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Abstract

Geotechnical design is greatly influenced by spatial variability of soil properties, uncertainty of modelling, and lack site investigation
information. Traditional deterministic procedures do not directly define failure probability or the economic value of additional data,
while strong design optimization may produce overly conservative solutions with no explicit cost-benefit evaluation. This study
proposes an integrated probabilistic program that consolidates Spatial Random Fields (SRFs), Bayesian Networks (BNs), and Value of
Information (VOI) analysis to support risk-informed geotechnical site characterization. To minimize the computational burden linked
with high-dimensional random fields, the spatial variability is converted into minimized variables suitable for Bayesian inference
and pre-posterior decision analysis. The proposed framework allows efficient determinations of the Expected Value of Sample
Information (EVSI) and Expected Net Benefit of Sampling (ENBS) for alternative investigation protocols. Two representative case
studies are studied: slope stability as an ultimate limit-state problem and shallow foundation settlement as a serviceability limit-state
problem. The results reveal that the optimal sampling location is mechanism-dependent, shifting from the slope toe for stability
assessment to the foundation center for settlement control. Validation against independent Monte Carlo simulations shows strong
agreement, with (R? = 0.95) for the reduced order prediction. The proposed framework also produces up to (143%) improvement in
economic efficiency compared with conventional investigation procedures. The framework therefore presents a practical-basis for
economically optimized, risk-informed site investigation planning and future geotechnical digital twin applications.
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1 Introduction

The inherent heterogeneity of geologic materials intro-
duces uncertainty into geotechnical engineering. The
strength and stiffness of soil and rock formations can vary
greatly on small spatial scales [1, 2]. The fact that tradi-
tional, deterministic design methods neglect spatial cor-
relation of soil and rock properties can lead to designs
that are either unnecessarily conservative or vulnerable to
localized weak zones [3]. To account for spatial variability
in geotechnical engineering, spatial random fields (SRFs)
are typically used to model the ground [4, 5]. The work of
Cho [6] and Santoso et al. [7] indicates that treating the
entire soil layer as a single random variable ignores the
spatial structure of the soil and underestimates the prob-
ability of failure. While creating a probabilistic model of
the ground is the first and crucial step, the model must be

continuously updated as data from investigations of the
ground becomes available. The work of Papaioannou and
Straub [8] indicates that using localized data from inves-
tigations can significantly reduce the risk of geotechnical
failures. Based on this work, Bayesian Networks (BNs)
became an interesting approach for modeling geotechni-
cal problems. The work of He et al. [9] and Li et al. [10]
specifically shows that BNs can be used as surrogate mod-
els for expensive simulations.

Despite the numerous developments in the field, there is
a clear gap in the literature regarding the optimization of
investigation plans. The Value of Information (VOI) analysis
provides a solid theoretical basis for decision-making under
uncertainty [11, 12]. The major challenge that VOI algo-
rithms face is the high computational cost of pre-posterior
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analysis. In the context of SRF models, this makes pre-pos-
terior analysis infeasible [13]. As a result, most pre-posterior
site investigation optimization studies in the current liter-
ature are computationally forced to treat soil layers as sin-
gle, non-spatial random variables [14]. Previous studies used
BNs to carry out posterior analysis, but there is no efficient
framework available for performing pre-posterior analysis
for full VOI analysis. Such a framework is essential for engi-
neering applications, such as determining the best location
to drill a new borehole in a heterogeneous soil mass.

In this paper, a rigorous and validated methodology is
proposed, integrating the spatial accuracy of SRFs and the
computational efficiency of BNs. By using dimensionality
reduction techniques, the high-dimensional SRF param-
eters are embedded into a BN. This enables conducting
pre-posterior VOI analysis. Going beyond the concept of
robust design [15], the developed and validated framework
allows engineers to make informed decisions about the
cost of investigations versus risk reduction. Overall, this
framework provides a robust, decision-support tool for site
investigations in soils with spatial variability.

2 Research background
Probabilistic Risk Assessment (PRA) combines the proba-
bility of failure and the consequence of failure mathemat-
ically [3]. PRA considers the uncertainty of parameters
more suitably than deterministic values [16]. However,
it differs from Robust Design Optimization (RDO),
which attempts to identify a "worst case" scenario with-
out quantifying probability, leading to overly conservative
designs [15]. The proposed decision-theoretic framework
is valuable not because it reduces the design based on RDO
principles. Instead, it minimizes the Expected Total Cost
by accounting for both the cost of failure and the cost of
mitigation. A major shortcoming of state-of-the-art PRA
treats site investigation as an input rather than a design
variable. Spatial Random Fields (SRFs) mathematically
describe the spatial continuity of soil property variabil-
ity [4]. Ignoring the SRF structure leads to un-conservative
designs, as the failure mechanism follows the correlated
weak zones [5, 17]. Conditional Random Fields enhance
the model by recognizing borehole data [18], but they are
generated by an expensive Karhunen—Loéve expansion
and pose a serious constrain for iterative decisions.
Bayesian Networks (BNs) model variables and their
conditional dependencies by using Directed Acyclic
Graphs [19]. In geotechnical practice, BNs combine hetero-
geneous data to update risk assessments dynamically [20].
Standard BNs do instant inference and open exciting
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possibilities for the Digital Twin [21, 22]. However, they
cannot handle continuous random fields because discretiza-
tion leads to a surge of Conditional Probability Tables. Most
work in geotechnics has simplified the problem by model-
ing soil strata as one variable, thus sacrificing spatial cor-
relation to make efficient sampling designs feasible. Value
of Information (VOI) analysis quantifies in economic terms
the worth of collecting information before making a deci-
sion [11, 12]. It has not been applied to geotechnical engi-
neering because the cost of pre-posterior analysis is pro-
hibitive. It involves double simulation to assess the Value
of Information by analyzing the worth of a measurement
before it is made. For spatially variable soils, it is a com-
putationally intractable problem [23, 24]. Yet current litera-
ture fails to connect high-fidelity Random Fields with effi-
cient Bayesian inference. This research addresses this gap
by proposing a framework that makes pre-posterior VOI
analysis affordable even for complex geological contexts.

