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The realization of modern highways and complex junctions needs many 
bridges of 20 to 30 m span. It became economical and necessary to develop 
standard prefabricated superstructures. The main aspect in selecting the 
structure was to create a superstructure from prefabricated elements proper, 
easy of production, haulage and mounting, involving the simplest possible 
connections in the site, and of monolithic-like behaviour. 

The usual form of steel or monolithic concrete bridges, consisting of 
beams, cross-beams and a deck plate over them united to a composite structure, 
was inadequate from the aspect of requirements formulated above. Thereafter 
multibeam bridges consisting of prefabricated beams connected by longitudinal 
rows of hinges had been developed. Control of the erected superstructures 
showed defects, harmful movements in these joints. 

Rigid connections resisting bending moments between the flanges of the 
prefabricated beams superimposed hy a plate cast in situ on the flanges all 
across the superstructure was the next stage of progress. The question arose 
whether this plate could eliminate both the cross-beams difficult to construct 
and the expensive transverse prestressing. 

On the hasis of foreign and Hungarian experience, a superstructure 
made of prefahricated, prestressed T beams, connected by end cross-heams 
and hy a hridge deck plate cast in situ over the flanges serving as mould was 
chosen (Fig. 1). 

The application of this superstructure - to be considered as up-to-date -
was hindered by the lack of a method of calculation to reliably determine the 
behaviour of this eccentrically stiffened plate with no intermediate cross-heam. 

It must be emphasized that mathematical models applied for concrete 
bridge superstructures mostly take the char,}cteristics of steel bridges into con
sideration. There is an increasing contradiction between the numerical accuracy 
offered by computers, and the approximate mathematical models involving 
approximate assumptions. 

In the present paper, after a short survey of the current mathematical 
models, a new interpretation given the transverse load distribution factor and. 
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Fig. 1 

the transverse bending rigidity of the superstructure, the effect of eliminating 
the intermediate cross-beam on the load distribution ·will be discussed. A more 
detailed mathematical model fitted to the charactcristics of concrete bridges 
·will be outlined. 

Survey of available mathematical models 

The mathematical models for the behaviour of steel and concrete hridges 
consisting of a hridge deck and the interconnected girder system or grillage 
under traffic loads can be divided in two main groups: 

- models consisting of discrete elements, 
- continuous models. 
The models using discrete elements (grillage, interconnected girder system, 

folded plate) take the effect of the plate rigidly connected to the heams into 
consideration, calculating effective bending and torsional rigidities of T cross 
sections with an effective flange width. These models are not suitable to be 
developed into a more precise model of computation, as the calculated upper 
fibre deformations of the girders are not consistent, and therefore the effect 
of the interacting bridge deck is taken into consideration at an unknown 
degree of approximation. 

The continuous model of an interconnected girder system or grillage 
rigidly connected to the bridge deck is the well-known orthotropic plate. It 
seems of importance to discuss this model in detail, as it is used very often 
in bridge design without cristicism though it may lead to defective structures. 

The theory of the orthotropic plate was first used by HUBER (1924) for 
calculating reinforced concrete two-way slahs. The isotropic plate stiffened hy 
eccentric rihs was first substituted by an orthotropic plate hy PFLUGER (1947). 

J 
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The mid-planes of the plate of the real structure and of the equivalent plate 
are the same, but the latter is not free from in-plane deformations any more. 
The behaviour of this orthotropic plate as a function of deflections 10 normal 
to the mid-plane can be formulated as an eighth-order differential equation. 

The acthities of GUYON (1946) and MASSONET (1950) were of great 
importance for the generalization of the equivalent orthotropic plate model of 
grillages. Because of its simplicity, it is also used for multibeam bridges. 

Experiments performed to check the theory gave, however, smaller de
flections than expected from calculations. A group of researchers attributed 
this deviation to inaccuracies in the torsional rigidity (CORNELIUS, 1952), or to 
the uncertain effective flange width (SAMUELLI FERRETTI, 1962). All of them 
attempted to eliminate this uncertainty by increasing the "effective" stiff
nesses. 

