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i. Intreduction

Pipe bridges contain small-size beams beside pipes, therefore vertical
and horizontal stiffness is normally increased by stiffening cables, arranged
in inelined planes as a rule.

The linear theory being uneconomical for suspended beams, utilization
of at least second-order theory is advisable, Among others, Visontaz [1, 2]
reported on the approximate analyses of suspended beams with inclined
cable plane and rigidity beam, making the fellowing assumptions for suspended
beams stiffened by simple beams of uniform load, and braced with two cables
of identical geometry:

— only cables are exposed to constant load, the secondary effect of

these cable forces is negligible in occurrence of a horizontal load;

— tie rods may be considered as forming an inextensible suspension

sheet;

— horizontal and vertical casual loads are independent to caleculate;

— suspension sheet keeps plane after deformation;

— suspension poinis of the beam are level with the gravity centre.

Here an algorithm based on [3] will be presented, making use of the
third-order theory for the cable structures (stiffening cables and pertaining
tie rods), and of the second-order theory for the bar system. In this latter,
gravity centre and shear centre of bar cross sections are assumed to coincide,
but no stipulations are made for the beam section and the load type.

This algorithm has been applied to develop a program in ALGOL lan-
guage. The processed examples were intended to yield a better picture of the
forces and reactions in suspension beams of this kind.
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2. Computation procedure

The rigidity beam is simulated as a simple beam of constant cross section
made of an ideal elastic material, with ends supported fork-like. The beam
section is assumed to have at least two axes of symmetry. This beam is con-
nected by tie rods to an arbitrary number of stiffening cables with both ends
fixed. Also cables and tie rods are assumed to be ideal elastie.

To simplify starting data, axis of the rigidity beam exposed to stress
and dead load is considered to be straight and parallel to the planes of indi-
vidual cables and tie rods. The assumptions do not reduce this computation
to approximative, since these will be involved in the design of the beam shape
during construction, and the cable cut lengths.

For equidistant tie rods exposed to equal tensions, the cable will follow
a second-order parabola. Indicating the cable suspension points, the parabola
rise and the tension in a single cable length for each cable, node positions,
stress-free cable length and cable forces are unambiguously determined.

Rigidity beam is considered as a bar system determined by nodes as-
sumed at tie rod joints, also permanent and casual loads are reduced to these
nodes, permitting computation according to [4].

Effect of permanent loads and of forces itransmitted from tie rods will
be computed first. For these latter, the influence line of forces does not abso-
lutely cross the beam gravity line, hence they have to be reduced to the nodes.

Displacement characteristics of, and stresses in the beam are determined
by the displacement method according to the first-order theory. Deducing
the corresponding displacements from the nodal co-ordinates determines the
shape of the beam to be constructed so as to straighten upon combined effect
of permanent load and stress.

Deformation and stresses upon casual load are determined by iteration.
Once in each step, state change of the rigidity beam considered as independent
of the cables is determined by the second-order theory, and the state change
due to joint displacement of cable structures (cable -+ pertaining tie rods)
considered as rigidly supported, by the third-order theory.

Rather than to consider all unbalanced loads in computing the beam
state change, iteration convergency is provided by reducing some load compo-
nents (e.g. forces in direction y or torque moments about the z axis) in pro-
portion to the resistance of the rigidity beam and the whole structure to the
corresponding displacement. Thereby the reduced load is transmitted to the
beam, and cable force changes due to joint displacements about balance the
other loads. (Taking these six ratios as unit and applying a casual load of purely

unit components, the rigidity ratio is approximated by the formula 1

where h is the error of the corresponding load component after the first itera-
tive step.)
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Thereafter rigidity beam displacements due to the reduced load are
determined according to the second-order theory. First-order rigidity matrix
of the bar system is computed according to [4], and the complementary rigidity
matrix according to item 3.

In knowledge of the rigidity beam gravity centre displacement, new
co-ordinates of the joints between rigidity beam and tie rods can be deter-
mined as described in item 4. The next step is to compute the joint displace-
ment-induced state change of cable structures independent of the rigidity
beam and of each other, according to the third-order theory.

Finally, difference between design load and the load balancing internal
beam forces and forces transmitted by tie rods is computed. For a slight
deviation from the design load, the procedure is considered as accomplished,
else the load difference is considered as a further casual load and the procedure
is repeated by reducing the load components in proper proportions.

