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Abstract

To extend the applicability of optimization methods in civil engineering, particularly for structural members incorporating cement-

based materials like concrete, this study proposes a stress-based bi-directional evolutionary structural optimization (BESO) framework 

integrated with incremental nonlinear structural analysis. The core objective is to minimize peak stress in structures by leveraging the 

p-norm function (p = 4–6) to approximate stress concentration and sensitivity numbers derived via the adjoint method. The proposed 

approach is validated for optimizing structures with highly nonlinear material behaviors. By tuning the p-value (4–6) during optimization, 

solutions aligned with predetermined objectives are achieved through element sensitivity analysis. The sensitivity numbers are 

computed by filtering initial values derived from incremental nonlinear stress analysis results. Subsequent sensitivity filtering and 

iterative design variable updates ensure convergence to stable solutions matching the optimization goals. The method incorporates 

von Mises stress for nonlinear material modeling and addresses numerical challenges like mesh dependency through dual filtering 

strategies as verified by two-dimensional/three-dimensional examples including irregular beams and cantilever structures. This 

framework provides a robust tool for topology optimization of civil structures with strongly nonlinear materials, balancing accuracy 

and computational efficiency under volume constraints.
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1 Introduction
Topology optimization [1, 2], a mathematical approach for 
determining optimal material distribution, has developed 
into an advanced conceptual design method [3] in recent 
decades. Its application has expanded across diverse fields, 
including aerospace [4], mechanical engineering [5], bridge 
engineering [6], and building engineering [7, 8].

Early topology optimization methods primarily 
focused on frequency [9, 10] and stiffness [11] under vol-
ume constraints, limiting their applicability to strength-
based engineering designs. To address this gap, stress-
based topology optimization approaches were developed. 
Nevertheless, three persistent challenges have hindered 
progress: the "singularity" issue, stress localization, and 
highly nonlinear material behaviors [12].

Recent advancements in stress-based topology optimi-
zation have introduced innovative approaches, including 
the ε-relaxation method [13, 14] for singularity avoidance, 
the qp-relaxation method [15, 16] for stress constraints, 

the  bi-directional evolutionary structural optimization 
(BESO) method [17, 18] for discrete optimization, and global 
aggregation techniques such as p-norm functions [19] and 
the Kresselmeier-Steinhauser function  [20]. Additionally, 
design variable filtering and updating strategies [18, 21] 
were proposed to mitigate inherent challenges in stress-
based topology optimization approaches. These advance-
ments have significantly advanced the field, enabling appli-
cations in lightweight design [22] and balancing structural 
strength with stiffness [23]. Notably, recent studies have 
extended stress-based topology optimization to incorporate 
elasto-plastic and plastic-limit behaviors under nonlinear 
material conditions [24, 25], further enriching the method's 
applicability to complex engineering scenarios.

Recent studies have adopted B-spline and non-uniform 
rational B-spline (NURBS) representations to advance 
topology optimization, moving beyond traditional methods 
limited to linear-elastic materials. Notably, Izzi et al.  [26] 
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developed a theoretical framework for optimizing vari-
able-stiffness composite laminates under strength and 
mass constraints. Montemurro and Roiné [27] proposed 
a strength-based topology optimization method using 
NURBS hyper-surfaces to model pseudo-density fields. 
Roiné et al. [28] introduced the solid isotropic material with 
penalization algorithm incorporating NURBS hyper-sur-
faces for stress control in continuum topology optimization.

Early research in structural optimization considered 
material and geometric nonlinearities. Key contributions 
include direct differentiation and adjoint variable meth-
ods [29, 30] for nonlinear sensitivity analysis. These meth-
ods, albeit computationally demanding, provide a  rig-
orous foundation for accurate nonlinear optimization. 
Applications include crashworthiness design of transient 
frame structures [31] and linear/nonlinear plate analy-
sis [32]. Subsequent developments included displace-
ment-loaded nonlinear optimization [33, 34], dual algo-
rithms for local stress constraints [35], stress-constrained 
nonlinear optimization [23], and sensitivity filter radius 
reduction strategies [36], all of which expanded applica-
tion domains and improved stability.