TRENKs (1954) [1], referring to statements by PFLUGER and HOMBERG, 
points to the fact that assumptions made by HUBER are no more valid in the 
case where the mid-planes of the isotropic plate and of the equivalent ortho
tropic plate do not coincide, the former being not exempt of in-plane defor
mations. 

GIENCKE (1955) [2] and MASSONET (1959) [4] derive again the differen
tial equations of eccentrically stiffened plates. GIENCKE, neglecting the in
plane deformations, gets a Huber-type equation, taking the influence of the 
eccentric ribs on the effective rigidites into consideration. MASSONET goes 
further and states that to every boundary condition and loading another Huber
type equivalent plate belongs. He also proved that the stiffnesses measured on 
eccentrically stiffened plates subject to pure bending or torsion are the lower 
bounds of stiffnesses effective under combined loading. 

HUFFINGTON (1956) [3] states also that a single orthotropic plate of 
constant thickness cannot be equivalent to the stiffened plate with all its 
characteristics. Criteria of substitution could be either the identity of de
flections at a characteristic point, the coincidence of stress components, the 
same average deflection or equality of strain energies. 

BAREs (1959) [5], comparing his theoretical and experimental results 
stated the in-plane action of thc bridge deck to influence essentially the defor
mations. The load distribution determined from the upper fibre strains of the 
ribs differed by 40% from that of the equivalent plate. 

Determination of the equivalent, plate stiffnesses of concrete bridge su
perstructures showed the assumptions and idealizations to closer approach the 
characteristics of a stiffened steel plate than of a concrete structure. As a 
matter of fact, none of the authors took into consideration that one of the 
aims of the design of concrete bridges is to determine the amount of ordinary 
or prestressed steel in the girders and the exact values of the transverse deck 
loading effects. 
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The adoption of the model of equivalent orthotropic plate for steel bridge 
decks can be considered as correct, as the dimensions of the loaded area are 
greater than the spacing of stiffeners, so in the steel deck a rather homogeneous 
state of stress develops. Even at present, several publications neglect the 
antecedents and thus, forcedly lead to erroneous results. Omitting to indicate 
the range of validity of the derived equivalent stiffnesses, the "'Tong view is 
maintained behind the ephitet "advanced". It is completely meaningless e.g. 
to conclude from the deflections of the equivalent orthotropic plate on the 
transverse bending moments of the bridge deck. 

No difficulties of principle arise in taking the exact composite action of 
the bridge deck and the grillage or the interconnected girder systcm into con
sideration. In the computer age it is not reasonable to refer to the bulky com
putations, neglecting the excess of the load bearing capacity of the structure, 
and it is both uneconomical and unjustified to apply more or less fairly approxi
mate models at a high degree of accuracy. 

A new interpretation of the load distribution factor 
and the transverse bending rigidity 

The design of a structure made of concrete, brittle and sensitive to crack
ing, has to determine the proper percentage and position of the reinforcement, 
and sometimes to guarantee a crack-free structure. Accordingly, it is wrong 
to characterize the parts of a hyperstatic structure by the ratios of deflection. 

It must bp mentioned that papers dealing with stiffened plates ignore 
the tensile stresses in the ribs. Some authors determine the compressions in the 
plate, mainly for steel structures. 

The transversal load distribution factor q~Z is the ratio of an effect (bend
ing moment, tensile force etc.) in the ith girder of the cross section r caused 
by unit concentrated load at point k of the cross section s, to the sum of the 
same effects in cross sections r of all girders caused by a uniform transversal, 
linear load (of unit resultant) in cross section s. 

Thus, the load distribution factor is not the ratio of deflections but that 
of important effects acting on a concrete hridge. It must be emphasized that 
this load distrihution factor is not to distrihute the resulting hending moment 
in a beam with the same boundary and loading conditions, as the in-plate defor
mations cause an important increment of tensions in the heams. 

The notion about the transverse bending rigidity of the superstructure 
must also be changed. The necessity of cross-beams of a high transverse rigid
ity is motivated by the possibility of great single concentrated wheel loads 
to act on the outer beam. This single load is 'VTenched from the vehicle axle 
but in reality, an axle always bears two wheels and the load on the outer beam 
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is determined by the sum of both load distribution factors under them. Thus, 
it can be realized that a lower transversal rigidity - neglect of the cross
beam - may not increase the bending moment in the outer beam. 

