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Abstract

This paper investigates the dynamic behaviour of a rolling ball absorber moving along a circular track whose surface is formed by a 

pair of rails. The rail geometry constrains the motion of the ball to a planar trajectory. Experimental measurements of free oscillations 

are recorded using a video camera and subsequently processed by a presented algorithm. The output of the algorithm is the angular 

displacement of the absorber ball as a function of time. The free-vibration response is further analysed by fitting a numerical 

simulation to the experimentally obtained time history. The equations of motion are derived for a physical model consistent with the 

experimental setup and include a combination of viscous damping and rolling resistance to describe energy dissipation. The fitting 

procedure aims to identify an optimal combination of viscous and rolling damping coefficients that yields the best agreement between 

the numerical simulation and the experimental response.
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1 Introduction
Vibration damping of structures is one of the major and 
because of its complexity least explored fields of structural 
dynamics. It aims to reduce vibrations, which may have a sig-
nificant impact on the structure and the comfort of the occu-
pants. In the extreme case, the vibration causes the struc-
ture to collapse or be damaged, with consequent hazards to 
the occupants. Vibration also causes discomfort for people 
dwelling in a vibrating building or on the footbridge when 
certain acceleration thresholds are exceeded [1, 2]. Structural 
engineers are responsible for designing vibration-resistant 
building structures with a focus on structural efficiency.  
The key to an effective design is to maximize the effi-
ciency of the structure while minimizing material demand.  
This effort contributes significantly to the economic effi-
ciency and sustainability of civil engineering projects [3].

A feasible solution to reduce the effect of vibrations on 
the structure is the implementation of damping devices. 
The most robust and widely used type are passive absorb-
ers, including so-called tuned mass dampers. These sys-
tems are characterized by the fact that they do not require 

an electrical power supply to operate. Instead, they use 
the movement of the main structure itself to trigger its 
effect [4]. and dissipate of energy that is introduced into 
the structure by external sources [5]. 

One particular representative of this group is the ball 
vibration absorber, which consists of two components, 
namely a support ball and an inner ball. The absorber is 
used, for example, in tall, slender buildings or long lin-
ear structures, mainly because of its robustness (as men-
tioned above) and relatively small dimensions. However, 
there are also difficulties associated with the inherently 
nonlinear nature of this system. These are mainly associ-
ated with motion auto-parametric oscillations and insta-
bilities [6]. The nonlinear nature of the system makes the 
response strongly dependent on the amplitude of external 
excitation, as it has been shown with numerical calcula-
tion [7, 8]. These simulations are able to provide valu-
able information about the behavior of a dynamic sys-
tem described by equations of motion, however, some 
simplifications have to be made during their derivation. 
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Moreover, it is often required to validate the results 
obtained experimentally and vice-versa.

Several publications that contain an experimental part 
address the topic of the spherical absorber [9–13]. Two cat-
egories can be distinguished here, namely the experimen-
tal measurement of the response of the supporting structure 
and the monitoring of the response of the ball. The first cat-
egory includes studies, such as [9], where the experimental 
portion of the article focuses on analyzing the response of 
a structure equipped with a planar model of a ball absorber.  
The structure was subjected to free vibration, harmonic, 
and seismic excitation. In [10], the response of a wind tur-
bine model without a damping device and with a spherical 
absorber was analyzed. Experiments were also conducted on 
the wind turbine model described in the publication [11] to 
analyze how the structural response changes with the varying 
number of balls placed in the support bowl. As a representa-
tive of the second category of experimental measurements, 
we can include, for example, [12, 13]. In [12], ball displace-
ments are measured using relative displacement sensors.  
In this work, the author analyzes the absorber response along 
with the logarithmic decrease in damping with the applica-
tion of different rolling surface materials and the vibration 
absorption efficiency. The author's team adopted a different 
approach to measuring the response, following the method 
used in [13], where video recordings were employed to cap-
ture the ball's position. In these experiments, the camera 
was placed over the bowl and the deflection in one direction 
was traced. The video was captured at 25 frames per sec-
ond and MATLAB Image Processing and Computer Vision 
Toolbox [14] was used for the processing. 

This article presents a procedure for analyzing the 
response of a rolling ball absorber whose motion is con-
strained to a planar trajectory by a circular two-rail track. 
Free oscillation experiments were carried out using a 
specially designed experimental setup, while the system 
response was measured in a fully non-contact and non-in-
trusive manner. The motion of the ball was captured exclu-
sively by video recordings, without the use of any addi-
tional sensors or measuring devices attached to the system, 
thereby ensuring that the physical nature of the phenome-
non was not affected. This measurement strategy provides 
a clean and unobstructed observation of the system dynam-
ics, which is particularly advantageous for lightweight or 
highly sensitive structures. An image-based algorithm was 
then applied to the recorded videos to extract the time his-
tory of the ball position, which was subsequently converted 
into angular displacement during post-processing.

Based on the experimentally obtained response, a physi-
cal model of the system was formulated using equations of 
motion that include both viscous damping and rolling resis-
tance. The parameters of the damping model were identi-
fied by fitting numerical simulations to the experimentally 
observed decay of oscillation amplitudes. The results demon-
strate that the proposed approach provides a consistent and 
physically interpretable description of the dissipative mech-
anisms governing the free oscillations of the ball absorber.

2 Experimental setup
The experimental setup consists of a steel structure that 
serves as a base and a support structure equipped with a path 
for the ball rolling motion. In the case of a ball absorber, 
the support structure is a bowl. Although the experiments 
described below restrict the motion to a planar trajectory, 
the term 'bowl' is used for the support structure for the sake 
of concise terminology. The steel base is made up of two  
U-profiles that are connected by a tube. The top of the struc-
ture is equipped with two rails on which the "trolley" moves. 
The trolley is secured on the rails by three pairs of wheels 
that hold the rail to ensure stability and precision of move-
ment. The trolley itself is then made up of two steel plates 
interconnected by a pipe (the diameter is much smaller 
than the pipe used for the base). The dimensions of these 
plates differ, since one of them is used to fix only one pair 
of wheels, while the other has two pairs of wheels attached 
and serves to secure the position of the bowl. A schematic 
model of the steel base and trolley, with a description, is 
shown in Fig. 1. This steel base equipped with a trolley has 
already been used for experimental measurements of pen-
dulums with viscous dampers [15, 16].

