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1. Introduction 

Fundamental relationships of the classic theory of reinforced concrete 
([1]) and of the theory of plasticity ([2]) helped to solve many fundamental 
problems of the analysis of reinforced concrete members. In the case of elements 
or parts of them subject to local stresses, where diaphragm effect or the effect 
of spatial stress state, or even the relative shift of eoncrete and reinforcement 
parts originally in the same section must not be ignored, the starting conditions 
are more complex. Also homogeneous, elastic discs may have a closed-form 
solution but in some special cases alone (e.g. [5]), and discontinuity due 
to cracking can only be considered under given conditions (e.g. [6]) or with 
partial solutions ([16]), even using the latest practical methods. 

Now, a computation method for the analysis of so-called delicate domains 
- surroundings of e.g. application point of forces transmitted on restricted 
areas or surroundings of cracks - will be described. 

The character of this problem exQludes anything but a finite model. 
Earlier studies (e.g. [27], [3], [11], [17]) including those by the author ([21], 
[25]) applied the method of finite elements in some cases involving problems 
of reinforcement, cracking, non-linearity. This study, in order to gain certain 
advantages, extends the framework analogy to cases of reinforced or even 
cracked members. This refers to uses in non-linearity problems, too. 

2. The framework analogy principle underlying the model 

The method based on framework analogy - replacing the one-, two- and 
three-dimensional continuum by a discrete model ([12], [13], [15], [18]) 
essentially consists in constructing the investigated continuum of properly 
arranged bars of adequate stiffness creating an analogy between stress-strain 
conditions of the continuum and its model of bars. The method has its limita
tions, mainly as concerns the Poisson's ratio as pointed out in papers on bar 
structures replaced by continua ([10], [14]). 
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The investigated plane redundant models corresponding to isotropy 
exhibit a greater difference (v = 1/3), spatial models with secondary plane 
members a lesser one (v = 1/4) compared to Poisson's ratios usual for reinforced 
concrete structures. Investigation of its effect leads research on local stresses 
to rather deviating results ([7], [8] and [4], [29]). The Poisson's ratio is known 
to increase "with the increasing ratio of actual to ultimate concrete stress under 
permanent loads. This induced us to choose simpler models assuming a fixed 
Poisson's ratio, remarking that a more complex framework model permits to 
vary this latter. 

Another limitation is due to contradictions in compatibility upon applying 
varying mesh or to a:r;talogy inaccuracies upon reckoning with edges of oblique 
tetragonal units, or eventually requiring extremely fine mesh. The grid cannot 
adopt the reinforcement arrangement without restrictions. 

Uniform mesh is advantageous because of the possible occurrence of 
cracks throughout the beam length, and the mesh was demonstrated ([24]) 
to affect the calculated value of crack width; characteristics of the tie represent
ing the bond do not vary with the grid points. 

An advantage of the framework model is the identical simulation of 
reinforcing or prestressing steel and of bars representing the concrete, or the 
ties simulating the bond. 

The framework model is rather handy to consider the existing or supposed 
cracks in the concrete (maybe with a slight flaw in the analogy). 

3. Model ,of elastic plane members 

Determination of the displacements and internal forces of a structure 
seen in Fig. 1 or similar is expediently done by the deformation method, 
solving system of equations 

Ku=q. 

Elements of the unknown vectors u are the displacement components of 
the nodes, elements of the vector q are the components in the directions of the 
co-ordinate axes of the forces acting on the nodes. The coefficient of the unknown 
vector is the stiffness matrix K. 

For the sake of a simpler but descriptive form, let us deal with the two
dimensional problem. Consideration of cracks and reinforcement ... vill be 
demonstrated in this case, generalization to the three-dimensional model will 
be shortly demonstrated below. 

J 
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3.1 Stiffness matrix of the plane concrete unit 

Stiffness matrix of the square grid in Fig. I is produced by transforming 
the local stiffness matrix of each bar of the model into the global reference 
system x, y and by compilation. To this aim, local stiffness matrices of the 
bar types, and in case of different nodes, elements of the stiffness matrix in, 
and off the main diagonal are needed. 

Fig. 1 

3.11 Bar local stiffness matrices 

Bars in directions x and y equal in length to the mesh (l = h) have a 
cross sectional area A, a modulus of elasticity E, and a stiffness B = EA/h, 
bars in the diagonal and in the secondary diagonal have a length la = V2 h, 
a cross sectional area Aa' a modulus of elasticity E, and a stiffness Ba = f3B = 

= EAa/2V2h. 
Bar local stiffness matrix blocks have been compiled in Table 1. 