Comparison of model test and calculation results 

To control the reliability of mathematical models used in practice, and 
of the preceding suggestions, model tests were made, and compared to calcula
tion results. 

The 1 : 20 scale model made of asbestos-cement plate and ribs of a 25 m 
single-span superstructure, with a cross section similar to that presented in 
Fig. 1, with end cross-beams and with or ,~ithout a single intermediate cross
beam, was tested in the elastic range, using dial gauges and electrical strain 
gauges. 

Three types of load distribution factors were determined viz. the ratio of 
deflections D, the ratio of resulting bending moments lVIM , and the ratio of 
tensile forces T in each T beam of the superstructure. 

The load distribution in the outer and central beams at midspan (Fig. 2) 
permits to examine the effect of the intermediate cross-beam and the accuracy 
of calculations according to the grillage and the equivalent orthotropic plate 
models. 

For the outer beam, the cross-beam is less effective but for the central 
beam, more effective than expected. 

Some stresses have been computed for the midspan cross section of the 
outer and the central beam: the bending moments 1vI M' the tensile forces TT 
and the bending moments NI D using the influence lines determined from the 
model bending moments, tensile forces and deflections, respectively. 

As vehicle axle load, that specified in the Hungarian Code for Highway 
Bridges was taken, consisting of two 10 Mp loads spaced at 2.7 m. 

For the outer beam, MD can be stated to exceed NIM by 20-12%, but 
for the central beam, lVID is less by 26-0% than ll1M , the cross-beam influences 
more the central than the outer beam. 

Table I 

Load effects from model tests 

Outer beam Central beam 

MM 

I 
TT I MJ) MM I TT 

I 
MD 

Mpm Mp I Mpm Mpm 
I 

lIlp Mpm 
-

I i Without cross-beam 18.28 4.76 

I 

24.15 17.96 

I 

9.91 14.22 

With cross-beam 20.91 14.13 23.85 12.76 6.94 12.92 



246 WINDISCH 

~ 

~- -Cl,.QJ ~ 
.~ -g ~ 
g.E ",E: 
~~ g>:s 
...c:: 0 :=:: tJ 
15E·~E: T M 0 

468 332 435 307 292 """-'"""----1 

204 168 162 143 166 

51 88 73 83 81 

-27 37 33 46 33 

-43 -4 -4 21 -1 

58 56 49 63 80 

115 122 120 88 115 

193 170 286 255 149 

115 122 120 88 115 

58 56 49 63 80 

without cross-beam 
[1O-3J 

Fig. 2 

~ 
o 

",E 
~ 
~E 
~ T M 0 

278 328 236 272",",,~---1 

187 182 156 175 

92 89 104 gg 

32 15 51 39 

-28 -31 21 -24 

99 86 100 100 

110 109 111 112 

119 155 137 125 

110 109 111 112 

99 86 100 100 

with cross-beam 
[1O-3J 

i, 
\ 

Tensile stresses aM and aD (kpjcm2) in the bottom fmer of the two beams 
have been calculated, respectively, from the load effects M M and TT like 

from MD' 

Without cross-beam 

With cross-beam 

Table n 
Stresses from model tests 

Outer beam 

27.18 

31.00 

33.03 

32.62 

Central beam 

26.25 

18.85 

19.45 

17.67 

According to these results, the notion that the cross-beam "helps" the 
outer beams must be revised. The vehicle mentioned causes almost the same 
stresses as in the central beam. 
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From Fig. 2 it is also seen that in all cases the load distributions differed 
significantly between those deduced from bending moments and tensile forces 
and from the measured deflections. 

For the sake of comparison with a mathematical model, results in Fig. 
2, load distribution influence lines deduced from the computed deflections of 
the equivalent grillage either with a real cross-beam or a cross-beam formed 
by the deck plate of 2 m width, and from the orthotropic plate model solved 
by the GUYON-MAssoNET method are given. 