Bowl parameters were designed based on numerical sim-
ulations such as those found in [8]. The bowl consists of two 

Fig. 1 Schematic model of the steel base and trolley with description
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glued wooden plates, which have a modified shape and serve 
as tracks for rolling motion. Each of the glued plates consists 
of three thin wooden plates of 2 mm thickness layered on top 
of each other. The only difference between the layers is the 
diameter of the curvature of the rolling track. This offset was 
chosen to create a stepped edge on which a rubber pipe could 
be mounted to increase friction (see Fig. 2). The radius of 
curvature is 206, 204 and 200 mm, respectively. This means 
that without the rubber pipe, the rolling path has a radius of 
200 mm. The glued wooden plates are interconnected by 
threaded rods. Spacers are inserted between the plates on the 
threaded rods to ensure equal spacing at each point. By using 
spacers of different lengths, the spacing of the boards can be 
modified according to the requirements of the experiment. 
The 3D model of the bowl can be seen in Fig. 3.

The completed bowl is placed on the tube that connects 
the steel plates of the trolley (see Fig. 4). Several enhance-
ments have been made to achieve an efficient connection 
between the trolley and the bowl, including a laser-prepared 
cutout to ensure proper load transfer in the direction of 
movement. Other components providing rotational rigidity 
are bolts fitted into pre-prepared holes on one of the plates 

and connected to the trolley. Some of the elements, such 
as spacers or templates for creating reference points, are 
created using 3D printing technology. The reference points 
(see Fig. 4), which are created on the surface of the bowl 
using templates, are used in the algorithm to convert the 
results from pixels to millimeters.

The video footage of the experiment was taken on a mobile 
phone at a resolution of 1920 × 1080 progressively displayed 
pixels (fullHD). The frame rate was set at 120 frames per 
second. The mobile phone was mounted on a tripod and 
positioned so that the experimental setup remained fully vis-
ible in the frame during oscillations.

3 Obtaining results from a video recording
Section 3 will describe the procedure for analyzing the 
video footage taken during the experiment. The outcome 
of the analysis is the position of the center of the sphere in 
time. In this study, the procedure is applied to free oscilla-
tions. It should also be noted that in the algorithm for the 
tracking of the ball, there is also the tracking of reference 
points. All objects whose centers are tracked in the algo-
rithm will generally be called tracked objects.

3.1 Determination of camera parameters
It is necessary to determine the camera parameters that are 
essential to remove image distortion before starting to work 
with the video. To obtain the parameter, one of the MATLAB 
Image Processing and Computer Vision Toolbox [14] tool 
is used, namely Camera Calibration [17]. This application 
includes EstimateCameraParameters functionality (see 
[18]). Using this functionality, it is possible to estimate the 
intrinsic matrix, which is part of an equation that provides a 
relation between the coordinates of the world [X Y Z] and the 
corresponding image points [x y]. Equation (1), which con-
siders a pinhole camera model [19], can be written as:

w x y t X Y ZT T1 1� � � � �� �K R ,	 (1)

Fig. 2 Schematic drawing of the ball on the track with rubber pipes

Fig. 3 Schematic model of bowl with description

Fig. 4 Photograph of the assembled experimental device: The reference 
points that can be seen on the wooden plate were created using a 3D 

printed template
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where w is the arbitrary scale factor, R is the matrix rep-
resenting the 3D rotation of the camera, t is the transla-
tion relative to the world coordinate system, and K is the 
intrinsic matrix of the camera [18].

Since the pinhole camera does not contain a lens, it does 
not include the distortion effect. For a better representation of 
the real camera, it is necessary to include the effect of distor-
tion. This effect can be modeled using radial and tangential 
distortions. Radial distortion is caused by the spherical shape 
of the lens, whereas tangential distortion is caused by the 
decentering and non-orthogonality of the lens components 
with respect to the optical axis [20]. In the case of modeling 
radial distortion, only two coefficients were considered in the 
EstimateCameraParameters calibration, which is sufficient 
for cases where a large distortion is not assumed [21].

The procedure to determine the matrix K is described, 
for example, in reference [22]. For the determination of K, 
a total of 21 photos containing the calibration checkerboard 
were taken before the experiment started. One of these pho-
tographs can be seen in Fig. 5. After taking the photograph, 
the mobile phone was untouched and remained in the same 
place for all the experimental measurements presented in this 
paper. The result of the EstimateCameraParameters func-
tionality is a MATLAB [23] file containing all the necessary 
parameters for further work with the video.

3.2 Obtaining the coordinates of tracked objects 
Video records of all experimental measurements were 
uploaded from the mobile phone to the computer. For the sub-
sequent work and script creation, MATLAB software [23] 
was used. After the video was imported into the software, 
the video was decomposed into frames, which were then 
analyzed by the algorithm described in Section  3.2. Each 
frame required modifications to remove the effect of lens 
distortion. To do this, the undistortImage [24] function was 
used, which uses the intrinsic matrix. The determination of 
this matrix is described in Section 3.1. 

In the next step, four monitoring areas were created in 
the undistorted frame. These selected areas have been iso-
lated from the frame and further analyzed individually. 
These areas will henceforth be referred to as windows to 
distinguish them from the frames. Each window was cre-
ated manually in the first step of the algorithm, so it con-
tains a tracked object. Thus, one window is created for the 
ball and three for the reference points. The main reason for 
their creation is to allow better tracking of individual points 
and to reduce the background that needs to be removed. 

Separation of the tracked object from the background is 
performed based on colour differentiation. To ensure suffi-
cient colour contrast, several preparatory measures were 
implemented during the experiments. High-contrast ref-
erence points were created using black markers on a white 
background, and a uniform, single-color background was 
placed behind the experimental setup to facilitate reliable 
detection of the ball in MATLAB.

Within the processing algorithm, the colour of each 
tracked object is selected directly from the first video 
frame and is assumed to remain constant throughout the 
recording. In practice, however, the surface of the object 
rarely exhibits a perfectly uniform colour due to variations 
in illumination, reflections, and shadows. To account for 
these effects, an admissible colour tolerance is introduced 
around the selected reference colour. The magnitude of 
this tolerance may vary between experiments depending 
on the prevailing lighting conditions.