The scheme of the algorithm is seen in the flow chart.
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3. Determination of the complementary rigidity matrix

Complementary rigidity matrix of a flexural plane bar is presented
in [5]. The relevant procedure will be generalized for spatial bars.
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The complementary rigidity matrix D will be determined from

d
Du = — — duir (1)
du
deduced according to the thesis of potential energy extremum, where Ju, is
a vector containing quadratic terms of displacement du due to load variation,
and r is the vector of already developed stresses.
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Fig. 1

Secondary energy €, can be written as the volume integral of the product
of quadratic terms of normal and shear stresses by strain and angular distor-
sions, respectively. Effect of shear stresses being negligible, and normal stresses
arising only in direction =, it can be written:

© = — [oue,dV @)
v

(with reference systems according to Fig. 1).
Quadratic terms in strain ¢, are given by:

1 ({ouji2 ov 2 dw )2
g = —1|—| + |—| ~ |—|L. 3
* 2{6xJ (axJ (ax]} ®

Assuming cross sections normal to the bar axis to be inaffected by defor-
mation, displacements of a cross-section point with co-ordinates (y, z) are:

dvy{x Sdw,(x
u(x, ¥, 3) = uy(x) — y o) . ol®)
ox ox

o(x, 3, 2) = vo(a) | (4)
w(E, ¥, 2) = 10,()

Uy, Vg, W, being displacement functions of bar axis points. From (4a):

o

2_(8%"2 9, %0 %, | ’2{6%0]2_

ox ox ox 0a? ox?
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(5) substituted into (3):

5m:__l_ 6u0]2+ 8v0]2+ 0wy )2 | Bu, 9 I
2 |\ ox dx dx 9x 9x?
o1 2[6%0)2 du, B%w, L Py B'wy 2% [ B%w, |2
"7 o ox o2 | o om | 2 | o2
This substituted into (2) and arranged (omitting subscripis 0 of uy,
V5, Wo):
Lf(au)e, (ao)r, (Sw):
J GP 'ax' ox |
v
9% |2 8% *w B%w |2
+ 2 +2x 4+ 2 dv + 6
7 (8:52 v 9% o9x? [89;2] } k (©)
Pav) 62
+J'z%ﬁz_ow dV—!"JyO‘x ou 0%
GENGES 0x 0Ox?
v

Eq. (6) takes into consideration that:
a) gravity centre displacements are independent of co-ordinates y and z,

permitting integration with respect to them
b) stresses in cross section are given by:

N= (odF
F

M, = { z0dF (7)
F

M, = | yo.dF
F

P—
[ J,
c 2 dF = J,; b=/4
! ng i }/F
T
Z?'dFZJ ? 1, == Zy
S
jxde—Czy:Oa
F
hence:
grz——J‘N(x)—l— _8.12+ _a_v_\g_:_ ﬂ)’z* o [ 0%V 2_}_
2 lox 0x ox 32
i

du 9% dx @)

w(x) o 2

du O*w
+jM@(
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(8) can be written also as integral of a scalar product:
€ = — f Avir dx (9)
!
where:
¥ = [N(x) Myx) M,(x)] (10)

oulr  [dv)? Gw}? | s 821;)5‘ . (610)2“
— | T || T ~| T3y [
ox ox ox2 | Ox

ax

RS

1
sz == —é"

2@. 0%
dx 0x?

(11)

du %

B Rhided

L dx 0x? "

Integration in (9) requires assumptions to be made for siress and displacement
functions.

For a bar submitted to loads at end points alone and including end-point
loads into vector

* =[N, T, To, M, M, M,] (12)
functions for stresses in (10) are
N(x) = N,
MJ(x) = My — (I — 2)T, (13)

My(x)= My, + (I — )Ty, .