In the superstructure "\\'ith a cross-beam, the computed and the measured 
deflections of the model and those of the grillage give almost the same load 
distribution influence lines, but lines deduced from the inner forces are rather 
different. 

In the case of a superstructure "\\'ith no cross-beam, the orthotropic plate 
gives a very uneconomical load distribution in the outer beam, underestimating 
the equivalent rigidities, while for the central beam, the computed influence 
lines are on the unsafe side. 
Measurements permit to conclude that 

the rigidity of the bridge deck significantly influences the load distri
hution; 
in the case of the superstructure examined, 15 % of the loads were 
carried by the structure acting as a folded plate; 
the in-plane deformations of the plate do not follow the Bernoulli
Navier assumption, not even between two adjacent beams. 

A refined mathematical model 

The superstructure of a multibeam bridge can be modelled as sho·wn in 
Fig. 3. The beams and plates are connected by n + 1 nodes at every interline. 
At a node, five inner force resultants substitute the rigid connection between 
beam and plate. 

Fig. 3 
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The deck plate is modelled as a quasi-thin, homogeneous, isotropic, elastic 
plate, loaded both in-plane and transversally. The effect of transverse shear' 
deformation must be taken into consideration, as the span to depth ratio of 
the plate between two beams is nearly 5. 

The beams are prismatic, elastic, homogeneous, isotropic, subjec,t to 
loads varying along the axis. 

The differential equations of the plate were derived, and the state of 
stresses in the beams determined by the method of ALMANSI [6]. 

The inner nodal forces are calculated by the force method. More details 
are given in [7]. 

This method is easy to computerize, permitting to improve thc accuracy 
of load effects on the girder system interconnected hy the hridge deck. 

Summary 

Based on results of eomparative calculations aud of model tests, the inadequacy of 
the method of equivalent grillage or of the orthotropic plate theory to determine the real 
behaviour of multibeam concrete bridges has been demonstrated. A new interpretation of the 
transverse load distribution factor and of the transverse bending rigidity of the superstructure 
has been suggested. The effect of the intermediate cross-beam on the load distribution has been 
considered and a computerizable refined model of calculation outlined. 
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EQUATIONS FONDAMENTALES DU RESERVOIR EN 
PLASTIQUE RENFORCE A FIBRES, SOUS PRESSION 

Chaire de Constructions en Beton arme, Universite Technique de Budapest 

(Accepte le ler novembre 1977) 

1. Introduction 

On etudie aujourd'hui les materiaux renforces a fibres de mamere macro
scopique a l'aide d'un continu equivalent. Le principe de cette methode con
siste a definir - en se basant sur les proprietes des fibres et de la matrice de 
pose - une matiere homo gene, equivalente au point de vue de la resistance, de 
maniere que la structure reelle du materiau sera laissee de cote au cours du 
calcul. 

Aujourd'hui les recherches visent par excellence la creation du modele 
rcmpla(,)ant, reposant sur la mise a jour, autant que possible exacte, du jeu des 
forces du systeme des composants fibres-matrice. A l'Universite Technique de 
Budapest on s'occupe egalement de ce sujet et des domaines scientifiques 
limitrophes d'une maniere approfondie; dans ces dernieres annees l'activite de 
P ALOT.,iS, THAIIIIII, VARGA et POllI.,iZI a furni des resultats considerables. Ce sont 
surtout les recherches de PETRASOVITS sur la capacite portante des groupes de 
pieux et de TAssI sur l'ancrage des armatures de precontrainte qui meritent 
l'attention et qui - quoique ces auteurs etudient des problemes absolument 
differtnts - fournissent des donnees de grande valeur pour l'etude de la 
theorie des materiaux renforces a fibre. 

Un mode de traitcr le renforcement a fibres, totalement different de la 
consideration du probleme au point de vue de la «resistance des materiaux», 
est celui de l'approcher du cote des «systemes porteurs». Dans cette conception 
les fibres supposees arrangees (et la matrice solidaire) constituent un cordage 
special, capable de reprendre des pressions. Pour resoudre le probleme, on 
trouve un appui interessant a plusieurs points de vue dans le livre de SZABO 
et KOLLAR sur les cables de suspension. 