3 Problem definition and theoretical basis

Geotechnical systems are governed by uncertainty because
of spatially varying soil parameters, uncertain loads, and
the existence of multiple potential failure modes. Let X(s)
denote a vector field consisting of random variables gov-
erned over the domain Q) where s € () represents space.
Such random variables could be shear strengths, stiff-
nesses, and permeabilities. The spatial random field of X(s)
has associated hyperparameters 6 that represent marginal
means, variances, and correlation lengths which constitute
a generalized probabilistic structure [4, 5]. Loads are rep-
resented by the variable L which could accrue to cumula-
tive action (groundwater levels/rainfall/runoff/earthquake
loading/excavation surcharge) characterized as uncertain
loads/depths/rainfall intensities:

g, (X().L.d), ()

where d is a design/mitigation decision (geometry, rein-
forcement configuration, drainage configuration). Failure
occurs in mode j if g < 0, where F= {gj < 0}. For each
failure mode, there is a consequence Cj, of which direct
repair costs, indirect economic repercussions and, if appli-
cable, social or environmental repercussions [3]. The cost
of decision d is expressed by:

E[le (d)] =C,,(d)+C,, +P,(d)-Cy, 2)

inv

where C s the deterministic construction cost, C, is
the cost of site investigation, Pf(d) is the posterior prob-
ability of failure given the strategy, and C, is the mone-
tized consequence of failure.
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The associated risk under decision d and conditional on
information state D is defined as:

R(d|D)=E[C|D,d], (©)

The first state of information, D, is the information
that is available prior to the investigation; it may consist
of localized geotechnical information, statistical modelling
(assumptions and findings) from previous endeavours [1]
and preliminary investigations. It defines the prior proba-
bility distributions of all uncertain parameters. In this state
of information, the minimum risk for all feasible options is:

R, :mdinR(d|D0), “)

An investigation or monitoring action a generates addi-
tional data D,. Before performing the investigation, the
decision maker evaluates the expected minimal risk after
observing the yet unknown outcome D,. This pre-poste-
rior risk is given by [25]:

R =E, [rrl}nE[C|D0,Da,d]]. ()

The Expected Value of Sample Information (EVSI) is
derived by comparing the minimum expected cost with
prior information (DO) against the expected minimum
cost after acquiring new data (D, ):

EVSI = mi?E[Ctotal (d | DO )j|

-E, [minB[C,,, (d1D,,2)]], ©)

where the second term represents the pre-posterior analy-
sis, averaged over all possible measurement outcomes Z.
An investigation is economically justified when EVSI
exceeds the direct cost of performing the action [12, 26].
The Expected Value of Perfect Information (EVPI) pro-
vides a theoretical upper bound on the value of any achiev-
able information and is defined as:

EVPI=R,-E,_,, .. [mdin E[C | true state, d]]. (7)

A complete list of the symbols and nomenclature used
throughout this paper is provided in Appendix B. These
concepts form the basis of an information-based deci-
sion-making framework in which risk varies with infor-
mation. Section 4 demonstrate how spatial random fields
and Bayesian Networks can be combined to realize these
concepts in the geotechnical area. For a complete math-
ematical derivation of the expected risk and Value of
Information metrics, the reader is referred to Appendix A.

4 Information-value probabilistic risk assessment
framework

The information-value probabilistic risk assessment
framework is a three-layer, coupled frame- work: a physi-
cal framework that describes spatial variability and system
behavior/performance, a probabilistic inference layer that
defines dependence among the most relevant variables and
a decision layer that evaluates risk and information value.
Fig. 1 explains that the two-layer coupling is treated as
a two-layered combination that was historically assumed
to be separate. This allows risk to be expressed as a direct
function of information value in the present formulation.

4.1 Physical framework: spatial random fields and
performance models

In the physical framework, geotechnical random variable
parameters (e.g., cohesion, friction angle, and stiffness)
are defined as spatial random fields. These fields are char-
acterized by specified marginal distributions, variances,
and spatial correlation structures [4, 5]. Nevertheless,
another example is that shear strength parameters are
usually assumed to be lognormally distributed. The spa-
tial correlation is generally assumed to be an exponential
covariance function of the form:

Cov{c(s).c(s,)} =olp, (Ils, =, 5L, ), @®)

where £, denotes the correlation length. Generation of ran-
dom field realisations may be accomplished using Fast
Fourier Transform spectral methods, turning-bands algo-
rithms or Karhunen—Loéve expansions [16].