Table I 

Main diagonal Off main diagonal 
blocks blocks 

(v) bar in direction x K,,=B [ ~ ~ ] B [ -~ ~] 
(f) bar in direction y Kf=B [ ~ ~ ] B [ o 0] 0-1 
(a) bar in diagonal Ka= pB [ ~ ~ ] PB [-1 -1] -1 -1 
(m) bar in secondary Km= pB [ 1 -1] pB [-1 1] diagonal 

I -1 1 1 -1 
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3.12 Stiffness characteristics of model nodes 

The case of a continuous member broken down into framework elements 
of mesh h is shown in Fig. 2. Thus, two adjacent elements are a double bar of 
stiffness B. Possible cases of node arrangement - taking simulation of cracks 
in item 3.14 into consideration - are seen in Fig. 3. , 

Each nodal variant bears the symbol of the sum of blocks in the main 
diagonal of local stiffness matrices of bars joining in one node. Block values 
have been compiled in Table H. The off-main-diagonal block of the stiffness 
matrix of the structure is of course zero if no bar connects nodes marked 
'\\'-ith the block symbols. Otherwise outside the main diagonal of the stiffness 
matrix, the secondary diagonal block of the local stiffness matrix is indicated. 
Cases corresponding to bars and block symbols are seen in Fig. 4, and block 
values in Table HI. 
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Table n ~ 

Main diagonal blocks 

I{" I KJ I Ka I K"l symbol Kv I KJ I Ka I Km symbol 

Ko = 2(1{" + KJ + Ka + Km) 2 I 2 I 2 I 2 ko K51 = I{" + KJ+ Ka 1 1 1 0 "51 

-- -_. - -----

:l: K~l = ! I{" + ~ KJ + Ka 
1 1 

1 0 k~l 
Ku = 2 (I{" -I- KJ -I- Km) + Ka 2 2 leu 

2 2 

K~l = ; (Kv + KJ) + 2Km + Ka 
3 K;l = ! I{" + KJ -I- Ka 

1 
1 1 0 "~1 

2 2 k~1 2 

K~~= Kv + ! KJ+ Ka 
1 1 0 ~ "' '51 , 1 \2 

KI2 = 2 (I{" + KJ + Ka) + Km 2 2 2 1 le12 

K;2 = .~(I{" -I- KJ) + 2Ka + Km 
3 3 

2 1 k;z K5Z = KJ + I{" + Km 1 1 0 1 "52 
2 2 

K~2 = ! I{" + ! KJ + Km 
1 1 

0 1 k~2 2 2 ~ 
en 

Kz1 = 2 (KJ + Km) -I- K" + Ka 1 2 1 2 k21 
K~z= KJ+ ! I{" + Km 

1 

K' 3 3 2 1 0 1 I,~z 
21 = 2 KJ + 2Km + K" + Ka 1 2 1 2 k~1 

K~;(= K" + ! KJ + Km 1 
1 

0 1 I'" 2 '52 

~ 

Kzz = 2 (Kv + Ka) + KJ + Km 2 1 2 1 IC.~2 I 1 I 0 I 1 1 1 I 
Kz~ = ; K" -I- 2Ka + KJ + Km 

3 K53 = I{" + Ka + Km k63 

2 1 2 1 I,~z 
1011J1 1 1 1 . K54 = Krl-Kaj-KIIl. k5£ 

. 

K~3 = 2 (I{" + Km) + KJ + Ka 2 1 1 2 kZ3 K61 = Kv + Ka 1 0 1 0 ka1 

K' 3 3 K' 1 1 
k~l 23 = 2 Kv + 2Km + KJ + Ka 2 1 1 2 "2~ 61 = 2 Kv + Ka 2 0 1 0 

.--.-.-.----.. ----.-----~--~---- - ------- .. __ ._._-- ----.-

K~4 = 2 (K" + Ka) + KJ + Km 2 1 2 1 kZ4 Kaz= K" + Km 1 0 0 1 k62 

K' 3 3 K~2= ! I{" + Km 
1 

k~2 24 = 2 K" -I- 2Ka + KJ -I- Km 2 1 2 1 IC~4 2 0 0 1 
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Table 11 (continued) 

Kal = 2KJ + K. + Ka + Km 

K~1 = Kt + Kv + Ka + Km 

K; 1 = ~ Kt + Kv + Ka + Km 

K32 = 2K. + Kt + Ka + Km 

K~2= Ko+ Kt + Ka + Km 

K;2 = ~ Kv + Kt + Km + Ka 

K33 = Kv + Kt + 2Km -I- Ka 

K. I Kt I Ka I Km I symbol 

--1 -, ~-T~-I--~-' lC31 

1 1 I 1 1 I k~1 
3 

1 IT 
2 

1 

3 
2 

1 

1 

1 

1 

1 

1 

11 11 11 1 2 1 

k:;! 

k32 

IC~2 

TC;2 

ka3 

K34 = Kv -I- Kt -I- 2Ka -I- Km 11 11 1 2 11 1 ka4 

-IIT11111-1 K, = K. + Kt -I- Ka -I- Km 

K~1 = Kt -I- ; Kv -I- Ka + Km 2 
1 1 

K~2 = Kv + ; Kt -I- Ka -I- Km 1 1 I 1 
1 
2 

k, 

k~1 

k~2 

Kv I Kt I Ka I Km I symbol 

KS3 = Kt -I- Km ---~- ------~-I----· le
S3 

K~3 = ; Kt -I- Km _____ ~__ 2 0 1 k~3 

K7I = K. 

K;!= ; K. 