2. La formulation du prohleme 

'L'etude presente traite une co que-membrane, decrite par les coordonnees 
de surface orthogonales u, v. Pour simplifier le probleme, nous posons le 
systeme de coordonnees de maniere que u = const., v = const. donnent en 
meme temps les directions de courbure principales de la surface. 
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La resistance de la structure est assuree par un ou plusieurs systemes de 
fibres. La tangente des fibres de l'ieme systeme forme uniformement un angle 
f} (u, v) avec l'axe v, et f} est dans chaque point regu1ier de la surface univoque 
et continu. 

L'etude se pose comme but d'etablir des relations entre la charge de 
compression, la forme de la surface (c.-a.-d. la disposition des fibres) et les 
forces naissant dans les fibres. 

3. Relations geometriques 

Dans un point superficiel, donne par le vecteur de position X, le triedre 
accompagnant de la courbe dans l'espace de la fibre pcut etre caracterise par 
les vecteurs unitaires (et' en' eg). Le vecteur de courbure de la fibre est la 
variation de la tangente le long de la longueur d'arc, c'est-a-dire: 

dont la grandeur absolue est designee par 1/ (!. Nous decomposons ce vectcur 
de courbure en deux composantes. 

La grandeur du vecteur de courbure (<normal» de la fibre est le produit 
scalaire, compose avec le vecteur unitaire de la normale principale, en se basant 
sur la formule de Frenet! 

La grandeur du vectcur de courbure «geodesique)) dans le plan tangent est: 

Si l'on designe les courbures respectivement normale et geodesique, appar
tenant a. la ligne u = const. par %n(u) et %g(u) et cellcs appartenant a. la ligne 
v = const. par %n(v) et %g(v), on en obtient - puisqu'il s'agit de courbures 
principales - les courbures correspondantes de la fibre form ant un angle f} 

avec l'axe, d'apres le theoreme d'Euler: 

ou d'apres le the ore me de Liouville: 

%g(v) cos f} + %g(u) sin f}. 
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On pose egalement - en forme raccourcie - la premiere forme primitive 
de la surface qui est - compte tenu des coordonnees orthogonales: 

ou 

et 

avec 

et 

El = oX oX 
OU OU 

G
l 
= oX . oX 

OV OV 

La seconde forme primitive de la surface est 

On sait aussi qu'entre les grandeurs ci-dessus - selon Bonnet - les 
relations de geometrie differentielle suivantes existent: 

et 

d'autre part 

et 
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4. Conditions d'equilihre 

La condition d'equilibre de la longueur ds d'un element du systeme de 
fibres: 

ou S est la force normale se present ant dans la fibre et q est le vecteur de la 
force exterieure, rapportee 8. la longueur d'unite. 

On peut ecrire cette relation egalement dans la forme 

qui donne - apres la differentiation - le resultat: 

dS - er:-: -
-- et + 0~ + q = O. 
ds 

Les produits scalaires de cette equation vectorielle, formulee avec les 
vecteurs unitaires du triedre accompagnant, fournissent les conditions gene
rales de l'equilibre spatial: 

dS 
--+qt= 0 
ds 

S%n + qn = 0 

S%g + qg = 0 

ou qt' qn' qg sont les composantes de la force specifique exterieure dans les 
directions du triedre. 

n decoule de ce qui vient d'etre dit, que les trois equations ne seront 
satisfaites que dans le cas d'un seul systeme exterieur de force exceptionnelle, 
le probleme statique est donc insuffisamment determine. La supposition d'une 
charge spatiale quelconque exige donc le developpement d'au moins trois 
systemes de fibres s'entrecoupant. 

5. Des cas de chargement speciaux 

La resistance du materiau sera exploitee de maniere optimale, si la force 
normale, naissant dans les fibres, est constante tout le long, c'est-8.-dire 

dS = o. 
ds 
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On peut qualifier une forme constructive - c'est-a-dire une disposition des 
fibres - satisfaisant a cette condition d'eumorphe. 

Au sens de la premiere equation d'equilibre, un systeme de fibres 
eumorphe ne pourra etre forme que si la projection des forces exterieures en 
direction tangentielle est egale a zero. 