Wherever there are measurements from the site investi-
gation, unconditional fields are conditioned through krig-
ing or co-kriging. This process certifies that the realized
fields honor the measurements but remain spatially covar-
iant [18, 27]. As shown in Fig. 2, such spatially variable
parameters have strengths spatially vary within a high
and low strength over a distance localized around the
critical slip surface and governs its location and shape.
Conditioning matters in relation to failure probabilities and
inferred failure modes. These spatially variable parameters
are then taken to performance based finite element mod-
els with strength reductions or calibrated limit equilibrium
models. The variables of interest are factors of, for example,
factors of safety, displacements or pore pressures. These in
turn define the limit state functions that govern each fail-
ure mode that can occur. The random fields for cohesion (c)
and friction angle (¢) are assumed to be lognormally dis-
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Fig. 1 A schematic representation of the three-layer framework: 1. The Physical-Layer generates spatial random fields; 2. The Inference-Layer
assimilates data via Bayesian Networks; 3. The Decision-Layer evaluates risk and the Value of Information (VOI)
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Fig. 2 An illustrative spatial random field of cohesion, highlighting regions of high (/ight) and low (dark) strength. The overlay indicates how spatial
variability influences the path of the critical slip surface compared to a homogeneous assumption
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tributed. The fields are realized from a Gaussian field which
is transformed into a standard Gaussian field for condition-
ing. The transformation is as follows: Y(x) = In(X(x)). The
fields are conditioned by Simple Kriging conditioned on
the observations Z. In the transformed space, the measure-
ment error is additive Gaussian noise.

Y, =Yoo +e e~ N(0,62) ©

obs — Ttrue

Equation (9) ensures that the updated variance at the
measurement location reflects the measurement uncer-
tainty rather than collapsing to zero.

4.2 Probabilistic inference layer: Bayesian Network
representation

Embedding the full high dimensional spatial random field
in a Bayesian Network is not feasible with respect to the
exponentially large number of conditional probabilities
tables. Instead, reduced variables of the random field are
obtained. These may be spatially averaged strength param-
eters applied normal to the slip surface of interest, coeffi-
cients of a truncated Karhunen—Loéve expansion or per-
formance related variables, say safety factors of trial slip
surfaces. A large enough database of simulations is gener-
ated by Latin hypercube sampling (LHS) over the random
field hyperparameters and the loading parameters. For each
realisation the performance model is run, reduced statistics
are computed and the outcomes (failure, non-failure) are
stored. This dataset constitutes a hard empirical estimate
of the conditional probability dependencies that needs to be
populated to the Bayesian Network [9, 10, 19, 28].

The nodes in the Bayesian Network take the form of
reduced geotechnical input parameters, loading input
parameters, observed performance outcomes, failure mech-
anisms, consequences and observed nodes. The observed
nodes are related in a probabilistic fashion to the in-situ
measures to allow for measurement errors or measurement
noise. The Bayesian Network has the attractive feature of
efficiently updating probabilities with the arrival of new evi-
dence and it is transparent in how it disseminates informa-
tion across it. Fig. 3 illustrates this topological structure of
the network and its relation of the reduced variables (cohe-
sion, friction) through to the System Performance (Factor
of Safety) and the ultimate Decision Metrics (cost/risk).
Additionally, observed nodes permit an update of the belief
state upon new in situ data being available.

To formalize the Bayesian Network, we define the
observation nodes using a likelihood function those
accounts for measurement noise. Let X be the true reduced

Bayesian Network for Slope Stability & Risk Assessment

(Reduced Cohesion (c)] (Reduced Friction ((p)) [ Load Variables (L) J

\ 4
Observed Friction
Friction (¢obs)
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Cohesion (Cobs)

Load (Lobs)
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Failure Event (F)
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Fig. 3 A representative Bayesian Network (BN) linking reduced
geotechnical variables (cohesion (c), friction (¢)) and load variables (L)
to the Factor of Safety (FS) and Failure Event (F). "Observation"

nodes (O , ) allow measurement data to propagate through the network

obs
to update failure probabilities

variable (e.g., average cohesion) and Z be the measured
value. The probabilistic relationship is modeled as:

Z-x)
P(Z|X):7\/%G exp(—( 262) J (10)

€

where o, represents the standard deviation of the mea-
surement error (noise). For implementation, continuous
nodes are discretized into NV intervals (states).

For computational implementation, the continuous vari-
ables in the Bayesian Network were discretized into N =10
intervals. Through a sensitivity analysis, it was deter-
mined that utilizing more than 10 intervals led to negligi-
ble changes in the estimated failure probabilities (< 2%).
Hence, 10 intervals were chosen for the discretization to
maintain reasonable sizes for the conditional probability
tables while maintaining accuracy in the prediction.