Kn= Kt 
I ,1 

K 72 = TKt 

K7a = Ka 

K,4 = Km 

o 

o 

2 

o 

o 

1 

1 
?, 

o 

o 

1 

1 
2 

o 

o 

o 

o 

o lcM 

o lc~4 

o TCn 

o le~1 

o TCn 

o TC~2 

1

0
1

0
1

1
1

0
1 Tc,3 

--------------I~·-I 0 I~I-l ,--::--

:.. 
~ 

§ 
';<: 

~ 
~ 
ii:: g 
~ 

~ 
(}. 



176 TASSI 

Table n (continued) 

ko = B [ 2 + 4,8 0 ] k32= B [ 2 + 2,8 0 ] k5a=B[ 1 + 2,8 0 ] o 2 + 4,8 o 1 + 2,8 ° 2,8 

kll = B [ 2 + 3,8 -,8] ~2 = B [ 1 + 2,8 0 ] k54=B[ 2,8 0 ] -,8 2 + 3,8 o 1 + 2,8 I- 0 1 + 2/3 

k~1 = B [3/2 + 3,8 -,8 ] k~2 = B [ 312 + 2fJ 0 ] I kS1 = B [ 1; fJ fJ 

1 -,8 3/2 + 3,8 o 1 + 2,8 ,8 

k12 = B [ 2 + 3,8 ,8 ] kaa=B[ 1 + 3,8 -,8 ] \ k~1 = B [ 1/2;,8 (3 ] ,8 2 + 3p -,8 1 + 3,8 ,8 

k~2 = B 3/2 + 3,8 ,8 k3_! = B 1 + 3,8 ,8 I k62 = B 1+,8 -,8 
32..L 3 1..L3 -[ (3 / I ,8] [,8 ,,8] I [(3 (3 ] 

k" d [':;P :;;p] l=k=04===B=[=1=:=2=(3=1=+=02=(3=]=11 k~2 = BlI/2~/~,8 ] 

_k_o;1 __ =_B_[_I_~_: (3_3,8_3_/2_~_~_(3_]_1 k~1 = B [ 1/2: 2: ~(3 ] 1I kS3 = B [ !(3 1 ~,8(3 ] 

k22 = B [ 2 + 3,8 ,8 ] k~2 = B [ 1 - 2(3 0 ] k~3 = B [ (3 - (3 ] 
,8 1 + 3tJ 0 1/2 + 2tJ I - tJ 1/2 + tJ 

k~ = B [3/2 + 3tJ tJ ] kS1 =0 B [ 1 + tJ tJ 1 
tJ 1 + 3tJ tJ 1 + tJ 

----------1 

kS4=B[ tJ 
1!fJ] tJ 

kz3 = B [ 2 + 3tJ -(3 ] k;1 = B [ 1/2 + tJ tJ ] 
- (3 1 + 3lJ (3 1/2 + tJ 

k;3 = B [3/2 + 3(3 -tJ ] k~1 = B [ 1/2 + tJ tJ ] 
-tJ 1+3,8 tJ l+tJ 

-----------1 

Ik~4=B[ tJ 
1/2 ~ (3 ] tJ 

I k,l = B [ 1 0 ] 0 0 
I 

1/2 0 k24 = B [ 2 + 3tJ tJ ] k~~/,;= B [ 1 + fJ tJ ] 

,8 1 + 3tJ ___ ----=--',8_--'-1/_2 ...:..+-,--,8 -"--I----"--------=-

k~4 = B [3/2 + 3tJ tJ ] kS2 = B [ 1 +(3 -tJ ] 

I k;l = B [ ] 0 0 

,8 1+3tJ -tJ 1+,8 
===========1 

k31 = B [ 1 + 2tJ 0 ] 
o 2 + 2tJ 

k;1 = B [ 1 + 2tJ 0 ] 
o 1 + 2tJ 

k~1 = B [ 1 + 2,8 0 ] 
o 3/2 + 2tJ 

k~2 = B [ 1/2 + fJ -(3 ] 
-tJ 1/2 + ,8 

k~2 = B [ 1/2 + fJ - tJ ] 
-{3 1 + {3 

I 
k~'; = B [ 1 + fJ - {3 ] 

-tJ 1/2+tJ 

k72=B[ 

k;2 = B [ 

k73 = B [ 

k,4 = B [ 

0 0 ] 0 1 

0 0 ] 0 1/2 
{3 fJ ] tJ tJ 
,8 -{3 ] -tJ fJ 

J 
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Table m 
Off main diagonal blocks 

Y = B [-~ 0 ] sj-mbol v 

0 

Y'= B [-~/2 0 ] symbol v' 

0 

F = B [ 0 
~l] 

symbol! 