Dans un cas de chargement ulterieur, encore plus special, q! est aussi egale 
a zero, de maniere que les forces ex"terieures agissent normalement a la surface. 
C'est caracteristique des reservoirs sous pression. Il s'ensuit de la troisieme 
equation d'equilibre que ces conditions exigent que ~g = 0 soit satisfait. Par 
contre, un systeme de fibres eumorphe sans courbure geodesique coincide avec 
les lignes geodesiques de la surface. 

6. Le systeme de fibres eumorphe du reservoir sous 
pression it la surface de rotation 

Les relations generales, traitees au prealable, se simplifient sensiblement. 
s'il s'agit d'une surface a symetrie de revolution et si la charge est une pression 
constante normale a la surface. 

Comme d'habitude, on decrit la forme a l'aide de coordonnees cylindri
ques, donc les directions de courbure principales sont les cercles paralleles, 
d'une part, - c'est-a-dire u = z = const. - et les meridiens, d'autre part,. 
c'est-a-dire: v = rp = const. 

Le vecteur de position est: 

(

' r cos rp ) 
X = r s~n rp 

ses derivees respectivement de premier et de second ordre sont: 

d'autre part 

dr d . d - cos rp z - r sm rp rp 
dz 

- oX oX 
dX = -- dz + -- drp = dr. d d 

OZ orp - sm rp z + r cos rp rp 
dz 

d2r 
-- cos rp 
dz2 

d2r 
-- sin rp 
dz2 

o 

dz 

10 Periodica Polytechnico. Civil 22/3-4 
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et 

a2X (-r c~s CP) 
-- = - r SIn cP • 

acp2 o , 

Les coordonnees du vecteur unitaire perpendiculaire sur la surface sont 

(

COS f3 cos cp ) 
en = cos ~ sin cp 

smf3 

ou f3 est I'angle forme par la norm ale et sa projection sur le plan (x, y). 
Les coefficients figurant dans la premiere forme fondamentale superficielle 

sont: 

El = (eX . ax) = 1 + (dr )2 
az az dz 

et les coefficients de la seconde forme fondamentale sont de maniere analogue: 

En utilisant ces formules, les courbures sont 

G2 cos f3 
"n(u) = -= -.--

Gl r 

et 
d2r 

E dz2 

"n(t» = _2 = ------ = -1/ (!. 

El [1 + ( !: rr2 

Au cas special etudie, le pro cede fournit donc la relation connue de la 
courbure, et conduit par contemplation directe aussi a une constatation evi
dente, un fait qui prouve la justesse de l' expose precedent. 
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La courhure normale des fihres disposees de maniere qu'elles forment un 
angle 1} avec la direction du meridien est, selon Euler 

I ? f) cos f3 0 2_(1 
"n(") = - - cos~ - --- SIn '/J 0 

r 

D'apres ce qui vient d'etre expose, cette direction est pour un reservoir 
sous pression eumorphe la ligne geodesique de la surface. 

En posant 

l'integration de la relation de Liouville donne en consequence de la symetrie 
de revolution le theoreme de Clairaut, c'est-a-dire: 

r sin 1} = rosin 1} 0 

on r 0 et 1}o sont des constantes d'integration, considerees comme couple de 
valeurs se rapportant a un lieu fixe. 

Pour simplifier les notations, nous introduisons quelques symholes nou
velles. Soient le rayon non-dimensionnel de la coque-memhrane 

la courhure «initiale» de la fihre 

et 

En les utilisant on ohtient 

(9 = sin {}oo 

(9 
sin 1) =

R 

cos 1} = ~ V R2 - (92 • 
R 

7. Les equations du reservoir sous pression eumorphe 

D'apres ce qui vient d'etre dit dans le chapitre 4, il faut supposer que la 
structure est formee par plusieurs systemes de fihres. La force exterieure, appli
quee a l'i~me systeme est 

Pi 2 _(1 qni = - rn cos '/Ji 

ni 

10* 
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on Pi est la pression exercee sur Pieme systeme et ni est le nombre des fibres 
du systeme en question. 