In such optimization, the accuracy of nonlinear struc-
tural analysis directly impacts results. Xu et al. [37] 
addressed this by developing an incremental BESO method 
incorporating load steps, achieving notable improvements 
in peak and global stress control. However, this approach 
calculates sensitivity numbers solely from the final load 
step, neglecting sensitivity superposition across load steps 
and reducing accuracy. Conversely, Han et al. [38] inte-
grated quasi-static nonlocal damage models with finite-el-
ement analysis (FEA) to model progressive damage and 
developed a stress-based topology optimization method 
considering nonlinear continuous damage. Accounting 
for element damage accumulation in each load step, their 
method neglects unbalanced force effects, limiting its 
effectiveness to structures with weak nonlinearity.

For structures with strongly nonlinear materials like civil 
engineering cement-based composites, stress-strain rela-
tionships are path-dependent, and strain cannot be uniquely 
determined by stress alone. During elastoplastic deforma-
tion, the strain state depends on both the current stress state 
and the stress history. Simplified nonlinear analysis meth-
ods thus introduce significant errors in stress calculations, 
complicating the attainment of optimal structural designs. 
Thus, for civil engineering structures with cement-based 
materials like concrete, accurately accounting for unbal-
anced force effects on stiffness matrices in each load step of 
incremental nonlinear analysis – and using high-precision 

stress calculations to construct sensitivity information – 
is essential for integrating stress-based topology optimiza-
tion into designs with strongly nonlinear materials.

This work advances nonlinear stress-based BESO via 
fundamental innovations, with core novelties in three inte-
grated aspects: sensitivity accumulation across all load 
increments (linking cement-based materials' path-dependent 
behavior to sensitivity quantification, unlike existing incre-
mental BESO ignoring multi-step superposition), a revised 
adjoint formulation embedding unbalanced force evolution 
constraints (addressing damage-based methods' neglect of 
unbalanced force effects on stiffness matrices), and a dual- 
filtering strategy tailored for aggregated nonlinear sensitivi-
ties (mitigating numerical instabilities in strongly nonlinear 
topology optimization, distinct from generic filtering in lin-
ear/weakly nonlinear methods). Additionally, p-norm peak 
stress approximation is rigorously integrated with incremen-
tal nonlinear equilibrium conditions.

This paper, therefore, proposes applying the BESO 
method to structures with strongly nonlinear materials, 
leveraging stress results from incremental nonlinear FEA. 
It is organized as follows:

•	 Section 2 introduces the stress-based BESO method 
with incremental nonlinear structural analysis, includ-
ing the establishment of peak stress optimization objec-
tives and element sensitivity construction/filtering;

•	 Section 3 presents the optimization process and veri-
fies effectiveness via a two-dimensional (2D) example;

•	 Section 4 confirms applicability through traditional 
structure optimization;

•	 Section 5 compares with existing linear-elastic 
stress-based methods using a 2D example;

•	 Section 6 validates generality via a three-dimen-
sional (3D) example;

•	 Section 7 discusses the impact of the p-value;
•	 Section 8 contains the conclusions of our article.

2 Stress-based BESO method
2.1 Optimization objective
Considering material nonlinearity, the mathematical 
model for minimizing the peak stress of the structure 
based on volume constraints can be described as follows:

find:

minimize:
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where σmax represents the maximum stress in the structure, 
and σvm,i denotes the equivalent stress at the centroid of the 
i-element. V and Vreq respectively denote the current vol-
ume and the target volume of materials. vi denotes the vol-
ume of element i. The vector x is the design variable vector, 
signifying the determination of a set of solution vectors to 
minimize the objective function f(x). Meanwhile, xi  rep-
resents the design variable of element i, with a value of 
0 or 1, corresponding to the removal and retention status 
of the element. Finally, R denotes the unbalanced force in 
the structure. In the structural FEA for optimization, rein-
forced concrete is modeled as a composite material with 
tensile and compressive strength. Although this process 
may introduce minor deviations, the optimization retains 
sufficient accuracy for guiding conceptual design. Thus, 
the equivalent stress (i.e., von Mises stress) is adopted as 
the stress measure for optimization. It is acknowledged 
that this involves a simplification for reinforced concrete, 
as the von Mises criterion does not capture the materi-
al's tension-compression asymmetry. While acceptable for 
conceptual design where global load paths are the primary 
concern, this may underestimate the criticality of tensile 
regions, potentially leading to unconservative topologies 
for tension-dominated failure modes. Future work could 
extend the framework to orthotropic or pressure-depen-
dent criteria to better reflect concrete behavior.

