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Abstract

This paper presents a surrogate modeling approach for predicting the cyclic stiffness characteristics of rubber spring and damping
elements (RSDE) used in vibration isolation systems. The methodology is based on high-fidelity finite element (FE) simulations
that incorporate geometry-dependent assembly effects and advanced material modeling of filled vulcanizates subjected to
cyclic loading. The constitutive framework combines the Modified Extended Tube Model (METM) with Advanced Mullins Damage
Modeling (AMDM), providing a physically motivated description of hyperelasticity, stress softening, and steady-state hysteretic
behavior. The resulting three-dimensional FE implementation was realized as an Abaqus user material subroutine and validated
against experimental measurements of commercial RSDE. Simulated torque-angle characteristics showed excellent agreement
with experiments, with peak torque deviations below +3%.

To enable rapid engineering predictions, a parameterized FE model covering representative RSDE geometries was used to generate
a design-of-experiments dataset. The simulated loading characteristics were condensed into three physically interpretable
parameters describing cyclic stiffness behavior and subsequently approximated using multi-linear response surface regression
models. The surrogate model links six geometric design variables to the non-linear torque-angle response, achieving high predictive
accuracy with adjusted coefficients of determination RZ, up to 0.977. Analysis of the regression model reveals the influence of
rubber cord dimensions and profile geometry on stiffness evolution under torsional loading. Comparison with independent test
cases demonstrates that the surrogate model reliably reproduces FE predictions within the considered design space. The proposed
surrogate model enables real-time estimation of geometry- and material-dependent cyclic stiffness characteristics, supporting
efficient design and optimization of customized RSDE applications without testing.
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1 Introduction
Rubber spring and damping elements (RSDE) are frequently RSDS RSDE
applied in various industrial applications for the support and
damping of vibrating and motion systems such as vibrat- Inner square profile Outer square profile
ing conveyor or sieving systems, motor mounts or crushers
for e.g. the mining, agricultural, or food and beverage sec-
tors as well as in robotics for high-impact shock absorption
and energy storage in dynamic legged locomotion [1, 2, 3].

They consist of an inner and outer square steel profile

which are linked by compressed rubber cords, see Fig. 1.

RSDE feature a dominant torsional Degree of Freedom Rubber cord

(DoF) and are often interconnected in a pantograph-struc-

ture, forming a rubber spring and damping system (RSDS) Fig. 1 ROSTA rubber spring and damping system (RSDS) consisting
providing a redominantly vertical DoF, see Fig. 1. of basic rubber spring and damping elements (RSDE)
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For the design, analysis, and optimization of vibrat-
ing systems detailed knowledge of hysteretic behavior as
well as the underlying cyclic stiffness and damping prop-
erties of the RSDE is essential for the prediction of the
loading characteristics of the parent RSDS. While exper-
imental determination is time consuming and expensive,
analytical approaches fall short due to the physical com-
plexity. Unlike conventional metallic springs or hydrau-
lic dampers, the non-linear nature of the mechanical load-
ing response of elastomers does not allow for an analytical
estimation of the mechanical characteristics of RSDE.
In addition to a strong dependency of the mechanical per-
formance of RSDE on the mixture of the elastomeric com-
pound, the geometrical design of the RSDE plays a crucial,
yet complex role. These challenges in analytically handling
the complex mechanical behavior of RSDE currently limit
the development of optimized, customer-specific solutions.

A digital model [4] of a pre-screening system employ-
ing RSDS was developed recently, describing its screening
efficiency for different operation conditions [1]. Further
improvement of the model performance was stated to
require detailed knowledge of the non-linear cyclic stiff-
ness and damping properties of the RSDS employed
within the pre-screening system. As these are constructed
from several RSDE, the loading characteristics of RSDS
can be derived from the RSDE properties together with
non-linear analytical equations of motion. This has been
attempted by [5] using limited catalogue data of the man-
ufacturer ROSTA AG. Similarly, RSDS properties at the
operation point were directly predicted by [6] using lin-
earized analytical equations of motion. Generalizability
of these models is limited using catalogue data without
experimental calibration or validation. In addition, linear-
ization of the equations of motions must be repeated at
each working point, separately. Furthermore, improved
accuracy can only be achieved through consideration of
the non-linear RSDS properties, limiting the applicabil-
ity of this approach. A mere loading direction dependent
non-linearity does, however, not cover the complexity of
the elastomeric compound. In [7] a more reliable non-lin-
ear modelling approach is presented, using the MathWorks
Simulink simulation framework to build a non-linear
spring and damping model of the RSDE as rotational
joint. The calibration of experimental data provided by
the manufacturer ROSTA AG highlights the advantages
of a non-linear approach and shows the difficulty to incor-
porate effects like material softening under cyclic load-
ing. Still, the model presented does not account for the