The conditional probability table (CPT) for a node Y
given parents X, ..., X is populated by integrating the
joint probability density function over the intervals:

P(Y =y, 1X=x)= | fyx (v]5)db. (1

The number of intervals to discretize the continuous
variables (V) involves a trade-off between the precision
desired and the exponential growth of the size of the CPTs.
The size of a CPT with N nodes is of the order O(N" * 1)
where n is the number of parent nodes. The number of
intervals used in this work is (N = 10). A database of
50,000 data instances was created through the use of
Latin Hypercube Sampling (LHS). LHS is a form of
sampling that acts as an advanced form of Monte Carlo
Simulation (MCS) methods, dividing the distributions and



sampling from each to ensure even coverage of the sam-
pling space, thus converging with fewer iterations than
Monte Carlo Sampling methods.

During the CPT population, Laplace smoothing with a
uniform Dirichlet distribution is used to ensure that no state
of any variable is assigned a zero probability. The results
of a sensitivity analysis are presented in Table 1. Table 1
shows that (N = 10) results in the lowest mean absolute
error of 2.8% when predicting the probability of failure.

Such a discretization process is a trade-off between
feasibility and precision; however, it introduces a dis-
cretization error term which would have to be regulated
by the sensitivity analysis related to the number of bins.
A complex geoasset does not fail from one mode of failure
alone. A slope fails from deep rotational sliding (a failure
assessed deeper) but it can also fail from shallow plane
failures or even the failure of the toe bearing capacity.
Regarding your comment about combining these prob-
abilities, the Bayesian Network is set up to intrinsically
assess "system" reliability. For example, something that
should not happen as an independent event, the BN gener-
ates a child node called "System Failure" (¥ ), the logical

union of all other failure mode child nodes (Fl, F,..,F)

F . =FRUFU..UF. 12)

sys

This hierarchical factorization is justified for two rea-
sons. First, it guarantees that in the case of failure mecha-
nisms, dependencies (such as a spatially continuous weak
stratum that promotes sliding and leads to bearing fail-
ure) are handled appropriately. Second, it confirms that the
model does not give rise to a super-additive excess of conse-
quences. By evaluating the joint probability at the super-el-
ement scale, the framework determines the value of one
failure mechanism in the existence of another. It proves
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that the expected cost would be a not super (i.e., marginals
independent) conservative approximation of system risk,
to which the expected project cost will be assessed.

4.3 Decision layer and Value of Information

The final layer of the framework is the decision layer and
transforms these probabilistic estimates into costs of dol-
lars. The objective is to reduce the total anticipated cost
over the project's life cycle (incorporating construction,
investigation, and potential failure expenses) rather than
simply minimizing the failure probability.

4.3.1 Cost function and parametrization

The first step in an objective assessment of design alterna-
tives is a total cost function. Let d € D be a given design
and investigation effort and let 8 be the random realization
of the system (i.e., a spatial distribution of soil strengths).
The total cost C

total
tic costs (costs already invested) and stochastic costs (risk

(d, 0) incurred is the sum of determinis-

costs), as given in Table 2.
Using these definitions, the total cost function is
expressed as:

Ctotal (d’e) = C

cons

(d)+C,, +1,(d,0)-Cyy. (13)

inv

Taking the expectation over the uncertain state 6, the
Expected Total Cost for a strategy is:

E[Cpu(d)]=C,,.(d)+C

im T Pf (d) “Char- (14)
4.3.2 Value of Information metrics
The framework employs two key metrics to quantify the
economic justification for site investigation:
1. Expected Value of Perfect Information (EVPI): the
EVPI represents the theoretical upper bound of what

Table 1 Sensitivity analysis of the BN discretization intervals (N) on model accuracy and CPT size

Number of intervals (N) Max CPT Size (for 3 parents)

Mean Error in predicted (P/)

Computational tractability

5 625
10 10,000
15 50,625
20 160,000

14.5% Very fast
2.8% Optimal
2.5% Slow / Sparse data risk
2.4% Intractable / Overfitting

Table 2 Definition of cost and risk variables

Symbol Variable Description Unit Remarks

C..@d) Construction cost Monetary ($) Deterministic cost associated with a specific design d (e.g., slope angle, reinforcement).
- Investigation cost Monetary ($) Cost of acquiring data (e.g., drilling boreholes, laboratory testing). Zero for prior analysis.

C.. Consequence of failure Monetary ($) Aggregated cost of failure, including r(z;aoilrl,eltei:f:(li)l.iability, delay penalties, and loss of life

1,.(d, 0) Failure indicator Binary [0,1] Function returning 1 if the system fails under state 6 and design d; 0 otherwise.

P/(d) Probability of failure Probability [-]

Expected value of /,, calculated via the Bayesian Network.
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any investigation is worth. It corresponds to the sav-
ings achievable if the true state & were known with
certainty before choosing the design. It is defined as
the difference between the minimum expected cost
under prior uncertainty and the expected minimum
cost with perfect knowledge:

EVPI=minE, [C,, (d.0)]

-E, [mdin Col (d,@)}. =

2. Expected Value of Sample Information (EVSI): for
a realistic site investigation program that yields imper-
fect data Z (e.g., borehole samples with measurement
noise), the EVSI is calculated by performing a pre-pos-
terior analysis. This involves simulating potential mea-
surement outcomes, updating the Bayesian Network
for each, and re-optimizing the design:

EVSI=min E, [Cou (d,0)]

(16)
_Ez |:n§n Ea|z |:Clolal (d,9) | Z:l:|

The expected cost is established by totaling the cost of
both decisions (the pre-posterior expected data which was
used when making the costs proportional to the uncertain
data of Z); therefore, the second term is that of pre-poste-
rior expected cost which is assessed as an expected value
based upon the marginal predictive distribution of Z under
which EVSI > C, 'means that the investigation is cost effi-
cient (i.e., Expected Net Benefit of Sampling (ENBS) > 0).
Further details on the pre-posterior analysis and the deriva-
tions of both EVPI and EVSI can be found in Appendix A.