Application of the colour filter results in a binary image 
composed of black and white pixels. White pixels corre-
spond to regions whose colour falls within the specified 
tolerance of the reference colour and thus represents the 
tracked object, while black pixels denote the background. 
An example of the resulting binary images and the effect of 
the applied filter is shown in Fig. 6.

To identify the center of the tracked objects, a circular 
Hough transform was applied in each of the filter-adjusted 
windows. This is a method that can identify the center of a 
circular cluster in an image at the base of a given radius [25]. 
The principle of this method can be described using Fig. 7. 
For each point on an edge, a circle of known radius is cre-
ated. By drawing such circles, we form an accumula-
tor space, where the intensity at each point expresses how 
many circles pass through them. The point with the maxi-
mum overlap corresponds to the center of the original cir-
cle that was detected [26]. In MATLAB, the circular Hough 
transform can be used using the function imfindcircles [27]. 
The most important parameter is the radius of the circle.  Fig. 5 One of the photos used to obtain the camera parameters
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For each tracked object, this value is determined based on 
the measurements made in the first frame of the video.

Once the center of the tracked object is successfully iden-
tified, the region of interest (ROI) is updated. The window 
boundaries are adjusted to a distance equal to the object 
diameter, defined as twice the radius obtained from the cir-
cular Hough transform (see Fig. 6). The subsequent video 
frame is then processed using this updated window position.

Because the video is recorded at a sufficiently high 
sampling (frame) rate, the displacement of the object 
between consecutive frames is assumed to be small.  
Under this assumption, the object remains fully visible 
within the ROI in the following frame. After the object 
center is detected in the new frame, the window is reposi-
tioned again to maintain the same diameter-based bound-
ary around the object. This procedure is repeated itera-
tively until the end of the video sequence.

As a result, the algorithm provides the position of the 
tracked object in each video frame. Knowing the frame 
rate of the recording allows the time interval between 
frames to be determined, enabling reconstruction of the 

object trajectory as a function of time. At this stage, how-
ever, all displacement data are still expressed in pixels.

3.3 Post-processing of the data
The result of Section 3.2 is the position of the tracked objects 
in the video frames. Therefore, it is necessary to carry out the 
postprocessing of the measured data for a better representa-
tion of the results. It is also necessary to convert the results 
from the video to the realm, which means converting the val-
ues of the response from pixels to millimeters.

The primary objective of the analysis is to obtain the 
dynamic response of the ball absorber, with particular focus 
on the time evolution of the oscillation amplitude. To this 
end, it is necessary first to determine the equilibrium posi-
tion of the ball, corresponding to a state with no motion. 
An image of the sphere at rest, together with the defined 
Cartesian coordinate system, is shown in Fig. 8.

The equilibrium position is defined so that both coordi-
nates are equal to zero. The displacement of the ball is then 
evaluated as the difference between its instantaneous posi-
tion and the equilibrium position. The displacements in the 
horizontal and vertical directions are given by:

x x xdisp pix i i, , � � rest ,	 (2)

y y ydisp pix i i, , � � rest ,	 (3)

where xi and yi denote the coordinates of the ball center in 
the i-th video frame, xrest and yrest represent the coordinates 
of the equilibrium position, and xdisp,pix,i and ydisp,pix,i are 
the corresponding displacements expressed in pixel units.

In the case of free oscillations, the motion is initiated by 
displacing the ball from its equilibrium position, and the 
subsequent relaxation toward rest is recorded. Therefore, 
the equilibrium position is determined as the average posi-
tion obtained from the final five video frames. This aver-
aging procedure reduces the influence of random detection 
errors and provides a robust estimate of the rest position.

Fig. 6 Example of a video frame showing the creation of only two 
windows (for a ball and one reference point) with a color filter already 
applied. Fig. 6 also marks the diameter d of the object being tracked, 

which is used to adjust the size of the windows.

Fig. 7 Illustration to explain the principle of circular Hough transform 
(inspired by [25])

Fig. 8 Video frame shows the ball at rest position. Fig. 8 also contains the 
numbering of the reference points and displays the coordinate system.
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The conversion from pixel units to millimetres is per-
formed using reference points with a known mutual distance. 
These reference points are created using a 3D-printed tem-
plate, ensuring a precisely defined spacing. Their positions in 
each video frame are obtained from the output of the tracking 
algorithm described in Section 3.2.

Based on the known physical distance between the ref-
erence points and their corresponding distance measured in 
pixels, a spatial calibration factor is determined. This factor 
represents the physical length of a single pixel in the plane of 
the reference points. By multiplying the pixel displacements 
xdisp,pix,i and ydisp,pix,i given by Eq. (2) and Eq. (3) by this cal-
ibration factor, the corresponding displacements of the ball 
centre are obtained in millimetres. The conversion can be 
expressed as follows:

x x
x
x xdisp i disp pix i
i i

, , ,

, ,

� �
�
points

3 2

,	 (4)

y y
y
y ydisp i disp pix i
i i

, , ,

, ,

�
�

� points

1 2

,	 (5)

where xpoints and ypoints are the known distances of the ref-
erence points in the x and y directions, which are equal to 
50 millimeters in the experiment. The variables x2,i and 
x3,i in Eq. (4) represent the position of the second and 
third reference points in the i-th frame in the x direction.  
The positions of the first reference point y1,i and the second 
reference point y2,i in the y direction are used in Eq. (5). 
The numbering of the reference points can be seen in 
Fig.  8. The results in Eqs. (4) and (5) are the displace-
ments of the centre of the ball xdisp,i and ydisp,i from the i-th 
frame, in the x and y directions, respectively. These values 
are already expressed in millimeters.

By converting the position of the ball centre from pix-
els to millimeters, we obtain the displacement of the ball 
centre over time, xdisp(t) and ydisp(t). The system has always 
been of a single degree of freedom since only the motion 
of one point is tracked. Representing the displacement 
in Cartesian coordinates describes the motion along two 
directions. Since motion occurs along a circular trajectory, 
the next logical step is to convert the two-dimensional dis-
placement into a physics-aligned angular displacement 
φdisp(t). This representation naturally reflects the underly-
ing dynamics and facilitates further analysis and compari-
son with numerical simulations.