geometry of the RSDE. Eventually, Finite Element (FE)
based modelling offers a suitable numerical approach to
analyze the cyclic stiffness and damping properties of
RSDE without producing prototypes and performing
experimental tests [8, 9]. Reliable FE model predictions
require detailed analysis of the material behavior of vul-
canizates and the consideration of the assembly process
defining internal stress states of the rubber cords to repro-
duce the experimentally observed behavior. Stress states
thereby depend on the dimensions of the rubber cord itself
as well as the adjacent inner and outer square profiles [10].
While there is a clear need for the respective industries
to predict, analyze, and optimize the mechanical response
of RSDE and RSDS, the use of high-fidelity FE simula-
tions is limited by their computational costs as well as the
required expert knowledge. For the appropriate design of
vibrating systems using RSDS, a computationally efficient
and readily accessible tool is needed that allows to reliably
predict key mechanical parameters such as RSDE stiff-
ness and damping properties. In similar contexts, surro-
gate models have been employed to replace computation-
ally expensive high-fidelity FE simulations allowing fast
predictions of expected mechanical responses for vary-
ing geometries. For instance, advanced statistical model-
ing and machine learning techniques such as Kriging have
been used to predict entire load-displacement curves of
carbon fiber reinforced polymer/aluminum alloy multi-riv-
eted-bonded joints with varying geometries [11]. Similarly,
a Neural Network has been employed by [12] to predict the
non-linear mechanical response of lattice structures with
varying strut diameters under large displacements. In both
cases, computationally expensive high-fidelity FE simu-
lations were replaced by fast running but rather complex
statistical models at high levels of the coefficient of deter-
mination larger than 0.93. Simpler statistical models such
as multiple linear regression models [13, 14] have further
been applied to characterize the effect of uncertainties in
the elastic modulus on the mechanical response of a truss
structure using a modified response surface method [15].
This paper presents a surrogate modelling approach for
the non-linear mechanical response of RSDE to torsional
loading based on simple multiple linear regression. The
surrogate model is trained on data from high-fidelity FE
simulations that account for the mixture-specific steady-
state hyperelastic behavior of vulcanizates after multiple
loading cycles under varying RSDE geometries. In addi-
tion, a parametric model is adopted to represent the non-lin-
ear mechanical response. The surrogate model thereby



consists of three separate multiple linear regression models
that predict the free parameters of the mechanical response
characteristic as a function of geometrical input variables.
This allows the use of a simple regression-based surrogate
rather than more complex machine learning models.

The approach combines advanced FE-based simulation
models for a torsional RSDE with a novel material model-
ling approach [16, 17, 18] linking the physical properties
of the rubber compound to material parameters, enabling
mixture-dependent non-linear material response under
cyclic loading conditions, validated by experimental tests.
The surrogate model provides realistic geometry and
material dependent predictions of the cyclic stiffness prop-
erties of RSDE. This enables engineers to access mechan-
ical characteristics of optimized and/or customized RSDE
and RSDS in real time without the need for expensive pro-
totype testing.

2 Approach

2.1 Constitutive model and FE implementation

The constitutive model and finite element (FE) implemen-
tation are built upon two closely related material mod-
elling concepts: (1) the Modified Extended Tube Model
(METM) as a physically motivated constitutive model
for filled vulcanized elastomers, establishing a direct
relationship between compound composition, filler con-
tent, molecular network structure, and mechanical behav-
ior [16]; (2) through Advanced Mullins Damage Modeling
(AMDM), providing a theory and parameter identification
procedure for the description of stress softening and hys-
teresis after multiple loading cycles [17]. The present work
integrates both concepts into a fully three-dimensional
finite element framework suitable for industrial applica-
tions and high-fidelity simulations.

A central motivation of the constitutive concept is the
limitation of conventional hyperelastic material models
used in elastomer engineering. Although phenomenologi-
cal strain-energy functions can often reproduce measured
stress—strain curves, they usually lack a direct connec-
tion to the underlying material formulation. As a result,
FE simulations may predict component behavior, but they
provide only limited guidance for the design and opti-
mization of rubber compounds themselves. In contrast,
the METM developed by [16] is physically motivated,
separates the contributions of the chemical crosslinked
network as well as the entanglement network and intro-
duces a reinforcement function for accurately describ-
ing filler content such as carbon black, thereby enabling
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a more meaningful interpretation of material parameters.
The subsequent extension through AMDM [17] addition-
ally allows the description of cyclic softening and steady-
state material behavior after repeated loading.