5 Application I: example of slope stability

A typical example of slope stability explains the advan-
tage of the framework. This example merges conditional
random fields, Bayesian Network updating, and pre-poste-
rior Value of Information (VOI) analysis in a single-prob-
lem with a simple geometry. However, the probabilistic
dependencies remain complex. The goal is to quantify the
transfer of information from the physical layer through the
inference layer to the decision layer.

5.1 Geometry and random field specification

The model geometry is a 2D earthen slope of height
(H=10 m and § =45°). The limit state is governed by effec-
tive cohesion (c') and effective friction angle (¢'). To model
the natural spatial variability, they are defined as stationary,
cross-correlated log-normal spatial random fields (SRFs).
The parameter values, shown in Table 3, are typical of an
archetypical cohesive-frictional soil with high spatial vari-
ability [2]. The spatial correlation structure is defined by an
exponential autocorrelation function with horizontal (6,)
and vertical scales of fluctuation of 20 m and 2 m, respec-
tively. This anisotropic structure is representative of natu-
rally occurring layers in sedimentary deposits [4]. A negative
cross-correlation between ¢’ and ¢’ is assumed (p = —0.5),
which is typical for naturally occurring soils [5].

5.2 Performance model and limit state definition

The system performance is assessed using the Factor of
Safety (FS) versus rotational failure, evaluated using the
simplified Bishop's method. The limit state function (g)
is defined as:

g=FS-1.0. a7

Failure happens when (g < 0). This research study uses
a simplified limit-equilibrium procedure for computational
proficiency. Nevertheless, the framework is solver-inde-
pendent and fully suited with advanced Finite Difference
Method (FDM) or Finite Element Method (FEM) solvers
for composite boundary-value problems.

While this study utilizes the simplified Bishop's method
for computational efficiency, the BN architecture is solv-
er-agnostic. The performance node in the network (see
Fig. 3) effectively functions as a black-box replacement.
Therefore, for complex boundary value problems, this
node can be populated using high-fidelity Finite Element
Method (FEM) simulations without altering the probabi-
listic structure of the inference layer.

5.3 LHS database and reduced variable construction
To train the PIM, a LHS Simulation (MCS) database was
created. For each realization, the following steps were
performed:

Table 3 Summary of geotechnical and probabilistic parameters

Parameter Symbol Mean COV (%) Distribution Correlation length (0,, 6)
Soil unit weight y 19 kN/m? 5% Lognormal N/A

Cohesion c' 20 kPa 30% Lognormal 20m,2m
Friction angle @' 30° 10% Lognormal 20m,2m
Measurement noise & - 10% Normal -




1. Random Field Generation: the ¢’ and ¢’ fields
are established using the Karhunen—Loéve (KL)
expansion.

2. Performance Evaluation and Dynamic Mechanism
Search: it is a well-known phenomenon in geotech-
nical engineering that the location of the critical
slip surface varies significantly from realization to
realization [6, 16]. Thus, no assumptions are made
regarding the location of the critical slip surface. For
each realization, a dynamic search algorithm deter-
mines the minimum factor of safety and the critical
slip surface specific to that realization.

3. Dimensionality Reduction: the high-dimensional
random fields are reduced to a set of discrete param-
eters. The spatial averages of the ¢’ and ¢’ values are
calculated along the critical slip surface specific to
that realization. These spatial averages are referred
to as the Reduced Variables (RV , RV)). By extract-
ing these parameters along the unique failure mech-
anism for each realization, the stochastic nature of
the failure mechanisms is represented within the
Bayesian Network.

The dimensionality reduction process was successful in
collapsing the high-dimensional random fields into a man-
ageable set of discrete nodes for the Bayesian Network [8].
To ensure that the Bayesian Network was truly capable
of generalizing the surrogate probabilistic models, a sep-
arate hold-out data set was used to validate the Bayesian
Network. While the primary database was used to train
the Bayesian Network, a separate and independent test-
ing data set comprising 10,000 LHS simulations was used
to test and validate the model. The factor of safety esti-
mates from the Bayesian Network were compared to the
exact limit equilibrium method calculations from the test-
ing data set. The cross-validation results for this inde-
pendent data set are shown in Fig. 4. The graph displays
an R? value of approximately 0.95, indicating that the
Bayesian Network was successful in generalizing the sur-
rogate models for the probabilistic relationships between
the input and output variables. The mathematical formula-
tion for the functional transformation used to extract these
reduced variables is detailed in Appendix A.