Assuming that the material constitutive relations are 
independent of the design variable xi, the calculation of 
the equivalent stress at the centroid of the element is per-
formed to the following formula:
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where σx, σy and σz represent the components of stress in 
the x-direction, y-direction and z-direction, respectively. 
τxy , τyz and τzx denote the components of the shear stress. 
σ is a stress vector following the Voigt rule, and V is the 
stress coefficient matrix employed to compute the equiv-
alent stress. For the 2D plane stress problem, the expres-
sion of V is given in Eq. (3), while for the 3D problem, it is 
given in Eq. (4), respectively.
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Given the local nature of stress and the inherent discon-
tinuity of the maximum function, the p-norm function [18] 
is employed to approximate peak stress. The specific for-
mulation of the p-norm function is expressed as:

minimze: � �PN
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1
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where σPN represents the p-norm stress aggregation func-
tion, and p is the stress norm parameter that requires man-
ual adjustment. When the p-value is set to 1, σPN equals to 
the sum of stress. As the p-value increases, σPN approaches 
σmax; on the contrary, the p-norm problem becomes ill-con-
ditioned [18]. The selection of the pre-specified p-value 
warrants further investigation.

2.2 Optimization sensitivity
The adjoint method [19] is employed to derive sensitiv-
ity numbers. This requires establishing the relationship 
between design variables and element stiffness, which is 
first approximated linearly as:

D Di ix= 0 , 	 (6)

where Di and D0 denote the effective stiffness matrix of 
element i during FEA and the stiffness matrix of the solid 
materials, respectively.

Consider the effective stress vector of element i as follows:

�� i i i i i i ix� �D B u D B u0 , 	 (7)

where σi and ui denote the stress vector and displacement 
vector of element i, respectively. Bi denotes the strain-dis-
placement matrix. Under the small deformation assump-
tion adopted in this study, the strain-displacement matrix B 
remains invariant to design variables. To avoid re-meshing 
and global stiffness matrix singularity, an extremely low 
stiffness is assigned to void regions in practice.

The structurally unbalanced force R in the constraint 
conditions of Eq. (1) can be calculated as follows:
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where F denotes the force vector. Herein, Newton Raphson's 
method is employed to solve nonlinear equilibrium equa-
tions. The 2-norm is adopted to quantify the structural unbal-
anced force. When this value falls below the predefined 
threshold (set to 10 throughout this study), the nonlinear 
FEA results are deemed sufficiently accurate and converged.

In FEA, the unbalanced force at each load step equals 
zero. Therefore, the formula for calculating the difference 
ΔRk between the unbalanced force at the k-th load step and 
its previous load step (the (k−1)-th load step) is as follows:

� � � �
�

R R R F L Bk k k k i i i
T

ik i
i

n

x d
i

� � � ���
�
��1

1

�� 0, 	 (9)

where Li is an index matrix employed to index local matri-
ces from the global matrix, such as the nodal displacement 
vector ui = LiU and the nodal force vector fi = LiF. By sub-
stituting Eq. (7) into Eq. (9) and differentiating Eq. (9) with 
respect to the design variable xj yields:
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where Kk
t  represents the tangent global stiffness matrix 

of the nonlinear system at the k-th load increment-step 
equilibrium.

In the BESO method, the traditional method for consid-
ering constraints other than volume constraints is to intro-
duce Lagrange multipliers to augment the design objec-
tives. To enable the computation of sensitivity numbers, 
a constraint condition ΔRk = 0 is integrated into the objec-
tive function through the introduction of a set of Lagrange 
multiplier vectors denoted as λk :
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where k represents the k-th load step, and N denotes the 
total number of load steps in the FEA.

In the analysis of the k-th load step, the approximations 
are as follows:

� �F K Uk k
t

k� , 	 (12)

where ΔFk and ΔUk denote the load increment matrix 
and displacement increment matrix at the k-th load step, 

respectively. K F Uk
t

k k� �� � represents the tangent global 
stiffness matrix of the nonlinear system at the k-th load 
increment step equilibrium.

