq. (27), ¢, = 25 and m = 0.51. By differentiating the
Eq. (27), the bulk modulus K can be obtained as follows:

k=¥ i [ﬁj : 28)
de p

v a
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In Eq. (28), k, = 1/(m c,) and m = 1 — m . For saturated
granite rockfill, the parameters are k, = 7.9 and m = 0.49.
It should be noted that, to prevent excessive model param-
eters, the elastic bulk modulus in Eq. (1) also adopts the
same power exponent 7.

3.2 Calibration of shear modulus parameters

The initial tangent modulus G, is determined based on
triaxial compression test results under different confin-
ing pressures. Previous studies [35] have shown that in
triaxial compression tests, the stress-strain relationship
of materials often deviates from the hyperbolic assump-
tion at both low and high stress levels, introducing signif-
icant uncertainty in the determination of model param-
eters. Consequently, substantial errors may arise in the
estimation of G,. In this study, the polynomial fitting
method for stress-strain data is employed to determine G,
for each confining pressure condition in the experiments.
Furthermore, its relationship with the mean normal stress
is established. As illustrated in Fig. 12, this relationship
can be expressed using the following power function:

G, =k,p, (1] . 29)

a

In Eq. (29), k and n are model parameters. For the sat-
urated granite rockfill material in this study, k = 288.4
and n = 0.33. Similarly, to reduce the number of model
parameters, the same power exponent # is used in both
Eq. (29) and Eq. (1).
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Fig. 12 The relationship between the initial tangent modulus and

the mean normal stress

4 Model verification
First, the proposed model was validated using triaxial
compression tests on granite rockfill material. Table 2
presents the elastoplastic constitutive model parameters
determined from the experimental results, while Fig. 13
illustrates the simulation outcomes. The experimental data
are represented as scattered points, whereas the simulated
stress-strain responses are shown as curves. The results
indicate that the model accurately captures both axial and
volumetric strain behaviors, closely matching the exper-
imental data. Additionally, the model effectively repli-
cates the dilatancy behavior of rockfill material during
shear. It is noted that, due to the influence of the nonlinear
dilatancy equation fitting, the model tends to underesti-
mate the rate of dilatancy evolution under low confining
pressures. However, this limitation does not significantly
impact the overall accuracy of the simulation.
Furthermore, the model was validated using triaxial
compression tests on two different types of dam construc-
tion rockfill materials [6, 36]. The elastoplastic consti-
tutive model parameters for these materials are summa-
rized in Tables 3 and 4, while Figs. 14 and 15 present the
corresponding simulation results. A comparison between

Table 2 The fitting parameters of elastoplastic constitutive model of
weakly weathered granite

k, k¢ m k, k¢ n
7.9 39.5 0.49 288.4 1442.0 0.33
T, n, r, n, d, d,
2.191 0.928 2.659 0.877 0.66 3.5
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Fig. 13 Fitting results of triaxial compression experiments on
granite with the proposed model: (a) Deviatoric stress—Axial strain,
(b) Volumetric strain—Axial strain

Table 3 The fitting parameters of a rockfill [6] elastoplastic
constitutive model

k, ke m k, k¢ n
4.01 20.05 0.32 450.5 2252.5 0.34
r, n, r n d, d,
2.31 0.92 277 0.88 0.75 4.0

Table 4 The fitting parameters of a rockfill [36] elastoplastic
constitutive model

k, k; m k ks n Ky
2.51 12.55 0.31 147.8 739.0 0.46 0.245
r, n, 7 n, d, d, o
2.18 0.92 2.18 0.92 0.85 4.0 0.8
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the experimental and simulated results demonstrates that
the model effectively reproduces the triaxial compression
responses under various confining pressures. It success-
fully captures key characteristics, including the nonlin-
ear stress-strain relationship, dilatancy, and contraction
behavior, for both types of rockfill materials.

5 Conclusions

Based on triaxial compression test data of weakly weath-
ered granite rockfill material, an elastoplastic constitu-
tive model for stress loading in rockfill was developed.
The key features of the proposed model and the main find-
ings are summarized as follows:
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1. A teardrop yield function capable of controlling left-
ward and rightward tilting of the yield surface was
constructed by introducing a factor with an isotropic
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