For these reasons, the subsequent step involves fitting 
a circle to the measured points and deriving the angu-
lar displacement φdisp(t) relative to the estimated centre of 
the trajectory. This procedure also provides metrics that 

quantitatively assess the quality of the recorded geometry, 
such as the mean radial deviation from the fitted circle.

The circle fitting itself is performed by solving an over-
determined system of linear equations derived from the gen-
eral equation of a circle:

x x y ydisp f disp f�� � � �� � �
2 2

2�fit ,	 (6)

where xf and yf are the estimates of the circle centre and 
ρfit is its radius. By expanding and rearranging the terms, 
Eq. (6) can be rewritten in linear form:

� � � � � �� �2 2
2 2x x y y f x ydisp i f disp i f disp i disp i, , , ,

,	 (7)

where the parameter f in Eq. (7) is defined as:

f x yf f� � �2 2 2�fit .	 (8)

For the N measured coordinates (xdisp,i , ydisp,i), the left-
hand side of Eq. (7) can be expressed in matrix form as:

A �

� �

� �

� �

2 2

2 2

2 2

1

1

1 1

2 2

x y

x y

x x

disp disp

disp disp

disp N dis

, ,

, ,

,

  

pp N, 1

�

�

�
�
�
�
�

�

�

�
�
�
�
�

,	 (9)

and the right-hand side vector is defined as:

b � �

�

�

�

�

�

�
x y

x y

x y

disp disp

disp disp

disp N disp N

, ,

, ,

, ,

1

2

1

2

2

2

2

2

2 2



��
�
�
�
�
�

�

�

�
�
�
�
�
�
�

.	 (10)

The parameters of the desired circle are then obtained 
by solving the system:

A p B� � ,	 (11)

in the least-squares sense, where: 

p � � �x y ff f
T

.	 (12)

The solution of the system of equations in Eq. (11) 
is performed using the built-in MATLAB function 
"mldivide" [28]. From the computed vector in Eq. (12), the 
radius of the desired circle ρfit can be determined using the 
rearranged form of Eq. (8) as follows:

�fit � � �x y cf f
2 2 .	 (13)

Based on the geometry of the trajectory determined in 
this way, the instantaneous distance of the ball centre from 
the centre of the fitted circle, ri, is calculated for each time 
point. This distance is used to evaluate the radial deviation 
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of the trajectory from the ideal circular path and to quanti-
tatively assess the quality of the fit. The calculation is given 
by Eq. (14):

r x x y yi disp i f disp i f� �� � � �� �, ,

2 2 .	 (14)

The radial deviation εfit,i from the ideal circle is defined as:

� �fit fit,i ir� � .	 (15)

From the εfit,i, statistical measures of the fit quality are 
determined, namely the root mean square error (RMSE) 
and the mean absolute error (MAE), which provide quan-
titative information on the extent of geometric distortion 
of the trajectory.

Once the centre of the circle has been determined, the 
angular position of the ball centre is defined using its relative 
coordinates in the x and y directions, Δxdisp,i and Δydisp,i:

�x x xdisp i disp i f, ,� � , �y y ydisp i disp i f, ,� � .	 (16)

The angular displacement φdisp,i is then calculated as:

�disp i disp i disp ix y, , ,,� � �atan2 � � 	 (17)

where "atan2" is a built-in MATLAB function for the 
four-quadrant inverse tangent [29]. It was utilized because it 
allows the angular displacement of the ball centre relative to 
the circle centre to be determined unambiguously in all quad-
rants while correctly preserving its sign. The resulting angu-
lar displacement is further processed using the MATLAB 
function "unwrap" [30]. This function removes artificial 
jumps by multiples of  that occur when the angle crosses the 
−π to π boundaries of the "atan2" function domain, ensur-
ing a continuous time course of angular displacement corre-
sponding to the smooth motion of the system.

Finally, the angular displacement is smoothed using a 
one-dimensional median filter with a window size of seven 
samples. This filter is applied using the "medfilt1" func-
tion  [31], which is a built-in MATLAB function. The rea-
son for applying the filter is to suppress isolated outliers and 
short-term fluctuations caused by noise during tracking or 
occasional incorrect detection of the centre of the ball, while 
preserving the overall shape of the signal and the position 
of its extremes. The result is a smoother angular deviation 
curve, which is better suited for subsequent analysis of oscil-
latory motion. In Section 4 and 5, this modified response 
will be denoted as φexp to emphasize that it is the result of an 
experimental measurement.

4 Tracking algorithm applied to free oscillation data
Section 4 presents the results of the measurements performed 
using the experimental setup described in Section 2. In all 

experiments, a sphere with a mass of 0.219 kg and a diam-
eter of 61.5 mm was used. To enhance the performance of 
the color-based tracking algorithm, a red-colored sphere was 
selected. The rolling path surface consisted of pipes with an 
ethylene propylene diene monomer (EPDM) rubber sheath. 
The pipes had an inner diameter of 6 mm and an outer diam-
eter of 13 mm. The application of these pipes modified the 
radius of curvature of the rolling path. For the purposes of 
this study, the spacing between the glued wooden plates was 
set to 40 mm.

The first results concern the position of the ball centre 
recorded along the x and y axes. Fig. 9 and Fig. 10 show 
the ball centre positions obtained after applying Eq. (4) 
and Eq. (5) to the experimental data. These results repre-
sent the displacements converted from pixel coordinates 
to millimeters. Specifically, Fig. 9 illustrates the time evo-
lution of the displacement xdisp(t), while Fig. 10 presents 
the corresponding time evolution of ydisp(t).

When examining the displacement results in the y direc-
tion shown in Fig. 10, minor inaccuracies can be observed. 
These manifest as occasional negative displacement val-
ues, which would imply that the position ydisp is lower than 
the reference rest position yrest (see Eq. (3)). The largest 

Fig. 9 Time history of the horizontal displacement xdisp of the ball centre

Fig. 10 Time history of the vertical displacement ydisp of the ball centre
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deviation occurs between 2 and 3 s, reaching −0.319 mm.  
These deviations are most likely caused by small errors in the 
detection of the ball centre or by inaccuracies in the determi-
nation of the reference position yrest. Importantly, these local 
inconsistencies do not influence the subsequent analysis, as 
they are naturally mitigated when the two-dimensional dis-
placement is converted into angular coordinates.