The FE implementation [18] is formulated within the
framework of non-linear continuum mechanics under iso-
thermal conditions. The governing equations consist of the
balance of linear momentum, kinematic relations, bound-
ary conditions, and METM as well as AMDM based con-
stitutive equations. Since large deformations occur in elas-
tomeric components, analytical solutions are generally
not available. Therefore, the weak form of equilibrium
is derived using the Principle of Virtual Displacements
and solved numerically by non-linear finite elements. The
resulting non-linear system is linearized through a con-
sistent Newton—Raphson procedure, requiring not only
stresses but also the corresponding material tangent ten-
sors for quadratic convergence.

For numerical implementation, the originally incom-
pressible METM and AMDM formulations are extended
by introducing a volumetric energy contribution dependent
on the Jacobian of the material deformation gradient. This
modification ensures mathematical soundness and per-
mits the application of three-dimensional continuum ele-
ments. The second Piola—Kirchhoff stress tensor is derived
directly from the strain-energy function, and the corre-
sponding fourth-order material tensor is obtained through
second derivatives of the energy potential (strain-energy
function). Spectral decomposition techniques are employed
to express stresses and tangent moduli in principal direc-
tions, facilitating robust numerical implementation within
the FE environment.

A major advancement of the constitutive model and FE
implementation is the incorporation of the relaxation-based
stress approach proposed by [17]. Experimental observa-
tions demonstrate that elastomers subjected to repeated
cyclic loading approach an equilibrium (steady-state)
stress—strain response that differs significantly from the
virgin material behavior. To capture this phenomenon,
a relaxation function is introduced that scales the origi-
nal strain-energy density and stress response. The relaxed
METM formulation requires the derivation of modi-
fied stress expressions and consistent tangent operators.
Volume-preserving deformation measures are introduced,
and relaxed stresses are decomposed into contributions
from the chemical network, molecular entanglements,
and volumetric deformation. Corresponding expressions
for the tangent stiffness matrix are derived analytically to
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ensure numerical stability and convergence in non-linear
FE simulations. These derivations form the foundation of
the Abaqus user material implementation presented in [18].

The second key component is AMDM. Traditional
Mullins damage models, such as the widely used pseu-
do-elastic formulation of [19], assume that all damage is
generated during the first loading cycle and that subse-
quent cycles follow a fixed damaged response. According
to AMDM, this assumption does not adequately represent
experimentally observed behavior, especially after multi-
ple cyclic deformations. AMDM addresses this limitation
by introducing two distinct damage functions. One func-
tion describes the increasing branch of a loading cycle,
while a second function governs the decreasing branch.
This distinction allows the model to reproduce the differ-
ent damage evolution mechanisms associated with load-
ing and unloading. The damage functions depend on the
relaxed strain-energy density and its curvature, enabling
the model to represent progressive stress softening and
hysteresis over multiple deformation cycles. The resulting
formulation provides a significantly improved description
of the equilibrium behavior observed experimentally in
filled elastomers.

In summary, the physically motivated METM and
AMDM material modelling concepts extend both into
a comprehensive three-dimensional FE framework. The
complete FE implementation was realized as a user mate-
rial subroutine (UMAT) in Abaqus Standard [18]. Because
solid elastomers exhibit quasi-incompressible behavior,
the Abaqus Hybrid Formulation was employed together
with hybrid solid elements. Numerical studies involving
RSDE demonstrated that the model accurately predicts
load—deformation curves, including the influence of stress
relaxation and cyclic damage. The simulations reproduced
experimentally, observed torque-angle relationships
within manufacturing tolerances and showed robust con-
vergence behavior. Unlike conventional phenomenologi-
cal approaches, the material modelling concepts establish
a direct link between elastomer compound formulation
and component performance, thereby enabling predictive
high-fidelity FE simulations.

2.2 High-fidelity RSDE simulation model

RSDS are composed of various interconnected RSDE, see
Fig. 1. Thus, the mechanical characteristics of the RSDS
are essentially determined by the characteristics of the
building-block RSDE which is the focus of the advanced
parametrized high-fidelity FE model.

The predominating load case consists of a torsional
loading of the inner square profile of the RSDE up to a
rotational angle of +30°. To achieve good agreement
between measured and simulated torsional loading —
rotation angle characteristics, it is decisive to accurately
model the assembly of the rubber cords into the RSDE
determining their internal stress state in the unloaded 0°
condition which determines the torsional stiffness charac-
teristic. Likewise, appropriate material states must be pre-
scribed during assembly and subsequent torsional loading
to +30° and unloading to 0° as well as reverse loading to
-30° and unloading to 0° according to Table 1. Thereby,
three different states need to be considered: 1) relaxed, 2)
damaged / loading, and 3) damaged / unloading. The dif-
ferent simulation steps are summarized in Fig. 2.