By simultaneously computing the derivative of the 
design variable xj on both sides of Eq. (12), the following 
can be derived:
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Due to the fact that during force loading, ∂ΔFk/∂xj = 0. 
By taking the derivative of xj on both sides of Eq. (10) and 
substituting it into Eq. (11), we can obtain:
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Substituting Eq. (13) into Eq. (14) yields:
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According to Eqs. (14) and (15), we can further obtain the 
derivative of Eq. (11) with respect to xj as follows in Eq. (16):
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To avoid calculating ∂ΔUk/∂xj , set an adjoint equation:
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Take λk = 1/2 μk , and substitute Eq. (17) into Eq. (16). 
Equation (16) is transformed into:
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where k B D Bjk
t

j j
T

k j jx d� � � is the tangent stiffness matrix 
of the element j participating in the calculation at the k-th 
load increment step. k B D Bjk

t
j
T

k j jd0� � � � �  is the tangent 
stiffness matrix of the j-th element at the k-th load incre-
ment step.

To maintain the same monotonicity of increase and 
decrease in sensitivity numbers as the traditional BESO 
method, an anti-sign factor denoted as −xi is introduced 
into Eq. (18), resulting in the original sensitivity expres-
sion for each element.
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To mitigate numerical instabilities in topology optimi-
zation (e.g., mesh dependency and checkerboarding), ele-
ment sensitivities are filtered as follows in Eq. (20):
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where ωij
sen is the linear weight factor, calculated as follows:
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where rsen is the sensitivity filter radius, typically chosen 
as 2~3 times the length of the element [18] to ensure the 
potential restoration of deleted elements. ∆(i,  j ) represents 
the element center-to-center distance between the i-th and 
the j-th elements.

Simultaneously, the filtered sensitivity undergoes an 
averaging process with its historical information to improve 
the optimization procedure's stability. The filtered sensi-
tivity is averaged with the historical information from the 
two design iterations [37] to add an extra layer of filtration:
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where (l) denotes the number of design iterations.

Then, by utilizing the doubly filtered sensitivity num-
bers, the algorithm executes the design variable update 
operation as follows:
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where αdel
th  and αadd

th  represent the upper and lower thresh-
olds for sensitivity numbers, determined based on the 
desired number of element removals and additions cor-
responding to the volume for the current iteration [18]. 
To  enhance the stability and robustness of the method, 
a filtering operation is applied to the design variables [38]:
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whereωij
den is the linear weight factor, calculated as follows:

�ij
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where rden is the filter radius for design variables.
Following Eq. (23), it is necessary to perform an addi-

tional design variable update operation [18] to ensure that 
the topology structure conforms to a well-defined discrete 
nature since the design variable ranges from 0 to 1.

When reaching the target volume, to avoid getting 
trapped in a local optimum and to find the global optimal 
solution as much as possible, while keeping the volume 
ratio essentially unchanged, continue iterating for a finite 
number of steps until the difference in the objective func-
tion δ satisfies the following condition [39]:
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where iter represents the current iteration number. After 
reaching the target volume ratio, extract the objective 
function values for ten consecutive generations, and cal-
culate the rate of change between the sum of the objective 
function values of the last five generations and that of the 
first five generations. If this rate of change does not exceed 
the limit value (unified as 0.001 in this study), the con-
vergence criterion is considered satisfied. In this case, the 
generation with the minimum objective function value is 
selected as the optimal topology output. If the criterion is 
not met, continue iterating. If the upper limit of iterations 
(unified as 20 in this study) is reached, select the generation 
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with the minimum objective function value among these 
20 generations as the optimal topology output.

3 Optimization process and numerical examples
3.1 Optimization process
The processes for the stress-based BESO method are as 
follows:

1.	 Define the initial design domain, partition the finite- 
element mesh and specify boundary conditions;

2.	 Define the optimization control parameters for the 
BESO method, which includes the volume con-
straint  V  *, the evolutionary rate cer, and the maxi-
mum admission ratio car;

3.	 Determine the total number of iterations required 
for the optimization process based on the target vol-
ume and the evolutionary rate, and then loop over the 
design iterations as follows:
•	 Calculate the target volume for the current 

iteration;
•	 Perform FEA on the structure of the current 

iteration;
•	 Assess whether the convergence conditions for 

the imbalanced equation are satisfied. If they are 
met, proceed to the next step; if not, reevaluate the 
unbalanced force;

•	 Evaluate sensitivity numbers according to Eq. (19);
•	 Filter and average the sensitivity numbers using 

Eqs. (20) and (22);
•	 Update and filter design variables;
•	 Perform removal and restoration on elements;

•	 Determine whether the volume constraints are 
satisfied. If they are met, exit the process; if not, 
return to the first step of this dotted listing.