Approximating bar axis displacement functions by functions interpolated
between bar end point displacement:

u(x) = aj(x)u,
v(x) = aj(x)u, (14)
w(x) = aj(x)w,
where, denoting & = x/l
ui=[u, v W Py Pu Pum
Uy Uy Wy Puz Prn Pusl (15)
af=10[1—-£%¢£ 0 0 0 0 0
E 0 0 0 0 0]
aj=1[0 1—-382-2£ 0 0 0 I(&—28&818
0 38228 0 0 O I(— &3 &%) (16)
a; = [0 0 1 —382-28 0 UE—2824+8) 0
0 0 3228 0 K84 &9 0].
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Thereby (9) becomes

g = — f Auir dx 1
[
with notations
A — oa, 0aj |, 0Oa, da;  Oda, day
x 8x = 8x B8x | Ox ox
L o%a, 9%a; | ., 0%a, O%aj
o2 2 'Y 5.2 2
9x* 0ox ox®> 0ox
£ % 2 %
B— _ da, d%aj, 4 9%a,, Oay (18)
dx  0a? 9x% 9Ox
c_ _ [?a, ot o%m, Oa
| oz 822 = 82 8x
we obtain:
1 uf A u,
u, = _7.. B ;x B ke
2 up (—=x)C u
u,* él — x) B uy, (19)
ui B u,
. u; € w, 1.

Comparing (1) and (17) shows feasibility of integrations

{ { i !
D=N, { AdxtT,, | (I—x)Cdx—T,, | (I—x)Bdx+M,, | Bdx +M,, | Cdx.
0

[} 0 0 ]

Neglecting terms containing inertia radii because of iy i, <[, D obtains
the form in Table 1. (For simplicity, stress subscripts 0 have been omitted.)

4. Computation of joint co-ordinates

In the initial state, rigidity beam to tie rod joint co-ordinates are known.
The presented procedure will be applied to determine rigidity beam nodal
displacement components, to yield, in turn, the new joint co-ordinates.

Be x; the co-ordinates of the j-th node of the rigidity beam in a known
state (maybe the initial one), joined by a tie rod of the k-th cable structure.
Co-ordinates of this joint will be included in vector x;. Relative co-ordinates
will be given by:

I‘jk - X]/{ — X
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Including displacement and rotation components of the j-th node of the
rigidity beam into vectors d and f, respectively:

d* = [ujxujyusz £* = [(ij(Pjy‘sz]-
Vectors for the new state will be indicated by upper sign ~. %; and £, will
be respective functions of d and f alone. The former is easy to obtain from

K. = |
Xj-——-Xj—r'd

but #;, is far from being simple to calculate, since the effe¢t of rotations depends
on their order, too.

Independent rotations (¢.. ¢y, ¢,) can be taken }'nto consideration by
multiplying vector rj; by matrices

1 0 0 cos qu 0 sin g
T,=|0 cos¢g, —sinq, T,=] 0 1 0
0 sin g, eos @, —sing, 0 cosg,

[cos @, —sin g, O]
T,=|sin ¢, cos @, O

0 0 1J

in this order. Multiplying rotations by a scalar parameter (0 <t < 1) their

combined effect can be accounted for by continuously varying the parameter 1.
Now, ¥, is obtained by numerically integrating an equation of the form:

(20)

!
B =1y + | Eeple)de. (21)

Rotation relationships being themselves not perfectly exact (the super-
position prineiple being valid), and the rotations being little, instead of Egq,
(21). the effect of rotations will be accounted for in a predetermined order.

i‘jk = TzTyTzrjk'
Thus, the new co-ordinates of joints will be given by:

X = x5+ d 4+ T,T,Tery.

A third possibility to account for the rotations is to determine the
influence line of vector f, and to rotate vector rj, by a value | f | around it as
an axis. This method is advantageous by being independent of the chosen
reference system but the final result cannot be considered as exact either,
components of f having been considered as independent, at the same time it
is more labour-consuming than the former method.
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5. Numerical results

The presented algorithm has been applied to make a program for the
computer ODRA-1204 of the Faculty of Civil Engineering of this University,
for processing one of the examples in [1].

Starting data were (according to notations in Fig. 2):

] =90.00 m

f=1350m
0 6 i
kS
{
e o
2 3.
YT
- 3
o

—p——-’
125 110 1450
z = 30°

p= 0.15Mp/m
EApe = 13750 Mp
EAdpeam = 890 400 Mp

GJ., = 30600 m®Mp
EJ, = 32500 m®Mp
EJ, = 268000 m*Mp.