In a first step (1. Pressing), the four rubber cords
are pressed between inner and outer square profiles.
To achieve a stable, converging simulation, an interference
fit is applied to the rubber cord surface shifting the surface
nodes towards the target inner and outer contact surfaces
along the normal direction. Thereby, a two-fold symme-
try condition is imposed as kinematic boundary condi-
tion to the rubber cord. Emulating the effect of a lubri-
cant typically applied during real assembly, this process
is further assumed to be frictionless. In the following step
(2. Stretching), an axial displacement S, is applied to the
front and back side of the rubber cord to realize an effec-
tive assembled length with the associated degree of com-
pression. Therefore, both symmetry and frictionless con-
tact are assumed. A relaxed material state is defined for
the first two assembly steps.

Table 1 Material states and friction coefficients prescribed for different

simulation steps

Torsion Angle Material State Friction Coefficient

Ste

P [ deg] [-] [-]
Pressing 0° Relaxed 0
Stretching 0° Relaxed 0
Model Change 0° Relaxed 0.5
Pre-Damage +30° Relaxed 0.5

. Damaged /

s ° to +30° )
Torsion Up 0° to +30 Loading 0.5
Torsion Unload ~ +30° to 0° Damagéd / 0.5

Unloading
Torsion Down 0° to -30° Damaged / 0.5
Loading
Torsion Unload ~ -30°t00°  Damaged/ 0.5
Unloading




1. Pressing 2. Stretching

Interference Fit
") + Symmetry

Symmef Outer Contact @
Inner Contact
Symmetry Symmetry
= —
— -«
Sek Sek
Inner
Contact
wi=0 o =0 w=0 o =0

3. Model Change 4. Pre-Damage

6. Torsion Unload

relaxed— loading H; =05 p, =05 loading— unloading  w; = 0.5 p, =05

7. Torsion Down 8. Torsion Unload

unloading — loading  g; =05 p, =05

loading — unloading  u; =0.5 p, =05

Fig. 2 Loading steps for torsional load-case for high-fidelity RSDE

simulation

In step 3, a model change is applied setting the friction
coefficients at the inner and outer contact surfaces (u, and
u,, respectively) to 0.5, while releasing the symmetry con-
dition as the position of the rubber cords is well defined by
the established contact. In the following step 4, the limiting
damage state is determined from the strain states obtained
during the maximum angular deflection of £30° [17]. This
yields the information required to obtain the local as-dam-
aged material state for loading and unloading conditions
needed to realistically model the steady-state mechanical
behavior of the RSDE for cyclic torsional loading with
+30°. Thereby, the material states during an increase of
the rotational angle in either direction is a damaged/load-
ing, while any reduction of the rotation angle towards zero
is a damaged/unloading material condition.
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As described above, the 3D simulation model is set up in
the commercial FE software Abaqus by Dassault Systemes
using a user-material subroutine (UMAT). Inner and outer
square profiles were assumed to be analytical rigid surfaces
with infinite length. The boundary conditions are applied
via a reference point tied to the respective rigid bodies. The
four rubber cords were discretized with fully integrated
linear C3DSH HEX elements with hybrid formulation sup-
porting quasi-incompressible material behavior of the rub-
ber cords by avoiding volumetric locking.

To investigate and efficiently simulate the loading
response characteristics (torque vs. rotation angle) for
varying geometries, the model was fully parameterized
according to Fig. 3. The outer and inner square profiles are
defined based on three parameters, i.e. width of inner pro-
file B,,, width of outer profile B,,, and the corner radius
of outer profile R ,,. The rubber cords were further fully
defined by another three parameters, i.e. the diameter of
. and
the effective assembled length L¢... For this study, the

the rubber cords D, as well as the as-cut length L

material was fixed for one specific compound, i.e. Rubmix
10M by ROSTA AG.