4.	 Continue iterating for n cycles, with n being a pre-
set value based on experience, typically taken as 10;

5.	 Calculate the sum of the objective function values 
from the first n/2 iterations and the sum from the 
last n/2 iterations, and then calculate the difference 
between them;

6.	 Assess whether the difference is below the predeter-
mined threshold. If it does, proceed to the next step; 
if not, continue iterating for an additional n cycles;

7.	 Identify the topology with the lowest peak stress 
from the final n or 2n iterations, and output it as the 
topological solution.

The specific optimization process is shown in Fig. 1.

3.2 Numerical examples of 2D structures
3.2.1 Example overview
The design domain and basic parameters of an irregular 
concrete beam [40] are illustrated in Fig. 2. Reinforced 
concrete is modeled as a composite material with a Young's 
modulus of 3.25 × 104 N/mm2 and a Poisson's ratio of 0.3. 
The structure is discretized into quadrilateral elements 
under the plane stress assumption, with an element side 
length of he = 5 mm. A vertical load of F = 20 kN is applied 
to the beam, evenly distributed across 10 elements over 
10 load steps to mitigate stress concentration. The target 
volume fraction is set to 30%, and the reference stress σs0 is 

Fig. 1 Flow chart of the method
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defined as 4.0 N/mm2. The evolutionary rate cer and maxi-
mum material restoration ratio car are set to 2% and 0.5%, 
respectively, for each iteration. The sensitivity filter radius 
rsen and design variable filter radius rden are set to 3 and 
6 times the element side length, respectively. The base 
number of convergence iterations, denoted as n, is defined 
as 10. All finite element analysis and topology optimiza-
tion iterative calculations in this study were implemented 
using MATLAB software [41].

3.2.2 Material constitutive
A nonlinear constitutive relationship incorporating strain 
hardening [37] is adopted, as illustrated in Fig. 3.

3.2.3 Optimization results and analysis
When the p-value is set to 6, the optimization process of 
the objective function is shown in Fig. 4.

As shown in Fig. 4, the optimization process can be 
divided into three distinct stages:

1.	 The first stage, the preliminary design phase, is char-
acterized by a relatively constant difference between 
the number of removed and reinstated elements, 
alongside a gradual reduction in topological ele-
ment count. For example, in early iterations, the pri-
marily removed elements were located at the beam's 
two corners and the lower abdomen region. Guided 

by Saint-Venant's principle in elastic mechanics and 
the stress distribution of the bending component's 
cross-section, these areas are identified as experi-
encing near-zero stress. By the stage's conclusion 
(e.g., the 43rd iteration in this example), the topology 
had formed the beam's primary skeletal configuration.

2.	 The second stage, the evolutionary attempt phase, 
involves trial-and-error topological evolution with 
a relatively stable difference between deleted and 
restored element counts. This leads to objective func-
tion oscillations due to alternating removal and resto-
ration of specific elements. For example, in the 59th 
iteration, the initial removal of specific elements in 
two void regions caused equivalent stress at those 
locations to peak, significantly exceeding the previous 
iteration's peak stress. However, these elements were 
later reinstated, and the void-region elements restored, 
reducing the topological peak stress. This dynamic 
process induced substantial objective function fluctua-
tions. The topology stabilized when the target volume 
fraction was achieved (e.g., the 61st iteration in this 
example), with a relatively well-defined shape.

3.	 The third stage, after achieving the target volume 
fraction, is the fine-tuning optimization phase. In this 
stage, the count of deleted and restored elements in 
each iteration is balanced. The primary strategy 
entails performing removal and restoration of indi-
vidual elements in localized regions to refine topo-
logical details. The ultimate goal is to identify the 
optimal solution with the minimum peak stress. The 
68th iteration topology, featuring the minimum peak 
stress, was selected as the optimal solution for output.

