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Abstract

Riverbank hydraulic structures are typically monitored using deterministic thresholds, whereas their reliability is assessed through 

probabilistic analysis during design. This separation limits the ability of monitoring systems to quantify evolving structural risk under 

uncertain geotechnical conditions and stochastic excitations. To bridge this gap, this study proposes an integrated probabilistic 

monitoring framework that couples offline probability density evolution (PDEM) with online surrogate-based distribution correction.  

An offline baseline database of response probability density surfaces (PDS) is established by incorporating spatially variable geotechnical 

parameters and stochastic excitation models within a reduced-dimensional representation. This baseline captures the temporal evolution 

of structural response distributions under representative environmental scenarios. For near-real-time application, a lightweight surrogate 

model is developed to infer distribution-level correction parameters from monitoring-derived features, enabling rapid reconstruction of 

updated PDS without repeated dynamic simulations. The framework is validated through a numerical case study of a Π-shaped anti-scour 

wall slope. The surrogate-reconstructed PDS demonstrates strong agreement with direct probabilistic solutions, with Jensen-Shannon 

divergence and Earth Mover's Distance generally below 0.1, while reducing computational cost by more than two orders of magnitude. 

The proposed method enables real-time extraction of distribution-based risk indicators and provides a probability-informed pathway for 

monitoring and early warning of hydraulic structures subjected to coupled environmental uncertainties.
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1 Introduction
Hydraulic structures, such as riverbank protection sys-
tems and anti-scour walls, play an essential role in slope 
stabilization and urban flood control. Their performance 
is influenced by multiple sources of uncertainty, includ-
ing stochastic hydraulic loading, seismic disturbances, 
seepage pressure variation, and spatial variability of geo-
technical properties. Recent studies have emphasized the 
stochastic characteristics of bank erosion and hydrau-
lic-geotechnical interactions under complex environmen-
tal conditions [1–2]. Soil heterogeneity in grain size dis-
tribution, moisture content, and compaction state, together 
with construction variability and ageing effects in concrete 
materials, further increase uncertainty. Stochastic seepage 

processes and spatial variability of soil parameters signifi-
cantly affect structural reliability [3–4]. Consequently, the 
structural response of hydraulic systems should be treated 
as a stochastic process rather than a deterministic quantity. 
Probabilistic structural analysis therefore aims to charac-
terize the evolution of response distributions under uncer-
tain inputs and support risk-informed evaluation. Time-
dependent reliability analysis has been widely applied to 
flood defence systems [5–6]. However, practical monitor-
ing in hydraulic engineering still relies largely on deter-
ministic thresholds or empirical indicators, which cannot 
fully represent distributional characteristics or extreme-re-
sponse risks under coupled excitations.
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Considerable efforts have been devoted to uncertainty 
propagation in structural and geotechnical systems. 
Sampling-based approaches, including Monte Carlo sim-
ulation and stochastic finite element methods, provide 
general tools for mapping input randomness to response 
distributions [7]. Efficiency improvements such as Latin 
hypercube sampling and quasi-Monte Carlo simulation 
have been proposed to reduce computational cost [8]. 
Surrogate modelling techniques are frequently constructed 
offline to approximate complex input-response relation-
ships and accelerate probabilistic estimation. Nevertheless, 
high-dimensional random fields arising from spatially 
variable material properties and multiscale processes lead 
to rapid growth in computational demand. For nonlinear 
dynamic problems, repeated simulations remain computa-
tionally intensive, limiting real-time applicability.

The Probability Density Evolution Method (PDEM) 
offers a density-based alternative for uncertainty prop-
agation by solving governing equations in probabil-
ity space  [9–10]. Instead of estimating only statistical 
moments, PDEM tracks the complete probability density 
function of structural responses, enabling explicit represen-
tation of mean, variance, and higher-order characteristics.  
Applications to seismic assessment of earth-retaining struc-
tures have demonstrated its capability in capturing nonlin-
ear stochastic responses [11–12]. However, large-scale engi-
neering implementation is challenged by the dimensionality 
of random inputs. Three-dimensional spatial random fields 
often require discretization into numerous random variables, 
resulting in substantial computational burden. Advanced for-
mulations of generalized density evolution equations further 
extend theoretical capability but increase modelling com-
plexity [13–14]. Effective dimensionality reduction is there-
fore necessary to preserve dominant uncertainty modes while 
maintaining computational feasibility.