0 

F'= B [ 00] symbolf' 

0-1/2 

A = B r -p -p] symbol a 

-p -p 

M = B [-P P] symbol m 

P -P 
3.13 Stiffness of a square continuum model 

4 (m X n)2 size stiffness matrix of a model with m X n nodes seen in 
Fig. 1 can be ·written as 

K= -AI L 

l LT A L 

LT A LJ LT Al (mn 

where blocks of size( 4 n2 in the diagonal are: 

A I = -k~l f' A = ~ 2 f I ' 
f' 1£31 f" f' ko f 

All = -k~2 f' 
f' k!n f 

f' ~1 f' 
f' k~ (n 



178 TASSI 

Accordingly, matrix A IJ is produced hy mirroring matrix A I onto the secondary 
diagonal, hut only the 2 X 2 hlock has to he mirrorred, without the contained 

elements. 
Matrices in the codiagonal of K are: 

L=r~ a 
v a 

l m v a 
m v' (n 

of size 4 m2, and their transpose L. 

I . --_u~X 

0) 80@ 86 
(D1-n+!d1\?l'( ~~fl0 d-1\/~-f)n+t 
2 ~ .. :~~P*+~ .. ::~ CD: .. ' : '.' : ~-: : -..: : :-: : '.: : :-.. '.' . -..: : .... : 

Fig. 5 

J 
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3.14 Stiffness matrix of elements with an arbitrary boundary or with cracks 

Stiffness matrix of a model of a non-tetragonal unit with sides parallel 
to axes x or y can be written to the sense. For sides other than parallel to the 
co-ordinate axes, the skew edges may be replaced by stepped lines, or - to the 
detriment of accuracy of analogy - the framework elements may be slightly 
off-quadratic. 

In the model there are two ways of reckoning with a crack along a given 
line. The first is by omitting the stiffness of bars crossed by the crack. This 
method is exempt of topology difficulties, namely there are as many elements 
in the stiffness matrix as in the model of an uncracked structure of the iden
tical boundaries. Analogy is made incomplete by cuts, but this simulation of 
cracks reckons with the subsistence of the unit in spite of the crack and the 
possibility of forces acting parallel with the crack. 

The crack can also be simulated by assuming it to lie along the boundary 
of units consisting of rectangular booms and diagonals, more exactly, the 
double bars split along the length. This second way is less disturbing to the 
analogy. Its stiffness matrix is made, however, more complicated by requiring 
the assumption of separate nodes at two end points of the crack, increasing 
the number of unknowns. Order of the stiffness matrix is affected by the 
variation of the crack shape and length, and this alternative is laboured for 
assuming different crack patterns, or even crack propagation. Thus, only 
the first method will be expounded below. 

3.141 Vertical crack 

Assume crack pattern according to Fig. 5, with the pertaining stiffness 
matrix: 

Kr/= AI L 

LT A L 

'. 
LT 

~\ 

A L 
.: ......... . 

T' • 
L ;Arjl Lr/; . '. 

: L~ Arjl : L' 
I ...... "! •• .I 

(1 

(2 

(p 

(p+l 

L~ A ~ 

LT. A L 

'Lt All '(1/1 
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In general: 

Arll == k32 f 
, I ko f 

f ko I ' itk;l'ii··············] 
: /"k31 i : 
: j ,kn f : : ...... ... " 

: f k-;~' I 
: i k3l' I :' 
: - I k l2 : f 
~ ••••....•..... -.-... -

I ko I 
f KO I 

«(P -1)1i+ 1 

«(P -1)11 + S 

«(P -1)11+ s+"\' 

«(p-l)n+ t-l 
«(p-l)n+t. 

f k32 (pn 

Block ArJ2 is produced by mirroring the modified block part marked by dash 
line in block Ar!! onto the secondary diagonal, where blocks size 2 X [2lare 
not mirrored onto their o'V .. -n secondary diagonals. 

LrJ in the co diagonal of the stiffness matrix becomes 

Lr/= v: a, 
m' v' Il 

m v a 
r····················~ m: v : 
· , · . · . 
· · · .. 
· · · · · : 
• v I a' •••• ~ ••••••• ~ •• _ ••••• J 

m v a, 

L'{j being its transpose. 

«(p-l)n+l 

«(p,-l)n + s, 

{(P -1)/1+ s + 1 

«(p":"'l)n+ t-l 

«(P -l)n + t 

A crack starting. from the lower edge has blocks of size 2 X 2 X n X n 
of the form: 
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Arll = ~32 f. 
I ko I 

I ko _! _________ . _ ................ . 
I :kll f' 

'; f k~l I 
1 j'k31 I . . 

• • II! 

\ . . 
f' k31 I 

«(P -1)n+ 1 

,«(P -l)n+ ss 

(cP :.. l)n + :s + 1 

/:kil I 
j,kS1 (pn 

and also A rj2 , L rj and Lif are modified accordingly. 

3.142 Horizontal crack 

181 

Stiffnes;;. matrix of a member crossed by a horizontal crack (Fig. 6) is 
of the form: 

oK", = Al L 

LT A . 
LT 

L 

A L' 
f-·-----~-···----··-------~·t 

LT :A"'l Lr , ;, 

• T ' 
; L", A",2 LTI'. 

· 
J · · · .. · · · · • 

" 
J 

I 

" , 
" 

, 
LT A 'L' 

TV 1V2 "': 

: T 'A : L • L IV , ",3' 
L. ..... "" • ..;._ •• · ..... '!" ........... _ ....... ~I 

LT, A L 
.. 9. .~. 