By fitting a circle to the experimental data, the results 
summarized in Table 1 were obtained. The circle that best 
matches the measured trajectory has a fitted radius ρfit equal 
to 164.381 mm. The quality of the fit is confirmed by the low 
values of the root mean square error (RMSE = 0.197 mm) 
and the mean absolute error (MAE = 0.155 mm), indicating 
only a very small deviation of the measured data from the 
fitted circular trajectory.

The radial deviation εfit is shown in Fig. 11. A closer 
inspection reveals two pronounced local maxima with val-
ues of 0.805 mm and 0.787 mm. The distribution of the 
radial deviation values is further illustrated by the histo-
gram in Fig. 12, which shows the number of occurrences 
within bins of width 0.1 mm. It is evident that the largest 
proportion of deviations lies within the interval from 0 to 
0.1 mm. By summing the data points within the range of 
0 to 0.4 mm, a total of 1530 samples are obtained, which 
corresponds to approximately 94.39 % of the total 1621 data 
points. This indicates that nearly 94.39 % of the measured 
trajectory exhibits a radial deviation smaller than 0.4 mm, 
confirming the high geometric consistency of the recorded 
motion with an ideal circular path.

Fig. 13 shows the angular displacement φexp. In this exper-
iment, the initial angular deflection was 31.46°. The observed response corresponds to free damped oscillation, with the 

motion gradually decaying until the ball comes to rest at 
approximately 13 s.

A more detailed insight into the oscillatory behavior 
is obtained by analyzing the evolution of the oscillation 
period over time. From the measured full periods, a grad-
ual decrease in the cycle duration with decreasing amplitude 
can be observed. At the beginning of the motion, the periods 
are approximately 1.04 s, decreasing to about 1.02–1.03 s in 
the mid-range of the oscillation, and further shortening to 
approximately 0.83 s toward the end of the motion. The trend 
is relatively smooth, with a slightly accelerated decrease in 
the period during the final cycles. For clarity, the individual 
oscillation periods are plotted as a function of their index in 
Fig. 14, where the index corresponds to the sequential order 
of each measured oscillation period.

Fig 11 Radial deviation εfit of the measured trajectory from the fitted circle

Table 1 Circle fitting results for the experimental trajectory

ρfit (mm) RMSE (mm) MAE (mm)

Spacing 40 164.381 0.197 0.155

Fig 12 Histogram of radial deviations εfit showing the distribution of 
deviations within 0.1 mm bins. The numbers above the bars in the graph 

show the exact number of occurrences.

Fig. 13 Angular displacement φexp of the ball centre: Zero-crossing 
points used for the determination of individual oscillation periods are 

indicated by red dots
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5 Numerical solution and experimental data fitting
Section 5 focuses on the numerical solution of the analyti-
cal governing equations, which is employed to fit the exper-
imentally obtained data. The numerical model is calibrated 
by adjusting the damping parameters so that the simulated 
system response matches the experimental measurements. 
Energy dissipation is represented through a combination of 
viscous damping and rolling friction described by Coulomb's 
law (see, e.g., [32]).

5.1 Derivation of the governing equations 
Due to the nature of the system, the absorber motion is 
confined to a single plane. The rolling motion of the ball is 
described by the angular displacement φsim, with time deriv-
atives. For brevity, the explicit time dependence is omitted in 
the following derivation. The time-independent parameters 
of the system are the ball mass m, ball radius r, curvature 
radius of the rolling path R, radius of the rolling pipes rp, 
and the axial distance between the pipe centres sp. The pipe 
centres are assumed to be located above the centre line of 
the last wooden plate of thickness 2 mm, therefore sp = spac-
ing + 2 mm. The gravitational acceleration is denoted by g.  
The system geometry is illustrated in Fig. 15.

From the geometry, two kinematic constraints follow. 
First, continuous contact between the ball and the support-
ing pipes is assumed, without separation or penetration. 
Under this assumption, the centre of the ball moves along a 
circular trajectory of radius:

� � � �R r yc p ,	 (18)

with yp is the vertical distance between the centre of the ball 
and the centres of the pipes, given by:

y r r sp p p� �� � � � �2 2

0 5. .	 (19)

Second, pure rolling without slipping is assumed, lead-
ing to the kinematic relation:

�
�
��
r sim ,	 (20)

where ω is the spin angular velocity of the ball about its 
own centre and ϕsim  is the angular velocity of the orbital 
motion of the ball centre along the curved path.

With reference to Fig. 15, the horizontal and vertical dis-
placements of the ball centre are expressed as:

x t y tsim sim� � � � � �� � � �sin , cos .	 (21)

Differentiation of Eq. (21) yields to:

   x sim sim sim sim� � �� � � � � �cos , siny .	 (22)

The total kinetic energy consists of translational and 
rotational contributions. Using Eq. (22) and the rolling con-
straint Eq. (20), it can be written as:
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	 (23)

where J = (2/5)mr2 is the moment of inertia of the solid 
sphere. The gravitational potential energy is given by:

V mg� �� �� �1 cos .	 (24)

The model incorporates two non-conservative moments 
representing energy dissipation: viscous damping along the 
rolling path and rolling resistance. This combined dissipation 
model is motivated by experimental observations reported in, 
e.g., [33]. If required, either contribution can be omitted.

The viscous damping moment is expressed as:

M cvis sim� � �� �  ,	 (25)

with cvis is the viscous damping coefficient. The rolling 
damping moment is described using a regularized Coulomb 
friction model,

Fig 14 Measured oscillation periods plotted as a function of their 
sequential index

Fig. 15 Schematic illustration of the system geometry: A - view along 
the direction of ball motion; B - side view of the geometry
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M c N hrr
sim

sim sing
rr�

�





�

� �2 2
,	 (26)

where crr is the rolling resistance coefficient, N is the normal 
force, h is the vertical distance between the ball center and 
the contact point with the pipes, and εsing is a small regulariza-
tion parameter introduced to ensure numerical stability near 
zero angular velocity. This formulation ensures that the roll-
ing damping moment always acts against the instantaneous 
direction of motion. 