Advances in multi-source sensing technologies have 
enabled continuous monitoring of hydraulic structures. 
Modern monitoring networks acquire displacement, accel-
eration, pore pressure, strain, and inclination data from both 
structural and geotechnical components. Data fusion and 
system identification techniques have been widely studied 
in structural health monitoring [15–16]. Bayesian surrogate 
modelling and adaptive updating strategies have also shown 
potential for probabilistic data assimilation [17]. In practi-
cal hydraulic applications, however, monitoring data are pri-
marily used for threshold-based alarms or empirical indica-
tors. The probabilistic information contained in monitoring 
data and its role in updating response distributions in real 

time have received limited attention. An integrated frame-
work is therefore required to combine probabilistic baseline 
modelling with monitoring-driven updating mechanisms, 
enabling rapid reconstruction of response probability distri-
butions while preserving physical interpretability.

Despite progress in uncertainty quantification and mon-
itoring technologies, several challenges remain. First, prob-
abilistic analysis and structural monitoring are often treated 
separately, and few studies establish a unified framework 
linking offline density evolution with online probabilis-
tic updating. Second, high-dimensional spatial variability 
restricts the application of density-based evolution methods 
in large-scale hydraulic systems. Third, efficient inference 
mechanisms capable of adjusting probabilistic baselines 
using real-time monitoring data without repeated dynamic 
simulations are still lacking. Addressing these issues is 
essential for probability-informed monitoring and early 
warning under complex environmental conditions.

To address the above challenges, this study proposes 
a probabilistic monitoring and early-warning framework 
for anti-scour wall slopes that integrates offline probabil-
ity density evolution with online surrogate-based correc-
tion. An offline database of response probability density 
surfaces is first established using stochastic excitation 
modelling and reduced-dimensional representation of spa-
tially variable geotechnical parameters. A lightweight sur-
rogate model is then developed to infer distribution-level 
correction parameters from monitoring-derived features, 
enabling rapid reconstruction of updated probability den-
sity surfaces without repeated dynamic analysis. The main 
contributions are summarized as follows:

An integrated offline-online probabilistic monitoring 
framework linking density evolution analysis with real-
time structural monitoring.

A reduced-dimensional uncertainty representation strat-
egy tailored to probability density evolution modelling.

A surrogate-based distribution reconstruction approach 
that enables near-real-time probabilistic updating with 
improved computational efficiency.

The proposed framework provides a probability-in-
formed approach for monitoring, risk assessment, and early 
warning of hydraulic structures subjected to coupled envi-
ronmental uncertainties.

2 Theoretical backgrounds
2.1 Probability density evolution method
The PDEM originates from stochastic dynamical system 
theory. Its core idea is to propagate input uncertainties to 
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output responses by solving the time evolution of the sys-
tem response's probability density function (PDF) [18–19]. 
Considering a slope subject to stochastic vibration and mod-
eled with random parameters, let the m-dimensional vector 
of quantities of interest be defined as Z = (Z1, Z2, …, Zm)T. 
The system dynamics can then be described by the follow-
ing form [20]:

M X f X X F� � � �� � � � � � � �  , , ,t 	 (1)

Z Z H L XZ� � � � � � � � �� , , , ,t t t� � 	 (2)

In Eq. (1) and Eq. (2), Θ ={θ1, θ2, …, θs}∈ Rs denotes the 
set of fundamental random variables representing uncertain-
ties in structural parameters and excitations. X = H(Θ, t) rep-
resents the n-dimensional displacement response vector of 
the system, M represents the n × n mass matrix, f represents 
the n-dimensional internal force vector incorporating nonlin-
earities, Γ represents the n × r excitation influence matrix, F 
represents the r-dimensional excitation vector. The operator 
HZ defines the quantities of interest, H is the displacement 
operator, L maps the system response X to the m-dimensional 
vector of quantities of interest Z.

The joint probability density function of (Z, Θ), denoted 
as pzΘ(z, θ, t), then satisfies the generalized probability den-
sity evolution equation (GDEE):
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In Eq. (3), lZ  denotes the generalized velocity of the 
l-th quantity of interest.

Accordingly, the joint PDF of Z can be expressed as:

p z t p z t dZ Z, , ,� � � � �� �
��

� � 	 (4)

In Eq. (4), ΩΘ denotes the space composed of the set of 
random variables Θ.