I'L'T"'A' ':L 

Cl 

(2 

-(3 

(s + 1-

(s+ 2 

(t-,2 

(t -1 

(t 

(m ..... 1 

LT All' (m 
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where 

ATV1 = k3-2.r . «s - l)n + 1 

«s - l)n + 2 f ko f 

f ko f 
f :;;1-/: 

:. f 'k12: f 
.. ,. - - _._ I 

f kO f 

«s - l)n + p 

«s.-l)n+p+l 

cv 

f kO f (sn-l 

f k32 (sn 

! x 

I 00 08@ 80 8@ 
1
1
0 ~"'JXr% ~sn+I~::~tn+f"NT1)n+t 

i 2 ::: (s~+ '~-IJn+1 ~!~ft{<~ 10 .................................... . 
yf : .'. : ... : ,'. : .'. : .'. : .', : ,', : ,'. : .'. : .'. : ,'. : ,'. : 

Fig,6 

J 



p 
ANALOGY·BASED MODEL 

'. ' . .. 

(sn + 1 

(sn + 2 

(sn. + P 

(sn + p + 1 

183 

8 
. . 

r kO f 
j-----i 

f :k12 f: 
". " 

I f kIl' f L._._.I 
( ko f 

f kO f «s + l)n - 1 

F .. k'32 «s + l)n 

«t-l)h+l 

«t-l)n+2 

«t - l)n + p 

«t - l)n + p + 1 

f ,ko f (tn-I. 

f k32 (tn 

o 
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L
IV

·= v' 'a 

m v a ,. 

m :~--O-: 
I· '" 

: 0 v:a 
~ .. • ; .... 1 . 

m v 11 

«t-l)n+l 

«t -1)n+,2 

«t -1)n+ p 

«t·- l)n + p + 1, 

m v a (tn-1 

m v' (tn 

In case of a crack attaining the left-side vertical edge, there is a stiffness 
matrix 

K' .,; 
IV 

.Ai ................. !"' .................... - ...... ~ ~ ......................... -.: 

Lr, 

~. 

" 

: . 
I 
I 
I • , 
f 

• t , 
I, 
f 

" I 
I · I, 
t' , 

· · i 

L~ A",2 LTI': 

TA': LTI' 1V3' 
••• ·~ •• ~ ••• ~ •••••• ~ ••• ~.~~~ ••••• ~ •••••• I 

i.l A L: 

(i 

(2 

.(j .... :i 

Ct -1 

(t 

";LT 0' 

A, L· .(m-l 

LT All (m 
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where 

A~ = kSl f' 
f' k31 ft 

f' k31 f' 
I

, ik,,;··O i 
: 52 : 
, 0 1.11/ 'f', 
, '\.51' 
!.. - - .... - ! 

i' k31 f' 

(.1 

(2 

(p 

(p+ 1 

f' k3'1 f' (n - 1 

f' kS2 (n 
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and Arv2' A rv3 and L Tv are as before. Stiffness matrix for a crack reaching to 
the right-side extreme fibre is 'written accordingly. 

, • X 

I 00 0@)@ (f]Jf!J0 88 
j
0 1-M1'-'Hsn+1~('-2)n+1~/n+1"''I\7l 
2 ~::: (S-l)~+I~l~(Sk~H 

1
0 : :<: :-: : ',': : :-: : :-: : ',': : ..... : '.-: : -,': : :-: : :-: : '.-: : 

yf - I 

. ~ . . . . . . . . . " ............ . 

Cl H::;~~~:';~ \,n)A~... (s+l)n- In ... ~1n 
'-..-> ' (1-3)n {t-l)n 

Fig. 7 
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3.143 Skew cracks 

The problem of simulating a concrete unit with cracks is made more 
difficult in case of skew cracks. In case of a crack of arbitrary shape, the stiff
ness matrix can be written by omitting the stiffness of cut bars. For a crack 
crossing a node, by definition it has to be decided, the bars of which side have 
to be cut. 

Blocks of the tri-diagonal hypermatrix exhibit a certain periodicity, 
not to be considered in details. 

For a crack at 45° starting from the bottom fibre (Fig. 7) the stiffness 
matrix becomes: 

(1 

(2· 

(s 

(t 

L~ A L (m-l 
LT All (m 

The block shapes are indicated by the following details (involving the 
main diagonal): 

J 
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3.2 Reckoning with the reinforcement in the model stiffness 

Any two nodes of the investigated framework model can be connected 
by a reinforcement, but here only reinforcement parallel to the co-ordinate 
axes will be considered (Fig. 8). 