2.3 Surrogate model
The goal of the developed surrogate model is to provide
reliable information on representative cyclic stiffness prop-
erties of RSDE for varying geometries without the need of
time-consuming simulations. For this purpose, an exten-
sive dataset with loading response characteristics (torque
vs. rotation angle) for varying RSDE geometries was cre-
ated using the high-fidelity FE based simulation presented
earlier. Following a Central Composite Face-Centered
design of experiment (DoE) [20], a total of 45 different con-
figurations for training and 8 for testing were generated
and used to establish a multi-linear regression model.
Variation ranges of geometrical parameters were defined
as representative of the ROSTA DR40 to DR60 RSDE fam-
ily while geometrical feasibility limits were accounted for.
Due to geometrically induced limitations, the feasibility

Bur

r\1 Outer square profile

e
Lk

Dy
Rubber cord
Inner square profile

Fig. 3 Geometrical parametrization of RSDE model
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Table 2 Approximate limiting minimum and maximum values [mm)] for

geometrical parameters in DoE

BIT BAT RAT DGK LZ‘K LgK
40 54 5.5 18 25 34
60 90 25.0 41 270 300

limits vary strongly with B,,. Each geometrical parameter
was varied on three levels within their respective feasibil-
ity limits. Test cases were chosen only inside the param-
eter regimes covered by the training data, thus checking
the interpolation performance of the final model. Due to
confidentiality, only the limiting maximum and minimum
values independent of B, are given in Table 2. Simulations
were stable for cases where the volume ratio of rubber cord
to geometrically available volume between inner and outer
profile, i.e. a measure of the degree of compression, was
between 0.75 to 0.90.

After the simulation of the various RSDE geometry vari-
ants, the loading response characteristics for a rotational
angle of up to +30° was extracted. To simplify the com-
plexity of the dataset, an average torque vs. rotation curve

200 !

100 S

-100 -7

-200{

-30 -20 -10 0 10 20 30
Angle of torsion [°]

Torque [Nm]
o
\,
X,
X,
)
3
kY
N
Torque [Nm]
=
o
o

was determined from the absolute values of the loading and
unloading characteristics, generating a point-symmetric
curve for positive and negative rotation angles, see Fig. 4.
Subsequently, the slope of the torque vs. rotation curve was
calculated and fitted with the following erf-approach:
My av05-d | 1eerf ﬁ-(a—c) (1)
da 2-b
The averaged torque M, vs. rotation angle a curve is
recovered by integrating Eq. (1) using the fitted model
parameters a, b, ¢, and d. The advantage of this approach
lies in the interpretability of the parameters as outlined in
Fig. 5.
* aaveraged slope / stiffness at o — —oo, at o = 0° the
slope is roughly 1.1a
* b measure of the curvature and thereby the sharp-
ness of the transition from slopes a to d
* ¢ angle at maximum curvature, kept constant at
c=30°
* daveraged slope / stiffness at a — +oo, at |a| = 30°
the slope is a +%

--- +30°, loading
200 eeen. +30°, unloading
--- -30°, loading
...... -30°, unloading
—— Averaged path

)
(S,
o

u

o
\

\

0 5 10 15 20 25 30
Angle of torsion [°]

Fig. 4 Generation of average loading response characteristic from simulated results

c = 30° c = 30°
| |

10 : 150 |~ 10
e
£ s ; N — 8 d
5 I Z 100 <
T 6 | 3 =, 6
s” ' < s
N_c _ ' ‘ 2“ (O]
v * A o 50 s ‘
2 d 8 o bl
s 2[ = @ 2
3 2b

0 y 0 . . - 0 d

-100 .50 0 50 100 -100 -50 0 50 100 -100 -50 0 50 100

Rotation Angle o [°]

Rotation Angle o [°]

Rotation Angle o [°]

Fig. 5 Parametrization of model for M (a) according to Eq. (1). The dashed lines correspond to 50% higher (lower curvature), and 50% lower (higher

curvature) b values, respectively. The slope at a =30° is a + d/2



Following this approach, the surrogate model then does
not directly fit the torque M, vs. rotation angle a curve but
rather the three modelling parameters a, b, ¢, and d. Thus,
the fitting with the model Eq. (1) corresponds to a data-re-
duction step to reduce data complexity.

The actual surrogate model corresponds to three sep-
arate multi-linear regression models (RSM — Response
Surface Models) fitting the model parameters a, b, and d
(i.e. response variables y, with k= 1, 2, 3) of Eq. (1), respec-
tively their transformed values f{y,), in dependence of the
B_,R, ,D.., L5, and L¢