2.2 Karhunen-Loève expansion
Geotechnical parameters of hydraulic structure systems, such 
as elastic modulus, internal friction angle and permeability, 
often exhibit spatial correlation. Their variability is reflected 
not only in the mean and variance but also in spatial depen-
dence [21–22]. Directly discretizing these random fields in 
numerical simulations would lead to a high-dimensional 
uncertainty input, making probabilistic propagation analysis 
computationally intractable. To retain the ability to charac-
terize spatial correlation while controlling the dimensional-
ity of randomness, this study employs the KLE to construct 
a reduced order representation of the random fields [23–24].

Let the spatial distribution of a parameter be modeled 
as a random field G(x, ω) defined over the spatial domain 
ΩG ∈ R3, where x = (x, y, z) denotes the spatial position and 
ω represents a random event in the sample space. The sta-
tistical properties of this random field are characterized by 
its mean function μG(x) and covariance function CG(x, x'), 
defined as [25–26]:
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In Eq. (5), E[·] denotes the expectation over the sample 
space, CG = CG(x, x') is the covariance function, which char-
acterizes the correlation between different spatial locations.

In geological material parameters, exponential covari-
ance model is commonly used, where variance and correla-
tion lengths are specified through parametric forms. The 3D 
exponential covariance function can be expressed as:
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In Eq. (6), x  =(x, y, z) and x'  =(x', y', z') denote the 
spatial position vectors, σG

2  is the variance of the ran-
dom field and represents the overall amplitude of fluctua-
tion. The correlation lengths lx, lv, lZ govern the degree of 
spatial smoothness along the three coordinate directions. 
Larger correlation lengths imply slower spatial variation 
in the corresponding direction, reflecting the inherent con-
tinuity of the geological medium.

Based on this covariance structure, the KLE represents 
the random field as a linear combination of deterministic 
spatial modes and independent random variables. By per-
forming an eigen decomposition of the covariance func-
tion, one obtains the eigenvalues λi and the orthogonal 
eigenfunctions φi(x), which satisfy:
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The random field can then be expressed as:
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In Eq. (8), ξi(ω) are uncorrelated standard random vari-
ables with zero mean and one variance.

The Eq. (8) shows that the spatial randomness of the field 
can be represented as a linear combination of determinis-
tic spatial modes φi(x) weighted by the random variables ξi.  
The magnitude of each eigenvalue λi indicates the contri-
bution of the corresponding mode to the total variance. In 
practical computations, it is unnecessary to retain all modes, 
a accuracy approximation can be achieved by keeping the 
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first M dominant modes, replacing the ∞ in Eq. (8) with M. 
This truncation substantially reduces the stochastic dimen-
sionality while preserving the essential statistical charac-
teristics of the field. Within the PDEM, all uncertainties 
are represented by a finite set of basic random variables Θ.  
When structural or soil parameters exhibit spatial correlation, 
the truncated KLE variables ξi are incorporated into this basic 
variable set.

2.3 Kanai-Tajimi ground-motion model
In PDEM based probabilistic early-warning approaches 
for slope systems, the randomness of external excitation 
is a primary factor controlling the distribution of struc-
tural responses [27–28]. In practical engineering, it is often 
difficult to obtain a sufficient number of recorded earth-
quake motions to support statistical analysis. Therefore, 
synthetic ground motions generated from theoretical spec-
tra are commonly used. These virtual ground motions are 
constructed to match the statistical characteristics of a tar-
get site and provide equivalent input for dynamic response 
analysis. Among various stochastic ground-motion mod-
els, the KT method is widely used in engineering seismol-
ogy because it has proven suitable for reliability analyses of 
geotechnical and soil structure systems [29].

In the KT method, the ground acceleration is treated as 
filtered white noise passing through a linear single degree of 
freedom system representing the site layer [30–31]. Its power 
spectral density function is given by:

S SKT
g

g g

�
� � �

� � � � �
� � �

� � �
� � ��

�
�
� � � �

0

2 2

2
2

2 2

1 4

1 4

	 (9)

In Eq. (9), ω is the circular frequency (rad/s), ωg=2πfn 

is the dominant circular frequency, fn is the dominant fre-
quency (Hz), ζ is the bandwidth parameter, S0 controls the 
overall energy level of the excitation.

The Eq. (9) represents the frequency response of a linear 
system under a unit white noise input, causing the spectrum 
to peak at ω=ωg. A smaller ζ yields a sharper spectral peak. 
Synthetic acceleration time histories with this spectral shape 
are commonly generated using the Spectral Representation 
Method. After discretizing the frequency domain into Nf fre-
quency points, a stationary stochastic acceleration process 
can be expressed as:

a t S f f f tb KT k k kk
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In Eq. (10), Δf is the frequency increment, taken as 1/tn, 
tn is the duration of the process, ϕk are independent random 
phases uniformly distributed in [0, 2π].

