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Abstract

Buckling of an elastic linkage under nonconservative load is investigated. There is a related initial
value problem, which is conservative and chaotic, and gives valuable aid in finding the buckled shapes
of the linkage. To illustrate the equilibrium configurations, the bifurcation diagram is constructed,
which turns out to be a distorted version of the bifurcation diagram of the linkage under a conservative
load.
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1. Introduction

Since the first invention of chaos theory, it has been found to play a very important
role in many different fields, ranging from physics through biology to engineer-
ing, among others. Since then, the word chaos indicates all sorts of systems that
exhibit a complicated behaviour in the course of time. This behaviour can be
characterized by a strong dependence on the initial conditions, what results in an
unpredictable dynamics of the system in question. However, the unpredictable
behaviour is caused by deterministic rules, which makes chaos distinct from proba-
bilistic processes. Also, for a system to be identified as chaotic, it is required that it
has only a small number of degrees of freedom [1]. Hence chaos theory deals with
dynamical systems, that is, systems whose time evolution is governed by a small set
of deterministic equations [2]. These governing equations form either continuous
or discrete initial value problems, described by differential equations or so-called
maps, respectively.

Here we deal with a related phenomena, addressed lately as spatial chaos in
the literature [3]-[11]. Spatial chaos is a special form of spatial complexity, when
the governing equations are reminiscent of a chaotic dynamical system, but the role
of time is taken over by a spatial coordinate (e.g. arc-length).

Many examples of spatial chaos have been addressed recently. In general
mathematical studies [12] or in fluid dynamical investigations [13], spatial com-
plexity emerged as the steady state solution of time-dependent systems. In the case
of buckling of elastic rods [3]-[5, 7, 14] or linkages [6],[8] [16] the role of time is
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taken over by an arc-length parameter, and the shape of the buckled state may be
similar to a chaotic trajectory in a certain phase space.

Another large class of problems where spatial chaos plays a role is related to
biology. In this case, biological filaments—like DNA, (bio)polymers, or tendrils—
may exhibit complicated spatial patterns. It is common in these examples that
they have been modelled by either a continuous rod or a discrete linkage. For a
large number of base-pairs it has been found that the shape of DNA molecules can
be described by the Kirchhoff rod-model [17]-[21]. Also, to give account of the
conformation of biopolymers, similar continuous models have been applied [22]-
[25]. These continuous models are often referred to as wormlike chains [22, 24, 25].
In other cases discrete linkages are used to incorporate the discrete property of the
molecules [26]-[32]. These models consider the base-pairs of DNA or certain
parts of the biopolymer as (usually rigid) links, attached to each other by flexible
connections [26, 30]-[32]. This set of models is often called base-pair steps or
stack of plates.

Tendrils of plants have also been modeled by the Kirchhoff rod equations
[33, 34]. This kind of modelling could give account of the ‘tendril perversion’
(change of handedness) of helical tendril shapes of climbing plants. Beside these
examples, similar rod-like models have been suggested for filamentary bacterias
[34, 35], for the buckling of polypropylene fibers during manufacturing non-woven
fabrics [36], and for nanofibers grown on various surfaces of confined geometry [37].

The difficulty of—and the interest in—these problems lies in that to find the
equilibrium shape of the rod one may have to cope with substantial computational
difficulties, depending on the boundary conditions and the details of the problem.
This is the consequence of the system being spatially chaotic. It seems thus advan-
tageous to look for problems where the solutions are more easily gained, meanwhile
gathering insight into the nature of spatial chaos. One such problem concerns the
buckling of elastic linkages, extensively studied in the last few years [6]-[16].
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Fig. 1. Euler’s buckling problem. A continuous, elastic rod of length L and bending stiff-
ness E I is compressed by the horizontal load P . For large enough load, the ini-
tial, straight configuration becomes unstable, and other, curved equilibrium shapes
emerge. These are characterized by the distance y(s) from the initial configura-
tion and the angle α(s) of the tangent with the horizontal, both are functions of
arc-length s.
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An interesting feature of elastic linkages is that they provide both a mathe-
matical discretization of Euler’s buckling problem and a mechanical discretization
of a continuous rod [6, 9, 10, 16]. The set of equilibrium configurations is best
visualized on bifurcation diagrams, where the initial angle of the rod or the linkage
in equilibrium is plotted as a function of the load acting on the structure. For exam-
ple, for the rod shown in Fig. 1 a part of the bifurcation diagram is shown in Fig. 2.
Similarly, for a linkage (illustrated in Fig. 3), of N = 4 elements Fig. 4 shows a
bifurcation diagram. Evidently the discrete problem, the elastic linkage, has much
more possible equilibrium shapes than has the continuous Euler-problem. The dra-
matic difference between the two bifurcation diagrams is caused by the fact that the
governing equations of the continuous problem coincide with a non-chaotic initial
value problem, the mathematical pendulum, while the equations of the linkage are
essentially the same as the well-known chaotic map, the standard map. This results
in the appearance of so-called parasitic solutions on the bifurcation diagram of the
discrete problem: these are solutions of the discrete problem, but do not correspond
to any of the solutions of the continuous problem. Such ‘spurious’ solutions, ap-
pearing as a result of discretization, have already been found in different problems
[38, 39, 40].
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Fig. 2. Bifurcation diagram of the buckled, continuous rod. For each load value, the initial
angles α0 of the equilibrium shapes are plotted. Some buckled configurations are
also shown.