The normal force N in Eq. (26) is approximated as:

N mg msim sim� �cos� ��2 .	 (27)

In Eq.(27) the first term represents the gravitational contri-
bution projected onto the radial direction and the second term 
accounts for the centripetal effect associated with the circular 
motion of the ball centre. The geometric distance h follows as

h r
r r

y
p

p�
�

� .	 (28)

Using the expressions for the kinetic and potential energies 
together with the damping moments, the equation of motion 
governing the free oscillation of the rolling ball is obtained 
from the second-order Lagrange equation in the form:

m J
mr
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sim sim

vis sim
sim

rr

� � � �

� �
�

�

2

2
1��
�
�

�
�
� � � �

� �









sin

ssim sing
2 2

0

�
�

�
.

	 (29)

To enable a consistent interpretation of the damp-
ing parameter within the chosen single-degree-of-free-
dom (SDOF) formulation in the angular coordinate, the 
equation of motion is linearized. The rolling resistance 
term is neglected, and the small-angle approximation 
sin (φsim) ≈ φsim is applied. This yields a linear viscously 
damped oscillator of the form:

m J
mr

c mgvis� � � � ��2

2
1 0|
�
�
�

�
�
� � � �  .	 (30)

Dividing Eq. (30) by ρ and assuming an exponential 
solution φ(t) = eλt, the characteristic equation becomes:

m J
mr

c mgvis� � �1 0
2

2
|

�
�
�

�
�
� � � � .	 (31)

Critical viscous damping corresponds to a double root 
of Eq. (31), yielding:

c m J
mr

g m g J
mrvis crit, | |� �

�
�

�
�
� � �

�
�

�
�
�2 1 2 1

2

2 2
� � .	 (32)

The dimensionless viscous damping ratio is then 
defined as:

�

�

� �
�
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This formulation allows the viscous damping coeffi-
cient cvis to be expressed in terms of the critical damping 
of the linearized SDOF system as a dimensionless damp-
ing ratio ζ.

5.2 Damping parameter identification via numerical 
fitting
Section 5.2 describes the procedure used to identify suit-
able damping parameters such that their combined effect 
reproduces the experimentally observed decay of oscilla-
tion amplitude. The objective is to determine the viscous 
damping coefficient cvis and the rolling resistance coeffi-
cient crr by fitting the numerical response of the model to 
experimental data.

For clarity, all parameters of the absorber used in 
the numerical simulations are summarized in Table 2.  
These parameters correspond to those employed in the 
experimental measurements, including the geometry of 
the setup. It should be noted that the curvature radius Rc 
does not equal 200 mm, which would correspond to the 
upper edge of the track. Instead, a value of 204 mm is 
used, representing the level of the first contact point from 
above, where the pipe of radius rp is placed. The quantities 
ρ and h are calculated according to Eq. (18) and Eq. (28), 
respectively, and are listed to provide additional context 
for the numerical model. Using the parameters given in 
Table 2, the critical viscous damping of the absorber was 
evaluated according to Eq. (32), resulting in cvis,crit = 0.663.

It is also necessary to emphasize the difference between 
ρfit and ρ. Value of ρfit was obtained by fitting a circle to the 
experimental data and may contain distortions, therefore 
ρ for numerical simulations were taken directly from the 
geometry of the experimental setup.

Prior to the fitting procedure, all oscillation ampli-
tudes are extracted from the experimental angular dis-
placement response. To avoid detecting spurious peaks 
in regions dominated by noise, only peaks exceeding 1% 
of the absolute value of the first amplitude are considered. 
This criterion ensures that the analysis focuses on physically 
meaningful oscillations.

The numerical solution of the equation of motion is 
obtained in MATLAB using the function "ode45" [34].  

Table 2 Absorber parameters for numerical simulations

r (mm) m (kg) rp (mm) Sp (mm) Rc (mm) ρ (mm) h (mm)

30.75 0.219 6.5 42 204 166.733 25.398
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For the fitting process, particular attention is paid to the 
selection of initial conditions. During the experiment, the 
sphere was placed manually onto the track, and consider-
able effort was made to avoid imparting any initial veloc-
ity. Nevertheless, to reduce uncertainty associated with the 
initial conditions, the numerical simulation is initialized at 
the first amplitude following a crossing of the equilibrium 
position. At this point, the angular displacement is known, 
and the angular velocity is zero. Although this does not cor-
respond to the physical start of motion in the experiment, it is 
consistently treated as  t = 0 s in the simulation.

In analogy with the experimental data processing, all 
oscillation amplitudes are also identified from the simu-
lated angular displacement. The detected amplitudes are then 
paired exclusively according to their order: the first simulated 
peak is matched with the first experimental peak, the second 
with the second, and so on. The total number of paired ampli-
tudes nA is defined as the minimum of the number of experi-
mental or as the minimum of simulated peaks.

The quality of the fit is evaluated using a least-squares 
optimization criterion, hereafter referred to as the cost func-
tion Q, defined as:

Q c c A c c Avis rr
j

n

sim j vis rr j

A

, ,, ,� � � ��� ��� �
�
�
1

2

exp ,	 (34)

where Asim,i(cvis, crr) are the absolute amplitudes of the sim-
ulated angular displacement φsim obtained from the simu-
lation for a given set of damping parameters, and Aexp,i are 
the corresponding amplitudes of the experimentally mea-
sured angular displacement φexp.

The optimal values of cvis and crr are identified by min-
imizing Q(cvis, crr) using the MATLAB optimization rou-
tine "fmincon" [35]. The initial estimates are chosen as 
cvis = 0.1 and crr = 0.1. The optimization is terminated 
when convergence is achieved, defined either by a neg-
ligible reduction of the cost function between successive 
iterations, a vanishing sensitivity of the cost function to 
parameter variations, or when a predefined maximum 
number of function evaluations is reached.

For additional quantitative assessment of the fit qual-
ity, the root mean square (RMS) value can be evaluated 
from the cost function as:

RMS =
Q
nA

.	 (35)

It should be emphasized that the optimization is per-
formed exclusively by minimizing the cost function Q. 
The RMS value is evaluated a posteriori and serves only 
as a descriptive measure of the fit quality.

The identified damping parameters therefore provide 
a physically interpretable description of the energy dissi-
pation mechanisms governing the observed decay of the 
oscillation amplitude.