In addition, some data lacking from the approximation [1] had to be
assumed:

— number of tie rods for each cable (n = 5)

— tie rod stiffness (EA; = EAcapie)

— length of the shortest tie rod (@ = 2 m)

— initial cable forces (10 Mp in the tie rods)

— wvertical projection of the distance between tie rod joints and rigidity
beam gravity centres (0.21 m).
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The obtained nodal co-ordinates of cable 1 under dead load (those for
cable 2 changing only by the sign of y) are shown in Table 2, and cable forces
equal in both cables, as well as stress-free lengths have been compiled in

Table 3.

Distributed beam load p is reduced to nodes, hence forces Py = 2.25 Mp
act at nodes 1 to 5. Nodal co-ordinates and stresses under this load are com-

puted.

New nodal co-ordinates of the cable structure, rope forces, rigidity beam
node co-ordinates, axis rotations and individual rod stresses have been com-
piled in Tables 4,5, 6 and 7. respectively (symmetric parts being indicated

but once).
Table 2
i si[m] silm] m]
| |
0’ : —45 8.5101 —13.6333
oo —30 47601 —~ 7.1381
27 —15 2.5100 — 3.2410
37 0 1.7600 — 1.9420
47 15 2.5100 — 3.2410
5 30 4.7601 — 7.1381
6 45 8.5101 —13.6333
1 — 30 0.7600 — 0.2100
2 —15 0.7600 — 0.2100
3 0 0.7600 — 0.2100
4 15 0.7600 — 0.2100
5 30 0.7600 — 0.2100
Table 3
i j si[Mp] li[m]
0’ 1’ 55.9017 16.7026
1 2/ 52.2015 15.6012
2’ 3 50.2494 15.0199
3 4’ 50.2494 15.0199
4’ 5 52.2015 15.6012
5 6 55.9017 16.7026
1 1 10.0000 7.9941
2 27 10.0000 3.4974
3 3’ 10.0000 1.9985
4 4/ 10.0000 3.4974
5 5 10.0000 7.9941
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Table 4
Cable 1 Cable 2
£ ¥i = x i =
o’ —45.06000 8.5101 —13.6333 -—45.0000 —8.5101 ~13.6333
1 —29.9928 4.8180 — 7.1456 —30.0071 —4.7021 — 7.1313
2/ —14.9934 2.6154 — 3.2518 - 15.0065 —2.4045 — 3.2315
3’ 0.0000 1.8857 — 1.9520 0.6000 —1.6341 — 1.9333
—30.0034 0.8344 — 0.2090 —29.9966 —0.6856 — 0.2118
—15.0019 0.8876 — 0.2085 —14.9981 —0.6324 — 0.2129
0.0000 0.9066 — 0.2083 0.0000 —0.6134 — 0.2132
Table 5
i j Cable 1 Cable 2
0’ 1’ 48.1989 63.6084
I 2’ 45.0455 59.3500
2/ 3 43.4001 57.0786
1 1’ 8.5910 11.4184
2 2’ 8.5812 11.4323
3 3’ 8.5871 11.4257
!
Table 6
i xi[m] yif{m] z¢fm] @izfrad] @iylrad] @iz[rad]
0 . ~—45.0000 0.0000 0.0000 0.0000 0.0600 0.0052
1 . —30.0000 0.0740 —0.0004 0.0018 0.0000 0.0044
2 ¢ —15.6000 0.1270 —0.0007 0.0029 0.0600 0.0025
3 0.0000 0.1460 —0.0008 0.0032 0.0600 0.0000
Table 7
H j N T, T, My M, M,
0 1 0.0047 —1.8056 0.0011 —3.6809 0.0000 0.0000
1 2 0.0010 —1.0120 —0.0000 —2.1633 0.0259 27.0311
2 3 —0.0058 —0.3127 —0.0005 —0.6996 0.0314 42,1557
3 4 —0.0058 0.3127 0.0005 0.6996 0.0240 46.8461
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Conclusions

— Tie rods of each cable are acted upon by about equal forces (-1
to 2%,).

— Stress drop in tie rods of cable 1 is about 19 less than stress increase
in tie rods of cable 2.