The generated process is stationary, with zero mean, con-
stant variance, and a frequency distribution consistent with 
SKT(ω). However, real earthquake motions are not station-
ary. Their energy evolves over time and typically exhibits an 
onset-growth-decay pattern. To capture this non-stationary 
characteristic, a time envelope function E(t) is introduced.  
A commonly used exponential envelope is:
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In Eq. (11), a, b, c control the amplitude, rise rate, and 
decay rate, respectively, ε denotes the relative time at which 
the energy peaks, Tr represents the ratio of the amplitude of 
the envelope at rtn to the overall peak value, with r ∈ [0,1] 
and typically r = 0.9.

Applying the envelope to the stationary process and res-
caling yields a non-stationary acceleration time history con-
sistent with the target ground-motion intensity:
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In Eq. (12), PGAtarget is the target peak ground accelera-
tion (m/s2), and β is the scaling factor.

2.4 Probabilistic monitoring and early-warning method
To achieve rapid updating of structural response distributions 
and risk identification while maintaining physical fidelity, 
computational efficiency, and online applicability, this study 
develops a five-step monitoring and early-warning frame-
work that integrates PDEM and surrogate-based correction 
in Fig. 1. The workflow combines uncertainty modelling of 

Fig. 1 Probabilistic monitoring and early-warning framework based on 
PDEM and surrogate model
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geotechnical media and external excitations, offline construc-
tion of a probability database, parametric analysis of environ-
mental factors, surrogate model training, and online correc-
tion and warning decision.

The first step involves physical modelling and defini-
tion of random variables. A dynamic model incorporating 
the geotechnical parameter, structural system, and external 
excitations is established, and their uncertainties are rep-
resented. Spatial variability of the geomaterial is modelled 
through random fields of key mechanical parameters such 
as elastic modulus, after KLE decomposition, a reduced set 
of random variables is retained to preserve dominant spa-
tial correlations while reducing dimensionality. Excitation 
uncertainty is described using representative seismic or 
hydrodynamic inputs with sufficient variability in ampli-
tude, phase, and duration. A sampling design is then con-
structed in the random variable space to generate training 
samples that cover space and excitation conditions.

The second step is offline simulation and PDEM baseline 
library construction. Dynamic numerical analyses are per-
formed for all sampled realizations to obtain the time his-
tories of the response quantities of interest. These responses 
are processed through the PDEM framework to compute the 
temporal evolution of the associated probability densities, 
yielding full PDSs. By organizing the PDSs corresponding to 
different features inputs, an offline PDEM database is estab-
lished. This database serves as a statistical baseline during 
monitoring and provides essential data support for surrogate 
model development and subsequent online corrections.

The third step consists of parametric analysis and estab-
lishing of surrogate model. After constructing the database, 
further analyses are performed with respect to key environ-
mental factors, such as excitation amplitude, water level, and 
scour depth, to quantify their influence on the statistics of 
the response. Representative statistical features extracted 
from these factors are paired with the distributional char-
acteristics of the response to build datasets describing the 
input-output mapping. A surrogate model is then established 
to output distribution correction parameters conditioned on 
given environmental characteristics, thus replacing PDEM 
simulations with fast online corrections.

The fourth step is online feature extraction and rapid 
distribution correction. During monitoring, sensor data 
are collected at certain intervals or upon certain triggers, 
and real-time feature vectors are extracted and fed into the 
established surrogate model. The surrogate returns correc-
tion parameters that adjust the offline PDEM baseline and 
generate the current PDS. This process enables a direct and 

rapid mapping from real-time observations to probabilistic 
response characterization, avoiding repeated dynamic anal-
yses and ensuring that uncertainty descriptions remain syn-
chronized with monitoring data.

The fifth step involves extraction of risk indicators and 
warning decision. Based on the updated PDS, engineer-
ing-relevant risk metrics such as the distribution of peak 
responses, exceedance probabilities for specified thresh-
olds, and indicators associated with failure criteria will be 
evaluated. Comparing these metrics with predefined risk 
thresholds enables automated warning or recommendations 
for manual inspection and refined analysis. In this manner, 
a probability-based monitoring-analysis-warning loop is 
established, supporting quantification of risk evolution and 
real-time decision-making capability.