5.3 Results
The parameter identification procedure described in 
Section 5.2 yields a unique set of damping parameters that 
provides the best agreement between the numerical simu-
lation and the experimental data. The identified values of 
the viscous damping coefficient cvis and the rolling resis-
tance coefficient crr are summarized in Table 3, together 
with the corresponding quantitative measures of the fit 
quality. In addition, the viscous damping is expressed in 
terms of the dimensionless damping ratio ζ, defined rela-
tive to the critical damping of the linearized SDOF system.  
The damping ratio is evaluated according to Eq. (33), 
using the critical damping value cvis,crit = 0.663.

The value of the cost function at the optimum is 
Q  =  0.002305 rad2, which corresponds to 7.568 deg2.  
From this value, the root mean square (RMS) error of the 
matched amplitudes is obtained as 0.010 rad (i.e., 0.574 deg). 
When related to the first oscillation amplitude used as the 
initial condition of the simulation, φ0 = −29.96 deg, the 
RMS error corresponds to approximately 1.9%. In total, 
nA = 23 pairs of experimental and simulated amplitudes were 
included in the evaluation.

A direct comparison of the angular displacement time his-
tories obtained from the experiment and the numerical sim-
ulation is shown in Fig. 16. The grey dashed curve denotes 
the initial and final segments of the experimental signal 
that were excluded from the optimization, as discussed in 
Section 5.2. The black solid curve represents the experimen-
tal data used for parameter identification, while the red curve 
corresponds to the simulated response computed using the 
identified damping parameters. The time axis refers to the 
original experimental record. The numerical simulation starts 
at t = 0.56 s with the initial angular displacement set equal to 
the experimentally measured amplitude at the first peak fol-
lowing the passage through the equilibrium position.

The comparison reveals a very good agreement between 
the simulation and the experiment over the entire fitting 

Table 3 Identified damping parameters and RMS error for the 
experiment with the initial angular displacement φ0 = −29.96 deg

cvis ζ crr Q (rad2) Q (deg2) RMS 
(rad)

RMS 
(deg)

0.1359 0.205 0.2724 0.0023 7.568 0.010 0.574
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interval. Both the phase of oscillation and the decay enve-
lope are reproduced accurately, from the initial large-am-
plitude oscillations down to the late-stage small displace-
ments. Local discrepancies remain on the order of tenths of a 
degree and do not affect the overall decay trend. A noticeable 
difference appears only in the very last part of the record, 
where the experimental motion still exhibits small oscilla-
tions while the simulated response has already settled to rest.  
This final experimental peak was not included in the optimi-
zation because it does not have a corresponding simulated 
amplitude, which is why only 23 amplitudes were considered.

Fig. 17 presents a comparison of the absolute oscillation 
amplitudes obtained from the experiment and the simula-
tion. The experimental amplitudes Aexp,i and the simulated 
amplitudes Asim,i lie close to each other and follow a mono-
tonic decay toward zero. This confirms that the identified 

damping parameters capture the dominant energy dissipa-
tion mechanisms governing the amplitude reduction.

The differences between the simulated and experimen-
tal amplitudes are shown in Fig. 18 as a function of the 
amplitude index. The residuals are predominantly negative 
in the later stages, typically ranging from approximately  
−0.9 deg to −0.2 deg, indicating a slightly faster decay 
predicted by the numerical model at low amplitudes.  
The first few peaks exhibit small positive deviations of 
up to about 0.5 deg. Overall, the scatter of the residuals 
remains small and does not exhibit any systematic drift, 
which further supports the robustness of the identified 
parameters. The observed tendency toward slightly stron-
ger damping in the simulation at very low velocities may 
be attributed to the simplified representation of rolling 
resistance in the vicinity of zero angular speed.

The obtained results indicate that the combined viscous 
damping and rolling resistance model can reproduce the 
experimentally observed decay of oscillation amplitudes 
with good accuracy. The agreement between simulation and 
experiment is maintained over a wide range of amplitudes, 
with only minor deviations at very small oscillations.

To further investigate the origin of the deviations between 
the simulated and experimental amplitudes observed in 
Fig. 18, the analysis was extended by additional experiments 
with larger initial angular displacements. The purpose of this 
extension was to evaluate whether the observed discrepan-
cies are primarily related to the specification of the initial 
conditions or whether they originate from higher velocities 
occurring at larger oscillation amplitudes.

In addition to the experiment with the initial angular dis-
placement φ0 = −29.96 deg, two further experiments with 

Fig. 17 Comparison of experimental and simulated angular 
displacement amplitudes for the experiment with the initial angular 

displacement φ0 = −29.96 deg

Fig. 18 Difference between simulated and experimental angular 
displacement amplitudes for the experiment with the initial angular 

displacement φ0 = −29.96 deg: The amplitude differences Asim,i − Aexp,i 
are plotted as a function of the amplitude index j

Fig. 16 Comparison of experimental and simulated angular 
displacement time histories for the experiment with the initial angular 

displacement φ0 = −29.96 deg
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initial displacements φ0 = −35.771 deg and φ0 = −39.695 deg 
were analyzed using the same identification procedure.  
The inclusion of these additional experiments allows a direct 
comparison of the model performance under different initial 
conditions and therefore provides a more robust validation of 
the proposed numerical model.

For the experiment with the initial angular displace-
ment φ0 = −35.771 deg, the comparison of the experimen-
tal and simulated angular displacement time histories is 
shown in Fig. 19. The comparison of the corresponding 
oscillation amplitudes is presented in Fig. 20, and the dif-
ferences between the simulated and experimental ampli-
tudes are shown in Fig. 21. The identified damping param-
eters and the resulting RMS error for this experiment are 
summarized in Table 4.

The same analysis was subsequently performed for 
the experiment with the initial angular displacement  
φ0 = −39.695 deg. The comparison of the experimental and 

simulated angular displacement time histories is presented in 
Fig. 22, while the corresponding oscillation amplitudes and 
their differences are shown in Fig. 23 and Fig. 24, respec-
tively. The identified damping parameters and the resulting 
RMS error are summarized in Table 5.

For clarity, the identified parameters and the corre-
sponding RMS errors for all considered initial conditions 
are summarized in Table 6.