5.4 Bayesian Network construction and updating

A Bayesian Network (BN) is constructed to encode the causal
relation between the Reduced Variables, the System Perfor-
mance (FS), and the Failure Event (F). The Conditional Prob-
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Fig. 4 Comparison of Factor of Safety determined by full Latin
Hypercube Sampling (LEM) versus the proposed BN replacement
ability Tables (CPTs) are populated using the MCS data-

base [9, 19]. The BN supports bidirectional inference:

1. Forward inference, given new soil data, the BN
updates (RV_ and RV¢), which propagates to updat-
ing the system reliability (P/)

2. Backward inference, given an observed system per-
formance (slope has not failed), the BN updates the
posterior distributions of the soil parameters, hence
minimizing the uncertainty.

Initial information about the site is integrated using
Kriging, conditioning the random fields on data from two
previously drilled boreholes [18], which forms the basis
for the upcoming VOI analysis.

5.5 Pre-posterior analysis results

A pre-posterior analysis is conducted to find a hypothet-
ical third borehole that maximizes the Expected Value
of Sample Information (EVSI). Virtual boreholes are
searched for at intervals of (1 m) along the slope. For each
candidate site:

1. The data is sampled, 1000 virtual measurements are
drawn from the prior random field model.

2. The Network is updated, each measurement is input
to the BN to compute posterior (P/ .

3. The Sampling Cost-Benefit is evaluated, the
Expected Net Benefit of Sampling (ENBS) is com-
puted as the expected failure costs minus investiga-
tion costs (C, = 5000).

The analysis reveals a distinct "Value Hotspot" at the
toe of the slope. Sampling here yields maximum EVSI,
as the slip surface is most responsive to changes in shear
strength at the toe, confirming results from previous slope
stability investigations [6].
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5.6 Comparative analysis: VOI optimization vs.
heuristic approach
To assess the efficiency gain provided by the proposed
SRF-BN framework, this study compares the optimized
investigation strategy against a standard "rule-of-thumb"
approach commonly employed in practice. A borehole is
often placed at the slope crest (x = 0) or mid-slope, typi-
cally ignoring spatial correlation. Two courses of action
are defined:
* Traditional Course of Action (S, ,), drill one bore-
hole at the crest.
* Proposed Course of Action (Sap ,), drill one borehole
at the toe (at EVSI maximum point).

Table 4 confirms that the SRF-BN optimization yields
a 143% rise in economic savings (73,000 $ vs. 30,000 $)
compared to the traditional heuristic. This approves that
obviously accounting for spatial correlation is critical for
cost-effective risk mitigation.

The economics of the proposal is a function of Cost
of Failure (C,). Fig. 5 plots the Expected Net Benefit
of Sampling (ENBS) against Cost of Failure. The stan-
dard crest borehole (Strad) is economic only when
(Cp,i; > $ 500 k) while the proposed toe borehole (Sopt) is
valuable for (C;,,, > $ 200 k). It is clear that the VOI frame-
work is particularly useful for low-to-medium risk proj-
ects which are normally considered uneconomic to sample
in the traditional sense.

5.7 Sequential updating and adaptive sampling

A key uniqueness of this procedure is its support for
sequential decision-making. By simulating a two-stage
adaptive process:

1. Stage 1: the model recognized the toe as the optimal
first position. A virtual measurement specified weak
soil (1 — 1/o).

2. Update: the BN updated the spatial uncertainty map.
The hotspot for information value changed to the
mid-slope.

3. Stage 2: the VOI analysis was revaluated. The ENBS
for a second borehole at the mid-slope converted pos-
itive (+ 15000 $), supporting further investigation.

On the other hand, if the first borehole specified com-
petent soil, the ENBS for a second borehole became nega-
tive. This reveals that the framework can mathematically
derive stopping rules for site investigation, simulating the
Observational Method [29]. This case study confirms the
feasibility of mixing Conditional Random Fields, Bayesian
Networks, and VOI analysis into a unified decision-sup-
port technique. The results prove that the framework can:

* Identify optimal sampling locations that enlarge risk

reduction.

* Quantify the economic advantage of probabilistic plan-

ning Surpassing conventional empirical procedures.

» Support adaptive, sequential decision-making.

Table 4 Economic efficiency of investigation strategies

Strategy Investigation cost (C, ) (§) Posterior probability of failure (P, ) Expected Total Cost (ETC) ($)  Net benefit (savings) ($)
Do nothing (Prior) 0 0.120 120,000 -
Traditional (Crest) 5,000 0.085 90,000 30,000
Proposed (VOI - Toe) 5,000 0.042 47,000 73,000
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Fig. 5 Sensitivity analysis of the Expected Net Benefit of Sampling (ENBS) relative to the Cost of Failure (C

fail)



The implementation of a simplified geometry does not
constrain the method's applicability to complicated 3D
layers; the only limit is the processing power required to
train the Bayesian Network.

6 Application II: reliability-based settlement control of
shallow foundations

To validate the adaptability of the proposed framework
beyond limit equilibrium stability, a second application
concentrating on the Serviceability Limit State (SLS) is
presented. This case study addresses the risk of extreme
differential settlement in a strip footing placing on a spa-
tially variable soil layer.