I 7AD “TAD GK> 7 GK> GK
(i.e. predictors x;, with i = 1, ...,6). In its most general form,

six geometric parameters B

an RSM includes a bias term S ¥, linear terms ¥ x, qua-
dratic terms £ x?, and interaction terms f ;,('k) x,x; with 28
model coefficients f* per response variable y, as follows:

f ()= B(gk) + z;ﬁ"(k)x" * Zj:IZi:Iﬁi(ik)x,-xj
s i

To stabilize variances ensuring the homoscedasticity

@

assumption for linear regression, to reduce skewness of the
data, and improve linearity, a log-transform f{y,) = log(y,)
was applied for all response variables y, = a, b, and d as
indicated by the Q-Q plots in Fig. 6 comparing observed
residuals with theoretical normal quantiles. The Q-Q plots
for all response variables indicate an S-shape pointing to
heavy tails and thus non-normality of the data. This is more

a
17.5
)

g 30 e
8 T e g 150
[} c 20 c
> s é S 125
S g g
— (] [0}
? 2_10 ‘_é‘ 10.0
o [ ]

g 0 ° 8 7.5

2 -1 0 1 2 -2
Theoretical Quantiles

% °
3 83 Y 2
° 5 5 2.7
Q c C
£ S, S
s d 924
17} Q <@
% Q.l Q.
£ E, ., E 21 @
=y °
p—

-2 -1 0 1 2 -2
Theoretical Quantiles

Theoretical Quantiles

Theoretical Quantiles
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pronounced for a and d and significantly improved by
the log-transform. While for the response variable b the
log-transform does not appear to be effective, the transfor-
mation is kept for consistency between the models. While
the model resulting from the ordinary least squares (OLS)
algorithm is still unbiased and trustworthy, the computed
confidence and prediction intervals for b need to be treated
with care.

To reduce the large number of three times 28 model
parameters A% in Eq. (2), the least complex common model
structure valid for all response variables y, was identified,
ensuring high variance clarification and low bias via high
adjusted R? values. Best results were achieved using the
following linear regression approach:

log()/k ) = .3(()]() + .31(k)10g( GK ) + ﬁgk)RAT +

B3(k)BlT + ﬂzgk)BlzT + ﬁs(k)IOg(DGK )

©)

Due to the high correlation between B, and B, as

well as L%, and L%, see Fig. 7, the former predictors

GK>
have been dropped from the model Eq. (3) to meet the
Gauss-Markov requirements of the OLS method. For the
response variables y, = a and d the highest correlations
are found for the remaining predictors L$,., B, and D,
i.e. the as-cut length of the rubber cord, the width of the
inner square profile, and the diameter of the rubber cord,

respectively. For the response variables y, = b the high-

est correlation was with the predictors D, R, and B,
b d
800 Y

(%]
(]

o = 600
C
S 400
g
2 200
£
c 0@
(%]

-1 0 1 2 2 -1 0 1 2

Theoretical Quantiles

~N

Sample Quantiles
H wv [e)}

w

2
o 1 2 2 -1 0 1 2

Theoretical Quantiles

Fig. 6 Q-Q plots of original and as-log-transformed data for the model responses y, = a, b, and d
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0.8

0.6
L 0.4
0.2
)
H-0.2

L 0.4

-0.6

-0.8

-1
17 Bip Ry Do Lo
and L) and response variables y, (a, b and d)

Fig. 7 Correlation matrix between predictors x, (B

which was represented via B,, given the strong correla-
tion between these predictors. Furthermore, the response
variables a and d show strong positive correlations while
b is weakly negatively correlated to a and d. To verify the
unbiasedness of the models, the Tukey-Anscombe plots
were checked for zero mean and constant variance of the
residuals, proving that the Gauss-Markov assumptions of
the OLS method are met at an acceptable level.

The surrogate model is fitted on the training data-
set using the open-source software R. Subsequently, the
predictive performance of the regression model is tested
based on the independent test dataset. Finally, the surro-
gate model uses the three-geometry parameter dependent
regression models of the model parameters y, = a, b and d
as well as the model in Eq. (1) to predict geometry depen-
dent loading responses (torque vs. rotation angle).

3 Results

3.1 Predictive performance of high-fidelity simulation
model

A comparison of the high-fidelity model with experimen-
tal data for a ROSTA DR50x120 RSDE shows excellent
agreement for the torsional loading characteristic, see
Fig. 8. Simulated peak torques at o = £30° are within £3%
of the measured values, while the predicted hysteresis
area is significantly smaller than the experimentally deter-
mined values. Deviations of the loading characteristic lie
well within the error band of £15% (at a = £30°) indicat-
ing the variability caused by geometrical tolerances of the
RSDE. While the model successfully predicts the average

750{ —— Simulation
Simulation = Tol

5001 Measurement
‘E 250
Z
[} 0
>
g
© —250

-500

-750

-30 -20 -10 0 10 20 30

Angle of torsion [°]