The comparison of the results obtained for the three dif-
ferent initial displacements shows that the identified damp-
ing parameters remain relatively consistent despite the sig-
nificantly different initial amplitudes. This indicates that 
the parameter identification procedure is stable and that the 

Table 4 Identified damping parameters and RMS error for the 
experiment with the initial angular displacement φ0 = −35.771 deg

cvis ζ crr Q (rad2) Q (deg2) RMS 
(rad)

RMS 
(deg)

0.1279 0.193 0.2860 0.0041 13.459 0.013 0.765

Fig. 19 Comparison of experimental and simulated angular 
displacement time histories for the experiment with the initial angular 

displacement φ0 = −35.771 deg

Fig. 20 Comparison of experimental and simulated angular 
displacement amplitudes for the experiment with the initial angular 

displacement φ0 = −35.771 deg

Fig. 21 Difference between simulated and experimental angular 
displacement amplitudes for the experiment with the initial angular 

displacement φ0 = ₋35.771 deg: The amplitude differences Asim,i − Aexp,i 
are plotted as a function of the amplitude index j

Fig. 22 Comparison of experimental and simulated angular displacement 
time histories for the experiment with the initial angular displacement φ0 

= −39.695 deg
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adopted numerical model captures the dominant dissipa-
tive mechanisms of the system.

A comparison of the residual amplitude differences 
(Fig. 18, Fig. 21 and Fig. 24) reveals that a similar pattern 

of deviations occurs for all analyzed experiments. In each 
case, the numerical model slightly underestimates the 
amplitudes of the first oscillation cycles, resulting in small 
positive differences between the simulated and experi-
mental amplitudes. As the oscillation amplitude decreases, 
the agreement between the simulation and the measure-
ments gradually improves.

Since this behavior is observed for all tested initial con-
ditions, the deviations cannot be attributed to inaccuracies 
in the specification of the initial angle. Instead, the results 
indicate that the discrepancies observed during the first 
oscillation cycles are more likely to be associated with 
higher velocities occurring at larger oscillation ampli-
tudes. Under these conditions, the simplified damping 
representation used in the numerical model may slightly 
underestimate the energy dissipation present in the phys-
ical system. As the oscillation amplitude decreases and 
the velocities become lower, the agreement between the 
model and the measurements improves.

Overall, the extended analysis confirms that the identified 
damping parameters are robust with respect to variations in 
the initial conditions and that the remaining discrepancies 
observed in the first oscillation peaks are primarily related 
to velocity-dependent physical effects rather than to inaccu-
racies in the prescribed initial displacement.

6 Conclusions
One of the main objectives of this paper was to present an 
algorithm for the analysis of experimental measurements 
of a ball absorber response based on video recordings. 
The algorithm was applied to data obtained from exper-
iments carried out on a specially designed experimental 
track that constrains the ball motion to a planar trajectory. 
This constraint is achieved by guiding the rolling motion 
along a pair of parallel rails, whose mutual spacing can 
be adjusted, allowing for parametric variation of the track 
geometry and thus e.g., the rolling frequency, if required.

Free oscillation experiments were conducted on this track 
and subsequently processed using the proposed video-based 
analysis algorithm. From the recorded video data, the planar 
coordinates of the ball motion were extracted and post-pro-
cessed. By fitting a circle to the measured trajectory, the 
Cartesian coordinates were transformed into a radial coor-
dinate system, allowing the motion to be described solely 
in terms of the angular displacement from the equilibrium 
position. This transformation enabled a compact and physi-
cally meaningful description of the absorber dynamics and 
formed the basis for the subsequent analysis.

Table 5 Identified damping parameters and RMS error for the 
experiment with the initial angular displacement φ0 = −39.695 deg

cvis ζ crr Q (rad2) Q 
(deg2)

RMS 
(rad)

RMS 
(deg)

0.1233 0.186 0.2831 0.0014 4.596 0.007 0.405

Fig. 23 Comparison of experimental and simulated angular 
displacement amplitudes for the experiment with the initial angular 

displacement φ0 = −39.695 deg

Fig. 24 Difference between simulated and experimental angular 
displacement amplitudes for the experiment with the initial angular 

displacement φ0 = −39.695 deg: The amplitude differences Asim,i − Aexp,i 
are plotted as a function of the amplitude index j

Table 6 Comparison of identified damping parameters and RMS errors 
for different initial angular displacements

φ0 (deg) na cvis ζ crr
Q 

(deg2)
RMS 
(deg)

−29.96 23 0.1359 0.205 0.2724 7.568 0.574

−35.771 26 0.1279 0.193 0.2860 13.459 0.765

−39.695 28 0.1233 0.186 0.2831 4.596 0.405
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In the next stage, the equations of motion describing 
the ball absorber moving along the rail track were derived. 
The physical model was constructed to correspond closely 
to the experimental configuration and incorporated two 
dissipation mechanisms: viscous damping and rolling 
resistance described by Coulomb's law. The model param-
eters were identified through numerical optimization, in 
which the damping coefficients were adjusted so that the 
simulated response matched the experimentally observed 
decay of oscillation amplitudes.

Based on the fitting results, it can be concluded that, in 
the present case, the combined viscous damping and rolling 
resistance model provides a realistic and physically interpre-
table description of the dissipation processes occurring in the 
experimental system. The combined action of both mecha-
nisms successfully reproduces the experimentally observed 
decay of oscillation amplitudes over a wide dynamic range. 
Minor discrepancies between the numerical simulation and 
the experimental measurements were observed during the 
first oscillation cycles and at the end of the motion, in the 
region of very small amplitudes.

Additional validation was performed for several differ-
ent initial angular displacements in order to evaluate the 
influence of the initial conditions on the agreement between 

the numerical model and the experimental measurements. 
The analysis showed that the identified damping parame-
ters remain consistent across the analysed cases and that the 
characteristic deviations observed during the first oscillation 
cycles occur for all tested initial conditions. This behaviour 
indicates that the discrepancies are not primarily caused by 
inaccuracies in the prescribed initial displacement but are 
more likely associated with higher velocities occurring at 
larger oscillation amplitudes. These findings confirm the 
robustness of the proposed parameter identification approach.

The remaining deviations are therefore likely related to 
simplifications adopted in the damping model, which does 
not account for additional effects such as local deformation 
of the ball–rail contact or other nonlinear contact phenom-
ena. Incorporating such effects represents a natural direction 
for future work and may further improve the accuracy of the 
numerical model, particularly in the low-amplitude regime.
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