As shown in Fig. 4, both the peak von Mises stress (σmax) 
and the objective function value (σPN ) in the 8th iteration 
topology are lower than those in the 1st iteration (initial 
topology). This indicates that the early optimization phase 
reduces structural volume while slightly decreasing peak 
stress, primarily by removing near-zero-stress elements. 
However, as iterations proceed, the algorithm continu-
ously removes low-stress elements, reducing the number 
of elements in the topology. This inevitably increases the 
overall stress levels, causing the objective function value 
to rise. The core optimization goal remains minimizing 
peak von Mises stress under volume constraints, which 
essentially requires slowing the growth rate of the objec-
tive function as elements are removed. Thus, the observed 
increase in the objective function value is consistent with 
the fundamental optimization objective.

Fig. 2 Illustration of the irregular beam problem [40] (units: mm)

Fig. 3 Material constitutive [37]
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Throughout the optimization process, peak stress 
exhibits fluctuations. This arises because the p-norm 
aggregation function – the objective function – can 
become ill-conditioned at high p-values, while a lim-
ited p-value introduces discrepancies between the objec-
tive function and its p-norm approximation. Despite the 
substantial reduction in target volume fraction, peak 
stress within the structure remains effectively managed, 
demonstrating the optimization process's effectiveness. 
The detailed effects of different p-values on optimization 
will be further investigated in Section 4.

4 Typical L-shaped beam calculation example
To verify the proposed method's applicability to traditional 
structure optimization, a typical L-shaped beam  [42] is 

selected to analyze. The material is a Young's modulus of 
1 N/mm2 and a Poisson's ratio of 0.3. A vertical load of 
F = 16 N applied to the beam, divided into 16 load steps. 
Optimization parameters include an evolutionary rate 
cer = 1%, maximum material restoration ratio car = 0.05%, 
sensitivity filter radius rsen  =  2  he , design variable filter 
radius rden = 6 he , target volume fraction of 40%, and ref-
erence stress σs0 = 6.0 N/mm2, where he denotes the ele-
ment side length. Table 1 presents the optimal solutions 
and stress results for different p-values.

From Table 1, it can be seen that as the p-value increases, 
both the peak stress and p-norm stress decrease, and the 
corners are smoothed, avoiding the stress concentration. 
Therefore, the optimization method proposed in this paper 
is also applicable to typical L-shaped structures.

Fig. 4 Optimization process step curves (p = 6)

Table 1 Comparison of peak stress results under different p-values

p = 2 p = 4 p = 6 p = 8

Topology solutions

σmax (N/mm2) 7.38 7.26 6.35 6.02

σPN (N/mm2) 227.53 23.44 11.89 10.36
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5 Comparison of stress-based BESO methods
Xia et al. [18] introduced a stress-based BESO method 
using linear-elastic structural analysis, which shares the 
same objective as the present study's method. Their study 
validated the method using a planar cantilever beam struc-
ture (shown in Fig. 5). For comparative analysis, Section 5 
employs the same example to conduct stress-based BESO 
with both methods. A vertical load of F  =  5 N is applied 
to the structure, evenly distributed across 9 elements over 
15 load steps to mitigate stress concentration. Analysis and 
optimization parameters match those of the linear-elas-
tic BESO method in Xia et al. [18]; unspecified parame-
ters follow those used in the planar irregular beam exam-
ple (Section 3.2.1): Material Young's modulus is 1.0 N/mm2, 
reference stress σs0 = 0.9 N/mm2, and the structure is discret-
ized into quadrilateral elements under plane stress assump-
tion with an element side length he = 1 mm. The sensitivity 
filter radius rsen and design variable filter radius rden are set 
to 2 he and 5 he respectively, with a target volume fraction 
of 50%. The optimization results are presented in Table 2.

Regarding computational cost, the incremental non-
linear BESO method required 221, 196, and 249 min for 
optimization under different p-values, substantially higher 
than the 15–17 min of the linear-elastic method. This 
increase stems primarily from the iterative equilibrium 
solutions in each nonlinear finite element analysis and 
the adjoint-based sensitivity accumulation across all load 
steps. Although the computational cost rises by approxi-
mately one order of magnitude, the peak stress is reduced 
by 4.85–7.69%, demonstrating the method's advantage 
when higher optimization quality is desired. For large-
scale structures, efficiency can be improved by reducing 
the number of load steps or employing parallel computing, 
thereby balancing accuracy and computational resources.