~
x reinforcement 

tie end 

~ I reinforcement reinforceme~ I tie 

Y 
nocJy tie lie end node~~t§§ie!E:(Tt~ie;-;end ==lI~n=o=d';=e 
/,,--., '''-,,-@ ® /@' 

Fig. 8 

3.21 Reinforcement stiffness 

reinforcemen. 
ti~nd 

Let E. be the modulus of elasticity of the reinforcing steel; let A •• and 
Aa! be the cross sectional areas of the horizontal and vertical reinforcement, 
resp., and h the mesh, then stiffnesses are: 

The additive element in the main diagonal blocks of the stiffness matrix 
of the model, for horizontal or vertical reinforcement ending in the node is 

symbol ko• v and B.! [ ~ ~], symbol ko.!, 

the double is valid for reinforcements continuous over the node. The additive 
element off the main diagonal, for horizontal or vertical reinforcement is 

symbol v. and B.! [0 0], 
0-1 

symbolf •. 

3.22 Reckoning with the bond' 

Assuming the bond to be given by the relationship between the relative 
displacement and the bond force ([23], [20]), the bond can be simulated by 
ties with given mechanical characteristics inserted between the nodes of finite 
models of the concrete and the reinforcement. For a linear relationship ([9], 
[19]), the bond will appear in analogy to the framework model elements in 
the stiffness matrix. 

6* 



192 TASSI 

The ties of the horizontal arid vertical steel may be affected by stiffness 
characteristics Bkv and BkJ, respectively. Of course, modulus of elasticity, 
cross sectional area and tie length can be fictitiously assigned. Kno·wing the 
relationship 

tk .du .du 
Tl"=-=--=--

, Pd ),Pd A 

between the bond shear stress Tk and the relative displacement .du, where tk 

is the bond force per unit length, Pd the perimeter of the reinforcement of size 
d and ). the reciprocal slope of the linear bond force vs. relative displacement 
function, normally available with semiempirical values [22], we obtain: 

B/. = Pd
h . 

, A 

In knowledge of the solution, the bond shear stress is delivered by these 
relationships. In the case ·of a vertical or horizontal reinforcement ending in 
the node, the main diagonal block affecting the nodal stiffness characteristics 
of the concrete unit is: 

Bkv [1/2 01' symbol kkt. and B"J [0 0], 
o 0 0 1/2 

symbol kkf. 

Blocks of reinforcement crossing the node are k"t' = 2k~v and kkJ = 2k~f' 

3.23 Effect of the reinforcement tied to the node on the nodal stiffness 

In the case of a model of a concrete unit with horizontal or vertical 
reinforcement ending at the node, the blocks along the main diagonal are 
k i + k~kV and k i k~kv resp., and for reinforcement continuous over the node 
k i + kOkJ and ki + kOkJ resp., (Figs 9 and 10), ·where k i is the block of bars 
simulating the concrete as described earlier. The main diagonal block at the 
nodal point where ties and horizontal and vertical reinforcements ending in 

the node join k~kv + kOEV' symbol k~; and k~kJ + ko.!, symbol ki and in the case 
of continuity of the reinforcement kOkv + 2korllv , symbol kVIIiI and kOkJ + 2kollilf' 

symbol kJ •• Blocks off the main diagonal are those in items 3.21 and 3.22 
accordingly. 

3.24 Stiffness matrix of the model of a reinforced concrete member 

Simulating the bond by ties, common points of reinforcement and ties 
are as many new points of the grid. Accordingly, the number of unknowns 
grows, and so does the size of the stiffness matrix. 
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Fig. 10 

3.241 The case of a horizontal reinforcement 

For a horizontal reinforcement leading between both ends of the member 
and connected elastically to all points of a row of nodes (e.g. r in Fig. 9) the 
stiffness matrix in item 3.13 becomes as follows. 

To every 2 X 2 size block Vtith a subscript r, r of main diagonal 2n X 2n 
blocks is added a block klcv at an arbitrary point of the reinforcement, or a 
block k'm, at the steel end (the first and moth blocks A~ and ~I, resp., in Fig. 9). 
Block column r contains blocks n X m, and an m X m one in the main diagonal 
(of course, these are hypermatriccs ·with 2 X 2 blocks). From the first m 
blocks of the block column r', elements with subscripts r, p of the p-th block 
Vvp equal Vk , and v~, the others are zero. The main diagonal of the m X m 
type block V vp includes kv (in the corners k~), and codiagonals have v. Thus, 
the stiffness matrix becomes: 
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rn mn+! p m(n+!) 

~ ff.+--------- ________________ .tr-V-V1--':-I'1 (1 
K= 

o 

A,,: L r ....... 1 __________________ _ 

+_+-_rf-l---, 
A,,: L 

, ..... 1 :--r \ ---------------- Vvr-l 
--- I 

A,,: L Vvr 
L-_T+._._ . ....:· f---fr ~+-_-..,- - - - - - - - - - - - i- - - -

Av: L v;,r+l 
T .. .... , - T - - - - - - - - - - - - - - - -

Av: L Vv'r+2 I 
r .... .. 1- - r ...... - - - - - - - - - - - - I 

A: L 1 
r •• '~. - E - - - - - - - - - - -I 

Av: L Vvp 1 
r ...... 1- - r r- - - - - - - - - -

Av: L 
...... 1 __ -; _ _ ___ _ 

All' V 
~\.. I vm r ...... I _____ _ 

3.242 The case of vertical reinforcement 

(r- 2 

(r-l 

(r 

(r+ 1 

(r+ 2 

(p 

(m-l 

(m 

(r 

Stiffness matrix of the model of a vertical reinforcement (stirrup) con
tinuous throughout the structural height at line s (see Fig. 10) differs from 
that in item 3.13 by the following. Main diagonal block of the s-th block 
column is 

Only the s-th block and that in the main diagonal of the m 
column s' are non-zero. 