Fig. 8 Comparison of high-fidelity simulation with experimental
loading characteristic of a ROSTA DR50x120 RSDE. The red error
band describes the variability of the loading characteristic resulting

from the specified geometry tolerances

loading characteristic, the dissipated energy (damping
of RSDE) is insufficiently covered. This discrepancy is
expected to be due to additional energy dissipation in the
contact interface which may not be fully covered by the
employed contact modelling approach. At this point it
must be mentioned that the METM plus AMDM consti-
tutive framework neglects rate-dependent material behav-
ior. With AMDM hysteresis originates from the asym-
metry between loading and unloading damage functions
only. The hyperelastic material modelling itself is rate
independent. However, this simplification was chosen on
purpose, since carbon black filled vulcanizates generally
show rather weak rate dependency for low and medium
loading frequencies. In fact, under quasi-static loading
conditions and after cyclic preconditioning, the stabilized
equilibrium response is only weakly affected by strain rate
compared with phenomena such as stress softening and
filler-network rearrangement [17, 21, 22, 23].

While the model still allows for a qualitative compari-
son of the damping capacity of different geometry variants,
the major focus for surrogate modelling is on determining
the average cyclic stiffness of the torque vs. rotation angle
characteristic where reasonable predictions are achieved.

3.2 Surrogate model
The various RSDE geometry variants of the training data-
set have been fitted by the M () model in Eq. (1) with
a goodness-of-fit level of R*>0.999. Thus, the M () model
provides excellent representation of the simulated loading
response characteristics based on only three physically
interpretable model parameters a, b, and d.

Similarly, the subsequent training of the response sur-
face multi-linear regression model Eq. (3) for these three
model parameters a, b and d yielded very good coverage



Table 3 Adjusted R? values of multi-linear response surface regression
model Eq. (3) for response variables y, = a, b and b(k= 1, 2, 3) as input
for the M (o)) model in Eq. (1)

k » Rf_{j

1 a 0.977
2 b 0.832
3 d 0.966

of the data. Table 3 shows the respective adjusted R? val-
ues for the three different multi-linear response surface
regression models Eq. (3). Due to confidentiality, the fit-
ted model parameters are not published. The RSM mod-
els for a and d achieve a very high goodness-of-fit level
with Rj ik 0.96, while it is a little lower for model for b at
R? s 0.83. The reduced model coverage is likely to be due
to the higher uncertainty associated with the fitting of b to
the simulated loading characteristics. As the parameter ¢
is fixed at 30° to reduce model complexity, this indicates
that the maximum curvature (peak of d*M /do* in Fig. 5)
is defined to be at |a| = 30°. While the slope at |a| = 30° is
determined by a + d/2, the maximum curvature is given
by d/2b. In cases where geometrical effects cause a signif-
icant shift of the curvature peak towards higher or lower
angular displacements, there will be significant bias in the
fitted b parameter masking the real effect of the geometry
on the curvature. This is also indicated by the indifference
of the -transform on the Q-Q plot of 4 in Fig. 6. The dif-
ferent goodness-of-fit levels for the model parameters a,
b, and d is also reflected in the comparison of the RSM
predictions with actual values for the training dataset and
the independent test dataset in Fig. 9. Especially for larger
a and d values, the discrepancy of the model predictions
is larger, indicating worse predictions for stiffer RSDE as
these values are representative of the stiffnesses at |a| = 0°
and 30°. The parameter b controlling the curvature in
the transition region is less well predicted by the RSM.
Its effect on the loading response characteristics is, how-
ever, less important, i.e. about £20% in the peak torque at
|a| = 30°, as shown by the dashed curves in Fig. 5 that rep-
resent a variation of b by +50%.

Fig. 10 shows the partial residual plots for the for
log-transformed response variables a, b, and d illustrating
the effect of the different geometrical predictor variables
Lé‘K’ B> Dy
surface model Eq. (3). Due to the direct interpretability

and R . defining the multi-linear response

of the model parameters for the M (a) model in Eq. (1),
the effect of the different geometric parameters on the
loading response can be investigated. The as-cut length
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of the rubber cord LY,,

slope at |a] = 0° and 30°, while being more effective in

for instance, increases both the

increasing the stiffness at lower cord lengths. At the same
time, it reduces the model parameter b which increases
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the curvature in the transition regime. The width of the
inner square profile B,, has a similar, while less non-lin-
ear effect. An increase of the rubber cord diameter D,
on the other hand, increases the slope at |a] = 0°, while
reducing the slope at |a| = 30°. The curvature, being pro-
portional to 1/b decreases with larger cord diameters. An
increasing corner radius of the outer profile R . further
reduces both the slopes at |a| = 0° and 30° and the curva-
ture in the transition regime. An increasing scatter from
L%K to Bm DGK’

and thus lower correlation coefficients listed in the correla-

and R, reflects the increasing variance

tion matrix in Fig. 7.