The fourth step is online feature extraction and rapid 
distribution correction. During monitoring, sensor data 
are collected at certain intervals or upon certain triggers, 
and real-time feature vectors are extracted and fed into the 
established surrogate model. The surrogate returns correc-
tion parameters that adjust the offline PDEM baseline and 
generate the current PDS. This process enables a direct and 
rapid mapping from real-time observations to probabilistic 
response characterization, avoiding repeated dynamic anal-
yses and ensuring that uncertainty descriptions remain syn-
chronized with monitoring data.

The fifth step involves extraction of risk indicators and 
warning decision. Based on the updated PDS, engineer-
ing-relevant risk metrics such as the distribution of peak 
responses, exceedance probabilities for specified thresh-
olds, and indicators associated with failure criteria will be 
evaluated. Comparing these metrics with predefined risk 
thresholds enables automated warning or recommendations 
for manual inspection and refined analysis. In this manner, 
a probability-based monitoring-analysis-warning loop is 
established, supporting quantification of risk evolution and 
real-time decision-making capability.

3 Π-shaped anti-scour wall slope
3.1 Numerical model construction
A river slope protected by the Π-shaped anti-scour wall is 
adopted as the numerical example. The geometry and struc-
tural configuration follow the design documentation: the 
wall height is 15 m, the sidewall thickness is 0.6 m, the top 
slab thickness is 0.5 m, and the concrete emergency blocks 
is 6 m wide and 2 m high in Fig. 2.

Numerical simulations are performed using FLAC3D. 
The concrete grades of the anti-scour wall, emergency 
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blocks and slope protection are taken as C35, C25 and 
C25, respectively. The soil is represented by fine sand and 
fine sand (backfill). Mohr-Coulomb constitutive model is 
adopted to capture potential yielding and shear deformation.  
Material parameters are listed in Table 1. The model bound-
ary conditions are defined by a free-field boundary at the 
base, viscous and free-field boundaries at the lateral sides, 
and pore-pressure loading to represent the water level.  
The response of interest is the horizontal relative displace-
ment at the wall top with respect to the model base. A dis-
placement monitoring point is arranged at the wall top front 
edge to represent wall-top horizontal movement, as would 
be measured by a displacement sensor. In addition, an accel-
eration monitoring point is defined at the model base to rep-
resent seismic input recording. A water-level gauge is also 

considered to represent river-stage variations, which corre-
spond to pore-pressure boundary conditions in the numerical 
model. These monitoring-representative locations are illus-
trated in Fig. 2(a). In the modelling framework, the wall-top 
displacement serves as the primary response quantity for 
probabilistic characterization and updating. The base acceler-
ation corresponds to measurable ground motion input, while 
river water level is introduced as hydraulic loading through 
the associated pore-pressure boundaries. Scour conditions 
are represented by variations in foundation elevation, corre-
sponding to bed-level surveys commonly conducted in river 
engineering practice. These monitoring-representative quan-
tities together define the data interface for PDEM analysis 
and surrogate-based probabilistic updating.

3.2 Uncertainty representation and excitation setting
To characterize the spatial variability of the fine sand, a 
2D random field is constructed for the elastic modulus. 
Dimensionality reduction is performed using the KLE 
in Fig.  3. An anisotropic Gaussian covariance kernel is 
employed, with correlation lengths of 10 m and 5 m in the 
x- and z-directions, ignoring the z-direction differences. 
The prior mean and coefficient of variation reference the 
site investigation data. By balancing accuracy and computa-
tional cost, the first five dominant KLE modes are retained, 
forming a reduced random-variable subset that preserves 
the principal spatial heterogeneity.

The seismic excitation is generated according to the 
site class and regional design parameters specified in the 
seismic code for the project location. A target peak ground 
acceleration (PGA) of 0.20 g is adopted, corresponding to 
the design seismic intensity of the region, while the charac-
teristic period (0.4 s) and bandwidth parameter (0.5) follow 
the site-specific response spectrum. Using the KT method, 
acceleration time histories consistent with the target spec-
trum are synthesized. To represent phase uncertainty, 
30 curves with identical amplitude spectra but independent 
random phases are generated and assigned equal probabil-
ity. A typical sample is shown in Fig. 4. Considering com-
putational efficiency and the dominant structural response 
period, a uniform duration of 5 s is used.