The s-th block is:' 

V"f = <jk,j",·· ·,j",jk) = Y/if, 

and the last one in the main diagonal: 

where: 

1-th block 

r 
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C = -0 1 
101 

101 
1 0 

Finally, the stiffness matrix becomes 

K=:: A! I 
iT A ,L 

-.. ; .. .: . 
',Il A L 

~l LT A L 

Ii'Vbl If 
,LT ,A L' 

'i,T ,A. L 

,(i 

'(3-2, 

(s-1 

V~f (s 

(s + 1 

(s+ 2 

(in -- 1 

.i.~ .A!l ,(~ 

VIr. -Vf ~i 

3.25 Model stiffness for cracked reinforced members 

195 

In simulating cracking by cutting bars of the model of the concrete, 
statements in items 3.14 and 3.23 are valid, namely k i may stand for any 
possible nodal stiffness of the concrete model. 

3.26 Bond of a non-linear relationship 

We do not intend to deal with the problem to the ex-tent how the 
computation is suitable to take the plasticity characteristics of the concrete 
into consideration by means of considering the yield of given bars of a frame
work simulating the continuum. 

Only the formation of nodal displacements and internal forces in the 
case of the yield of several bars, e.g. of ties, hence a constant bond force T F 

for 'varying displacement will be examined, instead of the linear relationship 
between bonding force and relative displacement. The presented relationships 
can be generalized for multi-parameter loads, nevertheless q will be considered 
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below to have a single parameter q. Let qo be the yield parameter of the first 
bar with end points j, k, then nodal displacements can be written as 

Bar i, j is inoperative for a load higher than qo determined from the solution 
U o (Lluij = LlUijP) but develops a constant force T p. K" is a modified stiffness 
matrix ignoring the stiffness of bar j, k. Displacement vector u for q> qo is 
delivered by 

Displacements are the sum 

u = U o + u" 

This equation is equivalent to 

K"u = qq + qm' 

where qm is a vector w1th non-zero elements of value T P occurring at the 
point of the yield (or the phenomenon simulated by it), at nodes of yielded 
bar ends ([24]). 

4. The elastic spatial model 

Here we intend only to show that the spatial model built up from ele
ments seen in Fig. 12 can be treated similarly to the plane problem. 

Merely a spatial grid is seen in Fig. 11. As an illustration, stiffness 
matrix of the model of the prism spanning between lines n, m, p in directions 
x, y, z is 

K,=' ~l '1. 

LT' A 1. 

.t • 

As an example, hypermatrix block A of size m X m, one of those contained 
in the matrix is 

• ,," # 

. ,. . 

,p 
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(9) 

(2) 

(1J 

I 
iT-I 

I 
kT-1 

Fig. 11 

yielding matrix B, again as an example: 

B= k12.f 

J k14 f 
f"k14 I 

~ Co o. 

f k14 f 
j.ki4 f 

f ki4 f 

197 

i.j,k 

.. «m + l)n + '1 • 

f 
! kl2 (Cm + ~)n 

Matrix elements are blocks type 3 X 3 that may be compiled by analogy to 
the plane case. Blocks in the main diagonal contain the local stiffness matrices 
of the zones or the biplanar bars written in the global co-ordinate system. 
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Fig. 12 

Obviously, secondary diagonal blocks contain a single non-zero element, hence 
in the example of a block B: 

f= EAy r 0 0 
h 0-1 

o 0 

5. Support, loads and prestressing forces 

All row sums of the stiffness matrix K for different cases are zero, hence 
the matrix is a singular one. Supporting a model node, i.e. preventing its 
displacement in directions x, y and z, the corresponding row or column of the 
matrix has to be cancelled. In the case of supports in a due number and 
position (e.g. at least three of different directions in the plane) the stiffness 
matrix will not be a singular one. Of course, loads may only act at nodes. 
Simulating the nodes, reckoning with the reality of not truly concentrated 
loads has to be attempted by way of some approximation, and so it has in 
the case of the reactions. 

Prestress acting on post-tensioned beams maybe considered as an exter
nal force, omitting prestress decrease due to elastic deformation. 

As a matter of fact, the prestressing effect in pre-tensioned beams can 
be taken into consideration by making use of the displacement method - simi
larly to the real processes on the prestressing bed. For a prestressing tendon 
of direction x crossing a node, the statement on the node equilibrium (an 
equation in the set) will be w~itten by replacing displacement Ux by Ux + ef' 

where er is the tendon elongation per mesh due to prestress. 

6. Stress determination from model node displacements 

In knowledge of the displacement vector, bar elongations, and hence, 
in knowledge of stiffness, the bar forces can be determined. 