The parameters L5, and D, define the geometry of
the rubber cord yielding an increased volume of rubber
for larger values that is pressed into the intermediate space
between the inner and outer square profiles. Longer rubber
cords, and thus longer RSDE, lead to an increased stiff-
ness analogous to a larger number of springs connected in
series. In general, an increased rubber volume at a fixed
intermediate space between inner and outer profile, is
expected to increase the stiffness both at |a| = 0° and 30°.
The apparently lower slope at || = 30° for larger D, could,
however, be explained by a smoother transition zone (which
is supported by increased b values, i.e. lower curvatures)
that implies that the maximum slope is not yet reached at
|a| =30° indicating a bias caused by fixing the model param-
eter ¢ to 30° in Eq. (1). It could therefore be concluded, that
an increased D, would extend the operational regime to
beyond + 30° until the maximum slope is reached.

The intermediate space between inner and outer pro-
file, on the other hand, is defined by the width B, (which
is at a fixed ratio to B, by design) and the radius R, of
the outer square profile. A smaller R . thereby imposes a
more rectangular shape of the pressed-in rubber cord at
the contact to the outer profile, while a larger R , . leads to
a smoother elliptical shape. The associated stress state in
the rubber cord appears to bring about larger stiffnesses at
|a| = 0° and 30° for more heavily deformed rubber cords
approaching a rectangular shape than for less extreme
deformations during assembly.

Finally, the parameters of the M (a) model in Eq. (1)
as represented by the multi-linear response surface model
in Eq. (3) are used to predict the loading response of
a ROSTA DR50x120 RSDE in the sense of a surrogate
model. Fig. 11 compares the surrogate model prediction
with the as-simulated loading characteristic showing good
agreement within the tolerance-induced scatter band.
This underpins the acceptable reliability and predictive

performance of the surrogate model needed to make fast
and robust estimates of the cyclic loading characteristics
of non-linear RSDE.

4 Conclusions

This work presented a surrogate modelling framework for
rubber spring and damping elements (RSDE) that com-
bines high-fidelity finite element simulations with surro-
gate modelling to enable rapid prediction of cyclic stiffness
characteristics. The developed methodology integrates
a physically motivated constitutive description based on the
Modified Extended Tube Model (METM) and Advanced
Mullins Damage Modeling (AMDM) within a three-di-
mensional Abaqus UMAT implementation. By explicitly
accounting for assembly-induced preload, stress softening,
and equilibrium behavior after multiple loading cycles,
the FE model provides a realistic representation of the
steady-state mechanical response of filled vulcanizates.
Validation against experimental measurements of a com-
mercial RSDE demonstrated excellent agreement for the
torque-angle characteristic, with deviations of peak torque
remaining below £3%.

To overcome the computational cost associated with
high-fidelity simulations, a surrogate model was derived
from a parameterized design-of-experiments study cov-
ering representative RSDE geometries. The simulated
loading characteristics were condensed into three physi-
cally interpretable parameters that describe the evolution
of cyclic stiffness over the operating range. These param-
eters were subsequently approximated by multi-linear
response surface models linking the mechanical response
to six geometric design variables. The resulting regression
models achieved high predictive quality, with adjusted
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500 —— RSM prediction
Simulation *+ Tol
£ 250 RSM 95% Cl
@ 0
3
g
2 —250
-500
-750
-30 -20 -10 0 10 20 30
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Fig. 11 Comparison of loading characteristics as predicted by the
surrogate model with experimental loading characteristics of a ROSTA
DR50x120 RSDE. The red error band describes the variability of the
loading characteristic resulting from the specified geometry tolerances.
The green error band describes the statistical 95% confidence interval



coefficients of determination of up to 0.977, demonstrat-
ing that the dominant effects of geometry on cyclic stiff-
ness can be represented reliably by a comparatively simple
analytical model.

The analysis revealed that the geometry of the rubber
cords and profile dimensions strongly influence the stiff-
ness progression under torsional deformation. In particu-
lar, rubber cord length, diameter, and the dimensions of
the steel profiles govern both the initial stiffness and the
transition towards higher stiffness levels at larger angular
deflections. These findings provide valuable engineering
insight into the design mechanisms of RSDE and support
the development of application-specific solutions without
extensive prototyping or physical testing.

The proposed surrogate model therefore provides real-
time predictions of geometry-dependent cyclic loading
characteristics within the investigated design space. Such
a tool can significantly accelerate the design and optimiza-
tion of rubber-based vibration isolation systems and pro-
vides a practical basis for the future development of digi-
tal twins for complete rubber spring and damping systems
(RSDY) including e.g. sensors for condition monitoring
of vibrating systems. In addition, the proposed surrogate
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