Environmental conditions are defined based on design 
documentation, historical hydrological monitoring records, 
and engineering reports for the studied river section.  
Two representative water-level states are considered: normal 
operation and flood condition, reflecting seasonal variations 
and design-level high-water scenarios. These water-level 
states correspond to measurable river-stage variations and 

Table 1 Material parameters

Material C25 C35 Fine sand Fine sand (backfill)

Density (kg/m3) 2500 2500 2050 1620

Elastic modulus
(MPa) 28 31.5 56 (0.25) 30

Poisson's ratio 0.2 0.2 0.3 0.3

Friction angle (°) – – 30 20

Cohesion (MPa) – – 0 0

Tensile strength 
(MPa) – – 0 0

Permeability 
(10−4m/s) – – 1.16 1.16

Porosity – – 0.425 0.296

Fig. 2 Π-shaped anti-scour wall slope and monitoring-representative 
locations: (a) vertical section showing displacement gauge at wall top, 

accelerometer at model base, and river water-level indicator; 
(b) FLAC3D numerical model
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are implemented in the model through pore-pressure bound-
ary loading. Similarly, two scour states are introduced: no 
scour at elevation 23 m and maximum scour at elevation 
15 m. The lower elevation represents a conservative esti-
mate of foundation erosion under severe flow velocities 
according to engineering assessments. In practice, scour 
depth can be identified through periodic riverbed eleva-
tion surveys. By incorporating both no-scour and upper-
bound scour scenarios, the model captures progressive 
foundation weakening effects. These environmental 
states are selected to span typical operational conditions 
as well as upper-bound extreme scenarios, ensuring ade-
quate probabilistic coverage for baseline construction.  
Together with the stochastic material parameters and 
seismic samples, they form the complete set of scenarios 
required for establishing the offline PDEM baseline library.

3.3 Offline PDEM library construction
After defining the physical model and stochastic input sce-
narios, an offline sample set is generated. Deterministic 
dynamic analyses are conducted in FLAC3D for all sam-
ples, and the responses at the monitoring points are 
obtained. The probability density evolution method is then 
applied to compute the evolution surfaces of the response 
PDFs and relevant state variables.

The PDEM results across all environmental and stochas-
tic combinations are systematically archived according to 
scenario labels, forming a structured offline PDEM library. 
This library serves as the statistical baseline for subsequent 
distribution correction and inference.

A parametric analysis is then performed to identify and 
quantify the influence mechanisms of environmental and 
excitation factors. Excitation intensity effects are investi-
gated by scaling the acceleration amplitude while preserving 
waveform shape. Environmental effects are examined under 
different water level and scour conditions. Parametric cor-
rection relationships are extracted by comparing the PDEM 
outputs features across scenarios.

The extracted features consisting of environmental 
descriptors, excitation characteristics, and corresponding 
correction quantities are used to establish a surrogate model. 
With these inputs, the surrogate model predicts the correction 
parameters that adjust the baseline PDSs, enabling extrapo-
lation from the finite offline samples to the scenario space.

During online deployment, the monitoring system extracts 
statistical features of the structural response within an obser-
vation window. These features are projected by the surro-
gate model into the parametric space, yielding correction 

Fig. 3 KLE analysis: (a) fine sand region division; (b) covariance matrix 
of regions; (c) eigenvalue decay curve

Fig. 4 KT seismic acceleration samples: (a) example time history;
(b) spectral density estimate
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parameters. Combined with the offline PDEM database, they 
produce updated PDS at this window. This enables rapid 
transformation from measured data to evolving risk distri-
butions, establishing a probability-based risk assessment and 
early-warning framework.

4 Results and analysis
4.1 Offline PDEM library establish and influencing 
factor analysis
The PDSs of the top horizontal relative displacement of the 
Π-shaped anti-score wall slope were analyzed under water 
levels of 23 m, 25 m, and 28 m, considering both no-scour 
and maximum scour conditions. The seismic acceleration 
peak was set to 0.2g, and the analysis accounted for spa-
tial variability in fine sand elastic modulus and uncertainty 
in seismic phase. In total, six distinct combinations of water 
level and scour conditions were considered, with 30 sample 

realizations for each scenario. Each simulation obtained 5 s 
relative displacement time histories, which were then used 
to construct the corresponding probability density evolution 
surfaces and to extract statistical characteristics in Fig. 5, 
including mean and variance in Table 2.