— Given horizontal load is balanced by three effects viz.: rigidity beam
bending, secondary effect of initial stresses, and cable forece variations, this
latter being about constant for a node but the first two are rather different
because of different tie rod inclinations (see Table 8). Secondary effect of initial
forces bhalances 1.89 of the load at node 1, and 9.29] at node 3.

~— Distaneces of nodes from planes passing through nodes ¢’, 3’, 6’ have
been examined and compiled in em in Table 9.

Table 8
Rigidity beam 0.794 0.699 0.625
Initial stress 0.041 0.126 0.207
Cable force variation 1.415 1.425 1.418
Total [Mp] 2.250 2.250 2.250
Table 9
Node Cable 1 Cable 2
1’ 1.129 1.134
27 0.638 0.641
1 5.464 5.452
2 0.812 0.813
3 0.856 0.850

— Even extension of the longest tie rod is less than 0.7 mm. Thus
assumption of suspension sheet indeformability involves little error compared
to displacements of ten-cm order.

Using the same data, the problem has been run by considering the
rigidity beam as restrained in the horizontal plane (g,, = @, = 0). Displace-
ments and cable force variations were less than halved. For this case, displace-
ments and stresses are shown in Tables 10 to 13 (corresponding to Tables
4 to 7).

3=
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Table 10
Cable 1 Cable 2
i
e ¥ = 2 ¥i 5
0’ — 45,0000 8.5101 —13.6333 -— 45,0000 —8.5101 —13.6333
1 —29,9992 4.7812 — 7.1374 —30.0008 —4.7389 -— 7.1388
2’ — 14,9977 2.5554 — 3.2451 —15.0023 —2.4646 — 3.2368
37 0.6000 1.8174 — 1.9474 0.0000 —1.7025 ~— 1.9365
1 —30.0017 0.7814 — 0.2094 —29.9983 —0.7386 — 0.2105
—15.06014 0.8144 — 0.2091 —14.9986 —0.7056 — 0,2108
0.0000 0.8287 - 0.2090 0.0000 | —0.6913 — 0.2109
Table i1
i J Cable 1 Cable 2
0’ 1’ 52.8450 59.0020
1’ 27 49.3486 55.0950
27 37 47.5255 53.0094
1 1’ 9.4754 10.5298
2 L2 9.4241 10.5872
3 3’ 9.4153 10.5977
Table 12
i #i[m] yi[m] =3{m] giz[rad] giy[rad] Fi:[rad]
0 —45.0000 0.0000 0.0000 0.0000 —0.0000 0.0000
1 —30.0000 0.0213 0.0000 0.0007 —0.0000 0.0023
2 —15.0000 0.0542 0.0001 0.0011 —0.0000 0.0018
3 0.0000 0.0685 0.6001 0.0013 0.0000 0.0000
Table 13
il N T, T M, M, M.
0 1 0.0000 —4.1125 —0.0004 —1.4553 0.0000 —71.2449
1 2 0.0007 —2.3907 0.0002 —0.8804 —0.0042 — 9.5798
2 3 —0.0008 —0.7733 —90.0000 —0.2832 —0.0002 26.2511
3 4 —0.0008 0.7733 0.0000 0.2832 —0.0002 37.8508
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a7

Structural behaviour is best simulated by elastic restraint. Reliability
of the output depends on the correct assumption of the spring constant.
At last, nodal displacements and stresses have been computed for twice
the cable cross sections, with some typical outputs shown in Table 14 (con-
fronted by corresponding values from both previous problems).

Table 14
EA = 13750 Mp | EA = 13750 Mp | EA = 27500 Mp
Dimen-
sion
Fzo F 0 P =0 Fzo =0

Stress change in rod 3— 3’ of cable 1 Mp —1.4129 —0.5847 —0.8930
Stress change in rod 3—3’ of cable 2 Mp 1.4257 0.5977 0.9111
Uy m 0.1460 0.0685 0.0556

Rigidity beam midspan cross |
section displacements and | gy | rad 0.0032 0.0013 0.0021

stress | —

| M, | mMp 46.8461 37.8508 30.7433

I

Summary

Displacements and stresses in some suspended beams with rigidity beams and inclined
cable planes have been determined, applying the first- or second- order theory for the rigidity
beam, and the third-order theory for the cables. To this aim, an adequate computation method
of the complementary rigidity matrix of the flexural, spatial rod has been presented.
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