Dans l'equation de projection de direction normale de l'equilibre spatial 
on substitue l'expression de la courbure de la fibre, deduite au chapitre 6: 

- j - cos- j,- --- SIn- 1fj ,- - ~T:r: cos i = . S (
I ? fJ I cos f3 . 0 G) 1 Pi') fJ 0 
e T nj 

Apres avoir ordonne l'equation, en tenant compte de tous les systemes de fibres, 
on aura pour la courbure meridienne de la surface la relation 

dans laquelle 

N- ni 
1i=-

n 

est le nombre relatif des fibres dans chacun des systemes et 

pro 
lp = 2n--

Sn 

est un parametre de charge non-dimensionnel. 
On reconnait une relation analogue en se basant sur l'equilibre axial: 

::E niSi cos fJOi - Tij;ZP = ::E niSi cos fJ i cos f3 - T2np. 
i i 

Apres avoir ordonne l'equation, on obtient la formule 

Seulement pour l'interet de la chose, nous presentons de nouveau que l'equilibre 
annulaire d'une fibre qUelconque - c'est-a-dire pour une rotation autour de 
l'axe z-

apres avoir reduit l'equation par la force de fibre, fournit le theoreme de Clairaut. 

J 
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En conclusion, le reservoir sous pression eumorphe peut etre caracterise 
par deux equations determinaires. Parmi les grandeurs y figurant la pression 
p et la coordonnee relative R sont donnees. Les parametres 1f1 (c'est-a-dire S;), 
ainsi que Ni et e i sont caracteristiqucs du systeme de fibres suppose, e et fJ 
sont des formes de surface choisies. La fixation de trois sur les cinq donnees 
enumerees permet donc theoriquement de calculer les deux autres. 

8. L'etude d'un systeme de fibres en direction meridienne 

La resolution du probleme cite plus haut exige un appareil mathematique 
considerable, de maniere que ce sont surtout des procedes numeriques dont il 
pourrait etre question. On ne doit tout de meme pas exclure l'emploi des 
methodes analytiques, comme nous le montrerons pour un cas special, celui 
d'un systeme de fibres de direction seulement meridienne. 

Sous la condition e = 0 la premiere equation determinaire est 

La notion de la courbure figure egalement dans un autre domaine de la theorie 
de l'elasticite, notamment dans l'etude du flambage des supports: 

En introduisant 

I Pr 

e El 

Pr5 
11'=--

El 

on reconnait une analogie mathcmatique formelle entre les deux phcnomenes. 
Par consequent, le procede de calcul des grands flambages, deduit par Kirchhoff 
et etudie dans les details dans le livre de TBIOSHENKO, se prete bien a la 
solution de ce probleme aussi. En utilisant l'analogie, la plus grande deviation 
laterale de la barre ou la moitie du diametre du reservoir eumorphe sera 

OU 11 est l'integrale elliptique de premier genre et 

. VlP ). =-
2 

son argument. 
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De maniere analogue, la longueur de flambage I ou l'espace interpolaire 
des fibres de direction meridienne du reservoir eumorphe sera 

ou 12 designe l'integrale elliptique de second genre. 
Ces relations caracterisent en meme temps le fond mathematique du 

probleme pose. 

9. L'ouverture du reservoir 

Enfin, il faut mentionner une propriete notable des reservoirs sous pres
sion eumorphes, c'est que seulement une surface tubulaire peut satisfaire aux 
conditions initiales. Les fermetures inferieure et superieure seront donc reali
sees au moyen d'autres pieces de jonction. 

C'est qu'il est e"vident, vu les equations determinaires, que e et fJ n'ont 
des solutions reelles qu'au cas, si R > e i • Excepte le cas de la disposition de la 
fibre en direction meridienne, il faut que R ..,.:- O. On peut determiner la grandeur 
du rayon minimum de la deuxieme equation determinaire, en substituant 
cos fJ = 1. 

Resume 

L'etude essaye de traiter les materiaux renforces a fibres d'une maniere analogue aux 
systemes porteurs. En se basant sur des rapports de geometrie differentielie, l'auteur introduit 
la notion de l'eumorphie et deduit dans ce cadre les equations determinaires d'un reservoir 
sous pression a surface de revolution. 
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