Compared to the linear-elastic BESO method in 
Xia  et  al. [18], the incremental nonlinear BESO method 
presents two distinct advantages:

1.	 First, smaller p-norm values yield more favorable and 
applicable solutions. For example, when p  =  6, the 
incremental nonlinear BESO method yields an op- 

timal topology with a peak stress σmax = 0.98 N/mm2. 
With stress fields recalculated via incremental non-
linear analysis, the linear-elastic method of Xia 
et  al.  [18] results in a peak stress of 1.03 N/mm2. 
With the p-values of 2 and 4, the incremental non-
linear method aligns more closely with optimization 
objectives, demonstrating superior optimality.

2.	 Second, the incremental nonlinear BESO method 
tends to be stabler. For example, when p = 8, the lin-
ear-elastic method from Xia et al. [18] fails to converge. 
In contrast, the incremental nonlinear method consis-
tently produces a stable topology solution, though its 
peak stress σmax is higher than the case of p = 6.

Thus, for structures with strong nonlinear materials, 
the stress-based BESO method incorporating incremental 
nonlinear analysis yields more robust topology solutions 
than linear-elastic-based approaches. It is because, under 
high loads where elements move to the elastoplastic stage, 
linear elastic analysis overestimates stresses in these ele-
ments compared to their actual elastoplastic stress values. 
Since element sensitivity depends on stress, topology opti-
mization using these overestimated stress can distort the 
relative sensitivity magnitudes between elements. More 
critically, during sensitivity filtering, pseudo-information 
from elevated linear-elastic stresses can corrupt sensitiv-
ity values of neighboring elements within the filter radius, 
distorting sensitivity rankings and compromising opti-
mization outcomes. While nonlinear analysis in Table 2 
requires approximately 4 h – compared to less than 1 h for 
linear analysis – it reduces maximum stress by 5–8% rela-
tive to linear-elastic results.

6 Numerical examples of 3D structures
The 3D cantilever beam from Xia et al. [18], with character-
istic dimensions, is depicted in Fig. 6 (a). A vertical load of 
F = 25 N is applied to the beam's free end. The load is uni-
formly distributed over 16 elements to mitigate stress con-
centration and applied in 2 load steps in nonlinear analysis. 
Analysis and optimization parameters match those in Xia 
et al. [18]; unspecified parameters follow the planar struc-
ture example in Section 3.2. Material Young's modulus is 
1.0 N/mm2, and reference stress σs0 = 1.0 N/mm2. The struc-
ture is discretized using eight-node cubic elements with an 
element side length he = 1 mm. Sensitivity filter radius rsen 
and design variable filter radius rden are both set to twice 
the element side length. With p = 6, optimization yields the 
optimal topology at the 70th iteration (σmax = 1.572 N/mm2, 
σPN = 3.866 N/mm2), as illustrated in Fig. 6 (b).Fig. 5 Illustration of the planar cantilever beam problem [18] (units: mm)
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As shown in Fig. 6 (b), the stress-based BESO method is 
effectively applicable to 3D structures. This method effec-
tively controls peak stress growth while ensuring consis-
tent material reduction, yielding well-defined 3D optimal 
topologies. It is important to note that all optimizations were 
performed on a specific hardware configuration: an Intel® 

CoreTM i9-9900K CPU @ 3.60GHz (quad-core), 16GB Zhiqi 
DDR4 2133MHz RAM, and an NVIDIA GeForce GTX 
1650 graphics card. Under this configuration, the full opti-
mization of the 3D cantilever beam requires approximately 
11 h. A similar optimization of a planar cantilever beam in 
Section 7 takes approximately 2.5 h. Notably, the 3D opti-
mization time is 4.4 times that of the 2D example. This dis-
crepancy stems from two key factors:

1.	 First, the 3D model contains 32,000 elements 
–  1.6  times that in the planar model – leading to 
higher computational demands.

2.	Second, 3D structures use eight-node cubic elements 
– with twice as many nodes per element as planar 
four-node square elements – making displacement 
calculations inherently more time-consuming.