6.1 Problem definition and spatial variability
The system comprises of a rigid concrete strip footing
of width (B = 4 m) exposed to a uniform vertical load
(¢ = 150 kPa). The footing lays on a (10 m) thick clay layer.
The governing variable for settlement is the modulus of
elasticity (£), which is rendered as a log-normal random
field. Contrasting the slope stability case where failure is
motivated by a continuous slip surface, settlement is moti-
vated by the volume of soil inside the pressure bulb (stress
influence region). The spatial correlation length governs
how local soft pockets interact with the rigid-footing:

* Mean (£) = 15 MPa;

* Coefficient of variance (COV) = 40%;

* Correlation length (¢, = 10 m, 8 =1 m).

6.2 Bayesian Network for serviceability
The BN is updated to characterize the stiffness-deforma-
tion relationship by:

* Reduced Variables, the random field is minimized
to a local average stiffness (Eavg) beneath the footing
footprint.

» Performance Model, probabilistic settlement ()
is determined via random finite element analysis
(RFEM).

« Limit State, failure is defined as total settlement
(0 > 50 mm) or differential settlement angular defor-
mation (f > 1/500).

6.3 Comparative VOI analysis
The pre-posterior investigation was repeated to identify
the optimal borehole location by:

» Result, contrasting the slope case where the hotspot
was at the toe (external to the mass), the EVSI map
for the footing reveals the peak value exactly under
the foundation center.
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* Mechanism, the magnitude of settlement is dom-
inated by the vertically integrated stiffness inside
the pressure bulb (1.5 B to 2.0 B depth). Information
gathered outside this region has near-zero value
because of the vertical scale of fluctuation (6, = 1 m)
decoupling the stratigraphy.

6.4 Synthesis of applications
The difference between the two case studies highlights the
framework's flexibility:

* In slope stability (ultimate limit state), the criti-
cal information lies in the shear-band initiation
region (Toe).

* In Foundation Settlement (service limit state),
the critical information lies in the stress influence
region (The Center).

This comparison confirms that the optimal site investi-
gation approach is not static; it is firmly a function of the
limit state mechanics and the spatial correlation assem-
bly. The proposed SRF-BN framework appropriately rec-
ognizes these distinct optimal solutions without human
bias, validating its robustness as a generalized geotechni-
cal decision-support technique.

7 Discussion

The information-based probabilistic framework proposed
here is a revolution in geotechnical risk management.
Through the integration of SRF, BN and VOI, this research
moves beyond estimating the probability of failure to objec-
tively economically incentivizing its reduction. As the appli-
cations to both slope stability (ULS) and Shallow Foundation
Settlement (SLS) illustrate, the framework addresses the
conflict of interest that site investigations pose; the expense
of boreholes versus the risk they mitigate over the life of
the structure. The contrasting results show that the optimal
sampling point shifts from the toe of the slope, where shear
strength is dominant, to the center of the foundation, where
stiffness is dominant. This confirms that rules of thumb can-
not be relied upon in the presence of complex spatial vari-
ability. The proposed framework offers ENBS in place of
chaotic perception. The risk-benefit ratio of site investiga-
tions is quantified. Table 5 summarizes the advantages of
this information-driven approach over traditional determin-
istic and classical probabilistic methodologies.

7.1 Computational efficiency and scalability
A main challenge of pre-posterior analysis is the curse of
dimensionality. Discretization of a high-resolution random
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Table 5 Comparison of the proposed framework with existing methods

Feature

Traditional deterministic Standard Probabilistic (PRA)

Proposed information-enhanced framework

Uncertainty
Representation

Risk Quantification

Information
Integration

Value of
Information (VOI)

Decision Output

Deterministic (single
characteristic values)

Probability distributions (often
"lumped" without spatial context)

Implicit (Factor of Safety);
qualitative risk matrices

Explicit Probability of Failure (P );
often ignores consequences

Bayesian updating possible,
but often decoupled from
spatial geology

Static; cannot formally
update design with new data

Qualitative judgment;
heuristic planning

Sensitivity analysis (identifies what
is important, not where)

Binary (Pass/Fail) Reliability Index (/)

Spatial Random Fields: explicitly models continuous
spatial variability and correlation structures

Expected Loss: combines () with failure costs to
quantify risk in monetary terms ($)
Dynamic Updating: uses BNs to propagate
specific borehole data through the entire spatial
system instantly

Quantitative ENBS: calculates the specific economic
value of a borehole before it is drilled

Optimized Strategy: identifies the exact location (x, y, z)

that minimizes Total Expected Cost

field to a Bayesian Network can lead to an exponential
explosion of Conditional Probability Tables (CPTs). This
was mitigated in this study by dimensionality reduction
using Karhunen—Loéve (KL) expansion and path averag-
ing along the most critical failure paths. While successful
for the 2D cases presented, this reduction has one draw-
back: small, local weak zones that do not match the global
critical path will be smoothed out. To expand the scope to
realistic 3D formations, this challenge could be avoided
by using Goal-Oriented Dimensionality Reduction meth-
ods, such as Active Subspaces or Sensitivity-Driven KL
modes [30]. These methods choose eigenmodes based on
which mode maximizes the variance of the safety factor,
instead of the random field. This approach ensures the
framework focuses on and computes only the features
that pose a risk. The computational expense of the nested
pre-posterior simulation (inner reliability loop * outer
decision loop) was also reduced by using the BN as an
instantaneous replacement. Once trained, the BN's infer-
ence time is negligible (< 0.1 s), providing real-time deci-
sion support in design meetings, which is not feasible with
Finite Element LHS methods.