As shown in Fig. 5, the probability distribution of the 
response changes over time, but it can also be observed that 
it has the characteristic of being concentrated. Both Fig. 5 
and Table 2 indicate that scour significantly affects the PDE, 
increased scour leads to higher responses and larger vari-
ance, consistent with the theoretical reduction of soil anchor-
age under scouring. In contrast, variations in water level 
within the considered range exert a minor influence, slightly 
reducing the response due to the increased pore water pres-
sure providing additional restraint. This analysis shows 
scour as a dominant factor influencing structural response, 
whereas water level has a comparatively smaller impact.  

Fig. 5 PDSs of the relative horizontal displacement at the top of the anti-scour wall: (a) S1: no scouring at 23m water level; (b) S4: maximum scouring 
at 23m water level; (c) S2: no scouring at 25m water level; (d) S5: maximum scouring at 25m water level; (e) S3: no scouring at 28m water level; (f) S6: 

maximum scouring at 28m water level
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In practice, however, higher water levels often coincide with 
increased scour, necessitating consideration of both factors 
simultaneously.

To further quantify water level effects, 23 m water level 
was used as a reference, and response were evaluated at 25 m 
and 28 m for both no-scour and maximum scour scenarios. 
For each scenario, the 30 sample realizations were analyzed, 
and four response indicators were extracted, including peak 
displacement, root mean square, energy, and 90th percentile 
in Fig. 6(a) and (b). Relative scaling coefficients were com-
puted with respect to the 23 m water level baseline, and a 
composite relative scaling coefficient was obtained by log 
averaging and median fitting in Fig. 6(c) and (d). For inter-
mediate scour levels (18–23 m elevation), linear interpola-
tion between the no-scour and maximum scour cases was 
used to estimate the composite scaling coefficient.

The influence of seismic peak acceleration on the response 
was also analyzed. Using a representative acceleration time 
history with a base peak of 0.2g, eleven scaled excitation lev-
els (0.01–1.5 times the base peak) were simulated for both 
no-scour and maximum scour conditions. Fine sand proper-
ties were assumed homogeneous. The resulting 11 response 
time curves are shown in Fig.  7(a) and (b). Fig. 7(c) and 
(d) show that the response indicators exhibited an approxi-
mately quadratic relationship with the excitation coefficient. 

Composite relative scaling coefficients were obtained by log 
averaging across the indicators and fitted with a quadratic 
polynomial to establish functional relationships between 
peak acceleration and the response in Fig. 7(e) and (f).  
For practical scour conditions (18–23 m elevation), linear 
interpolation between no-scour and maximum scour results 
was applied to estimate the scaling coefficients.

4.2 Surrogate model construction and online 
probability density evolution reconstruction
Based on the previously presented analysis, a surro-
gate-based PDS model was developed by establishing 
functions between water level, seismic peak acceleration, 
and the interested physical quantity (top relative horizontal 
displacement of the anti-scour wall) under two conditions, 
no scour and maximum scour. Considering 5 s excitation 
time histories, the response PDEs for these two scenar-
ios in Table 3 were obtained in Fig. 8. Supported by the 
offline PDEM library, the surrogate model enables near-
real-time reconstruction of response feature uncertainty 
through parametric correction, providing a foundation for 
rapid online probability density updates. For validation, 
the surrogate model predictions were compared with direct 
PDEM calculations based on samples to assess accuracy 
in uncertainty characterization. Two representative scenar-
ios, listed in Table 3, were selected for numerical verifica-
tion, considering both soil randomness and seismic phase 
variability. Time histories and PDSs were analyzed and 
compared at both temporal and statistical levels.

For the selected scenarios, the response time histories and 
probability density evolution surfaces were first obtained 
from the PDEM simulations in Fig. 8(c) and (d). The surro-
gate model was then used to quickly reconstruct the PDEM 
evolution results in Fig. 8(e), and (f). Comparisons between 
Fig. 8(a) and (c), Fig. 8(b) and (d), show that under identical 
peak accelerations, the distributions of response time histories 
generated by new excitations closely match the correspond-
ing PDSs in amplitude. This demonstrates that the surro-
gate constructed PDSs effectively preserve the main statis-
tical features of the dynamic structural response and capture 
the variability induced by excitation uncertainty. Physically, 
this indicates that the PDSs not only encode the structure's 
response to external disturbances but also reflect the tempo-
ral evolution feature of uncertainty in the statistical distri-
bution space. Moreover, the surrogate model allows direct 
extraction of time-varying means, variances, and extreme 
value distributions, providing a basis for defining probabilis-
tic risk metrics. Compared with traditional warning systems 