Additionally, the number of load increment steps seri-
ously influences calculation time. Increasing load steps in 
the 3D example from 2 to 10 (matching the planar exam-
ple) would further widen the computational efficiency gap. 
Thus, planar structures are recommended for optimization 
when spatial characteristics are not critical.

7 The effect of p-value
Using the planar irregular beam structure from Section 3.2.1 
and keeping all other parameters constant, BESO optimiza-
tion for peak stress is performed with stress norms p = 2, 4, 
and 6, respectively. The stress results of the obtained opti-
mal topology solutions are presented in Table 3.

Table 3 clearly shows the relationship between the 
p-value and peak stress σmax. As the p-value increases, 

Table 2 Comparison of the two stress-based BESO methods

Optimization method
p-value

2 4 6

The BESO method with 
structural linear-elastic 
analysis [18]

Topology solutions

σmax (N/mm2) 1.31 1.14 1.03

σPN (N/mm2) 39.07 4.26 2.14

Computational cost (min) 15 17 15

The BESO method with 
incremental nonlinear 
structural analysis

Topology solutions

σmax (N/mm2) 1.21 1.08 0.98

σPN (N/mm2) 39.09 4.29 2.23

Computational cost (min) 221 196 249

Fig. 6 3D cantilever beam problem: (a) design domain [18] (units: mm); 
(b) topology solution and its equivalent stress distribution (units: N/mm2)

(a)

(b)
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σmax  decreases monotonically, leading to a more uniform 
stress distribution and a significant reduction in the objec-
tive function σPN . When the p-value exceeds 6, Optimization 
convergence can be impeded by further increases, poten-
tially preventing attainment of the desired topology. 
Excessively low p-values result in higher objective func-
tion values, signaling sub-optimal topology solutions, while 
excessively high p-values ill-condition the p-norm problem, 
precluding acquisition of the optimal topology. This stems 
from the p-norm approaching the true objective function as 
p-value increases. However, high p-values induce optimiza-
tion divergence for two key reasons:

1.	 First, large element sensitivity disparities emerge, 
which sensitivity and design variable filtering can 
mitigate but not eliminate;

2.	Second, using stress – a local parameter – for opti-
mization introduces numerical instability, as indi-
vidual element state changes can drastically alter 
structural stress distributions, undermining optimi-
zation stability. Thus, a p-value in the range of 4–6 is 
recommended for optimal performance.

Additionally, with all other conditions held constant, 
the load was evenly distributed between two elements 
for FEA and subsequent optimization. Results show that 
peak stress σmax increases monotonically as the p-value 
rises. This stems from severe stress concentration at the 
load application point, where peak stress consistently 
occurs, thereby diminishing the optimization effect. Thus, 
when applying the proposed optimization method, mod-
erately dispersing load concentration and increasing the 
load-bearing area is necessary to mitigate such issues.

8 Conclusions
The stress-based BESO method incorporating incremental 
nonlinear structural analysis aims to minimize structural 
peak stress by approximating it using the p-norm function, 
with sensitivity derived via the adjoint method. Example 
studies validate the method's effectiveness and applicabil-
ity, leading to the following key conclusions:

1.	 When using the p-norm function to approximate 
structural peak stress, increasing the p-value sig-
nificantly reduces global stress levels and promotes 
a more uniform overall stress distribution.

2.	Maintaining a p-value of at least 4 ensures topology 
solutions closely align with predefined optimization 
objectives. Higher p-values yield more direct force 
transmission and clearer load path visualization. 
However, p-values exceeding 8 risk numerical insta-
bility and convergence issues. Therefore, a p-value 
between 4 and 6 is recommended for robust stress-
based BESO optimization.

3.	 For structures with strongly nonlinear materials, incre-
mental nonlinear analysis delivers more accurate 
stresses than linear-elastic methods. Since element ini-
tial sensitivity is stress-dependent, this produces more 
accurate filtered sensitivity rankings–enabling rational 
element removal/restoration during topology optimiza-
tion and yielding more stable optimal solutions.
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Table 3 The stress-based BESO method results with different p-values

Results
p-value

2 4 6

Topology solutions

σmax (N/mm2) 4.87 4.56 4.37

σPN (N/mm2) 142.00 16.96 8.66
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