7.2 Addressing deep uncertainty

The case studies presented assumed the statistical hyper-
parameters of random fields (mean, variance, correlation
length) are known. In practice they are uncertain them-
selves; this is deep uncertainty [1]. If the assumed cor-
relation length is incorrect, the EVSI value calculated will
also be incorrect. This can be addressed by extending the
framework with Hierarchical Bayesian Models (HBM).
Adding a hyperparameter node to the BN would allow
it to learn the correlation structure as data is acquired.
The VOI of a borehole would then be assessed not only in
terms of its ability to measure local strength. It would also
be assessed based on its value for minimizing epistemic

uncertainty at the global level for the geological model
itself. Model-Form Uncertainty (MFU), the discrepancy
between the Limit Equilibrium model and reality, could
also be accounted for by adding a discrete model node.
This permits the network to evaluate the posterior prob-
ability of competing physical models (LEM vs. FEM),
hence ensuring the robustness of decision making.
To achieve the task, the following practical execution
steps can perform:
1. Prior Knowledge, establish mean and variance of
soil variables from regional archives (D).
2. Network Initialization, create the BN structure using
the proposed physical-inference coupling (Section 4).
3. Pre-Posterior Check, perform the VOI analysis to
calculate if the theoretical (ENBS > 0).
4. Action, if positive, drill at the designated value
hotspot (e.g., the Toe).
5. Update, feed the new borehole data into the observa-
tion-node to update reliability (P f).

8 Conclusions
This research study introduced and validated a proba-
bilistic decision strategy for optimizing geotechnical
site investigation by combining Spatial Random Fields,
Bayesian Networks, and Value of Information analysis.
The main drawn conclusions are as follows:
1. The proposed (SRF—BN—VOI) framework presents
a practical way to account spatial soil variability in
site-investigation decisions. By minimizing high-di-
mensional random fields into performance-rel-
evant variables, the framework allows Bayesian
updating and pre-posterior VOI analysis with no
requiring repeated full-scale simulations for every
decision alternative.
2. Spatial optimization for sampling is subject to local-
ized variables; it depends on the governing failure



or serviceability mechanism. In the slope stability
application, the highest information value was ac-
quired nearby the slope toe, where weak-zones most
strongly affected by the critical failure mechanism.
In the foundation settlement application, the most
valuable sampling position altered toward the cen-
ter of the foundation, where the stress influence zone
governs settlement response.

. The Bayesian Network surrogate revealed powerful

predictive performance in comparison with indepen-
dent Monte Carlo simulations, with (R? = 0.95). This
supports the usage of the minimized-order model
for rapid decision support, given that the discretiza-
tion plan, CPT population, and validation dataset are
clearly well-defined.

. The VOI-based investigation strategy enhanced eco-

nomic efficiency by up to (143%) compared with tra-
ditional heuristic sampling strategies. This proves
that site investigation can be treated as an economi-
cally justified investment rather than only a regula-
tory or empirical requirement.
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If the true state of the system 6 were perfectly known,
the optimal decision would satisfy:

C,p (0)=minC,, (d.0).

opt total

The corresponding expected risk with perfect informa-
tion (R,,)) is:

RPI = E@ [Clotal (d’ 9)] .

Thus, the Expected Value of Perfect Information
(EVPI) is:

EVPI=R, - R,

Since perfect information is unattainable in practice,
EVPI provides an upper bound on the economic value of
any feasible investigation programme.

Let X(s) be a random field defined over domain Q.
A reduced variable Z may be obtained by a functional
transformation:

Z = £X(s)w(s)ds,

where w(s) is a weighting function representing the influ-
ence of each spatial location on the failure mechanism
(e.g., shear strain localisation).

Alternatively, using a truncated Karhunen—Lo¢ve (KL)
expansion:

X(5) = () + 2 (5) .

where the reduced variables are the coefficients ¥, ..., Y,

m

with m chosen to retain the dominant variance modes of
the field.
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Appendix B
Table B1 The principal symbols used throughout the paper
Symbol Meaning
XGs) Spatial random field of ggotechnical properties at
location s
0 Hyperparameters governing random field structure
(means, variances, correlation lengths)
I Uncertain load variables (e.g., groundwater level,
surcharge)
g Limit state function for failure mode j
Fj Failure event g< 0
F s System failure event (union of individual failure modes)
C]. Consequence (cost) associated with failure mode j
C Total cost including construction, investigation,
total monitoring and failure losses
d Design or mitigation decision
D, Initial (prior) information set
D, New information set obtained from investigation action a
R(d|D) Expected risk under decision d and information D
R, Minimal expected risk under prior information
R, Pre-posterior expected minimal risk after action a
EVSI Expected Value of Sample Information
EVPI Expected Value of Perfect Information
7 Reduced variable extracted from a spatial random field
(or measurement outcome)
Ly Mean of random field X'
#,(s) k-th eigenfunction in Karhunen—Loéve (KL) expansion
Ay k-th eigenvalue in KL expansion
y Random coefficients in reduced random field
K approximation
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