Fig. 6 Relationship between response relative scaling coefficient and water 
level: (a) sample without erosion; (b) sample with maximum erosion; 

(c) relationship without erosion; (d) relationship with maximum erosion

Table 2 Time history characteristics of probability density surface

Analysis 
conditions S1 S2 S3 S4 S5 S6

Maximum 
mean (m) 0.076 0.070 0.065 0.147 0.142 0.138

Variance 6.4e−4 5.7e−4 5.0e−4 1.2e−3 1.1e−3 9.9e−4
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based on single value response, the PDEM approach simul-
taneously characterizes response magnitude and uncertainty 
trends, enabling more comprehensive dynamic warning.

Further comparisons between Fig. 8(c) and (e), Fig. 8(d) 
and (f), highlight the surrogate model's accuracy. The sur-
rogate predicted PDSs closely reproduce the overall shape, 
peak location, major trends, and dynamic distribution of the 
PDEM results. To quantitatively evaluate the distribution 
differences, JSD and EMD were used as metrics, as shown 
in Fig. 8(g) and (h). Both metrics almost always remained 
below 0.1 for the two representative scenarios, indicat-
ing minimal statistical differences between surrogate pre-
dictions and PDEM computations. This confirms that the 

surrogate model can accurately capture the evolution of 
structural response uncertainty while significantly reduc-
ing computational cost.

Overall, the surrogate model reproduces both response 
amplitudes and distribution patterns consistent with PDEM 
results and maintains stability in representing time-vary-
ing uncertainties. Its core advantage lies in reducing high 
dimensional randomness to a real-time computable map-
ping, retaining the physical interpretability of the statistical 
behavior of structural dynamics. The surrogate predicted 
PDSs can further support warning systems based on con-
fidence intervals, enabling early risk warnings. This prob-
abilistic response prediction framework provides theoret-
ical and practical feasibility for real-time monitoring and 
dynamic warning of similar hydraulic structures under com-
plex environmental loads.

From an engineering perspective, the integration of sur-
rogate models with PDEM provides an effective pathway for 

Fig. 7 Relationship diagram between relative scaling coefficient of response and peak acceleration coefficient: 
(a) time history of no erosion; (b) time history of maximum erosion; (c) no erosion sample; (d) maximum erosion 

sample; (e) no erosion relationship; (f) maximum erosion relationship

Table 3 Verification conditions

Analysis 
conditions

Water 
level

Peak excitation 
acceleration Scour Excitation 

duration

W1 26m 0.05g 21m 5s

W2 27m 0.1g 18m 5s
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an edge-cloud collaborative monitoring system. Edge nodes 
perform data denoising, feature extraction, and surrogate 
model prediction to enable rapid risk identification, while 
the cloud handles high-cost parallel PDEM analyses, sam-
ple updates, and model rebuild. In summary, the proposed 
early-warning framework enables accurate approximation 
of PDEM results with significantly reduced computational 
cost, offering a scalable framework for structural response 
uncertainty analysis, probabilistic risk quantification, and 
real-time engineering decision-making.

5 Discussions
This study developed an early-warning framework that inte-
grates PDEM and surrogate-based correction, and its appli-
cability was demonstrated through a numerical case study of 
a Π-type anti-scour wall slope. The results indicate that KLE 

dimensionality reduction effectively captures the spatial ran-
domness of geotechnical fields, transforming a high dimen-
sional random field problem into a finite dimensional ran-
dom variable problem and thereby significantly reducing the 
computational burden of PDEM analysis. Combined with the 
rapid correction method of the surrogate model, the frame-
work enables near-real-time prediction of structural response 
feature while preserving the statistical structure of the dis-
tributions. This approach provides a pathway for structural 
health monitoring that balances computational efficiency 
and physical uncertainty, and demonstrates the feasibility of 
probabilistic early warning.

The truncation of KLE plays a key role in dimensionality 
reduction. By retaining the dominant modes, the main spatial 
variability of the random field can be captured with relatively 
low order expansions. However, when the geotechnical 

Fig. 8 PDS diagram of verification conditions: (a) excitation and response of W1; (b) excitation and response of W2; 
(c) simulation PDS of W1; (d) simulation PDS of W2; (e) deduction PDS of W1; (f) deduction PDS of W2; 

(g) difference between deduction and simulation of W1; (h) difference between deduction and simulation of W2
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