Stress analysis may follow grouping in Fig. 13 (tie effect resulting from 
the nodal equilibrium). 

J 
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Fig. 13 

7. Example of applying the mathematical model 

Determination of the forces and reactions in a stepped post-tensioned 
beam end will be presented as an example. The cantilever of this beam has 
previously been analyzed by a different method, and the entire beam end has 
been tested up to failure ([26]). 

7.1 Beam end data 

Lateral view of the beam end with the grid is seen in Fig. 14 (h = 5 cm), 
the member considered as a plane problem has a thickness of 40 cm. 
Eb = 4.6 X 105 kp/cm2

• Reinforcement cross sections and perimeters have been 
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Table IV 

Symbol p/1- Z p/a- 4 P!4-S 
a b cab c a b c 

The forcc ap- i 11 1 
plication point j 2 

Comp(>ncnts 
(Mp) 

x I 36.4.3 
Y -1.59 

3 

1 1 1 
3 4 11 

-----

5.43 36.4.3 35.23 
1.59 -1.59 9.44 

1 1 13 13 13 
12 13 19 20 21 

---_ .. _---

35.23 35.23 136.02 26.02 36.02 
9.44 9.4.4 5.70 5.70 5.70 

, 

p/7- S 

a b c a 

R 
b c 

--~--.-.- ----~---- .. - ---------

13 3 13 6 7 8 
23 4 25 15 15 15 

---------

36.42 36,4 2 36.42 0 0 0 
1.91 1.9 1 1.91 -5.97 -5.97 -5.97 

8 

~ 
CIJ 
CIJ .... 
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converted according to the model law of similitude. Longitudinal reinforce
ments and stirrups are equal in diameter and in number for one section: 

A -A ""-" 7 cm2
• p ""-" 19 cm' Ea -- 2.1 X 106 kp/cm2 • BV - _/ ' - , d . - , 

Prestress and reaction due to external loads have heen replaced by 
three parallel components. Forces between the beam end and the adjacent 
beam part have been accounted for according to the mathematical model. 
To validify the de Saint-Venant principle, beyond the 25th column in Fig. 14 
- at the beam end butt - further 8 divisions have been assumed. Load arrange
ment is seen in Fig. 14., and load values have been compiled in Table IV. 

7.2 The mathematical model 

The beam end in item 7.1 has a boom stiffness B = 13.77 X 106 kp/cm2 

in directions both x and ,Y, -with a diagonal stiffness coefficient f3 = 0.5. Rein
forcement stiffness is BIS! = 2.92 >( 106 kp/cm2 • The bond coefficient has been 
assumed as A = 1/400 cm3/kp. Accordingly Bk = 37.7 X 103 kp/cm2• 

concrete part with reduced depth 
ml./reiI1foJece,me,nt taken into consideration) 

I 

I 

I 
I concrete part 
I full depth 
11 (reinforcement taken into 
, consideration) 

I longitudinal 

I 
reinforcement 
in the part with 
reduced depth 

I 

o 0 
stirrups 0 0 stirrups in the part will full depth 
in the part 0 
with reduced ' 0 
depth 0 

Fig. 15 

D 

r: 

LJ 

,-
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crackless 

cracked 

Fig. 16 

In the first group of solutions, the concrete has been considered as exempt 
of cracks but reinforced. Cracks have been taken into account according to 
item 3.14, by approximation based on test results ([25]), and represented in 
dash line in Fig. 14. There are 1058 nodes in the model, of them 770 simulate 
the concrete member, 87 the end points of the longitudinal ties, and 201 'those 
of the stirrup ties. 

J 
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Details of the computer analysis will be omitted here. Scheme of the 
coefficient matrix of the set of equations solving the model in Fig. 14 by the 
displacement method is seen in Fig. 15. (Non-zero blocks have been framed.) 

7.3 Computation results 

Computation resulted in model nodal stresses (lx, (ly and Txy' longitudinal 
steel and stirrup stresses, bond stresses in all crack-free and cracked units, 
and crack width. 

As an example, development of stresses (ly' will be presented both for 
the crack-free and the cracked beam. In Fig. 16 stress redistribution due 
to cracking is seen in the axonometric picture of the member with cracks traced 
in dashed lines in Fig. 14. 

8. Conclusions 

Advantages of the framework analogy model of reinforced or prestressed 
concrete members appear even in case of certain limitations. The model suits 
to simulate the cracking, the reinforcement, the bond. Applicability of the 
model is demonstrated by means of an example. 

Summary 

A mathematical model has been constructed, suitable to simulate a concrete member 
in stress states I and n, to consider reinforcement and cracking, and also effects of certain 
plastic behaviour. Stiffness matrices of the concrete unit, the cracked concrete unit and the 
reinforced concrete unit are written for the model based on the extended framework analogy, 
involving the methods of the bar system theory. Concrete to steel bond simulation, establish
ment of spatial models, simulation of supports, external forces and prestress have been con
sidered. The method has been illustrated on the example of a stepped, post-tensioned beam 
end with longitudinal steel and stirrups, in crack-free and cracked conditions. 
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