Investigating the behaviour of the elastic linkages, an important result was
a symbolic dynamics based integer labeling of the equilibrium branches of the
bifurcation diagram [9, 16]. This labeling gives a complete and unique description
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of all the branches [9]. Moreover, all the classical characteristics of the solutions
(like symmetry properties, stability, and number of nodes) can be determined easily
from the labels [10].

The buckling of linkages, as investigated before, is a conservative problem.
The corresponding initial value problem, the standard map, is also conservative, in
other words, it is area-preserving [6]. In this paper, we modify the original problem
slightly, and we end up with a nonconservative buckling problem. We show that it
results in a conservative initial value problem. Despite the difference between the
original linkage problem and our nonconservative one, the equilibrium branches
of the two bifurcation diagrams have a one-to-one correspondence, they are just
the distorted versions of each other. This proves that spatial chaos is not a unique
feature of conservative problems.

2. Buckling of Linkages

First, we briefly recall the discrete buckling problem introduced in Refs. [6, 9, 10,
11, 16]. The model consists of N rigid links of equal length �. They are intercon-
nected by hinges, which are equipped by rotational springs of stiffness �. One end
(at the N th hinge) is simply supported, the other end can move along the horizontal
line connecting the two supports as shown in Fig. 3. The end with the roller is
loaded by a force P , which always acts horizontally. In the unloaded case (P = 0)
the configuration is straight, in that position the rotational springs are unstretched
[6, 9]. With the increase of the load, buckling occurs: the original, straight configu-
ration becomes unstable, and other equilibrium configurations appear, their number
increasing rapidly with P , as illustrated in Fig. 4.
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Fig. 3. Originally straight elastic linkage under compressive force P . The rigid links of
length � are connected to each other by hinges equipped with rotational springs of
spring constant �. If the spring constant � is chosen to be E I/�, the linkage is a
discrete model of Euler’s problem. The buckled configuration is characterized by
the angles αi of the links with the horizontal, and by the distances yi of the hinges
from the original straight, horizontal configuration.
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Fig. 4. Bifurcation diagram of an elastic linkage of N = 4 elements. For all values of the
load parameter λ, the initial angles α0 of all equilibrium configurations are plotted.
Some buckled configurations are also illustrated.

Writing the equilibrium and the geometric equations of this structure in di-
mensionless form [9, 10], we find

αi+1 = αi − λyi+1, yi+1 = yi + sin αi (1)

as the governing equations of the system. Here αi is the angle of the i th link with
the horizontal connecting the supports, yi is the distance of the i th hinge from the
same horizontal divided by � (i.e., �yi is the distance). The load parameter λ is
defined as λ = P�/�, that is, as the dimensionless ratio of the load to the spring
constant. The first of Eqs. (1) is the balance of moments acting on a part of the
chain, the second comes from simple geometry. These equations, together with the
boundary conditions

y0 = yN = 0, (2)

form a discrete boundary value problem. This problem is conservative, the internal
work of the springs and the external work of the constant load are path independent.

Equations (1) can also be considered as an initial value problem, a so-called
map: choosing initial values y0 and α0, one can unambiguously compute the sub-
sequent yi and αi values from (1). This mapping turned out to be connected to the
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well-known standard map [41] by a linear transformation [6, 9, 10]. The standard
map is a conservative, chaotic dynamical system [41], this causes the appearance of
the large number of solutions on the bifurcation diagram of the linkage, see Fig. 4.

Now we modify the original problem, namely, a different load will act on
the structure. Instead of being always horizontal, we choose load P to be always
parallel with the first link. That is, it becomes a follower load. In a simplistic
way, this modified system models a discrete pipe conveying fluid, the follower load
mimicking the repercussion due to outflow [42]. Note that more precise models
[43, 44, 45, 46] of pipes conveying fluid lead to moments at the connections different
from our moments in the springs, nevertheless Ref. [42] uses a model very similar
to our one.

If load P is always parallel to the first link, its vertical component is taken
up by the support. Hence the problem is reduced to the original one by saying that
there is a load P cos α0 acting on the structure. At first this seems to be a minor
modification, but it has important consequences on the problem. For example, the
conservative nature of the problem is lost: the work done by the external load is
path-dependent. Imagine that while the follower load P acts parallel with the first
element, the first two elements are folded to a certain angle, see step 1 in Fig. 5.
Meanwhile load P performed some work, but less than it would have worked if it
had been always horizontal. Then we move the first three elements of the linkage
such that the first one rotates around the support to become horizontal, while the
next two becomes inclined, see step 2 in Fig. 5. During these steps the load does
not perform work, since the starting point of the structure does not move. Then,
keeping the first element horizontal, we stretch the linkage to its original, straight
configuration as shown in step 3 in Fig. 5. During this step the load performs more
negative work than it performed while folding the linkage, so the total work done
is nonzero while returning to the original position.

The equations of this modified, nonconservative system are almost the same
as those of the original, Eq. (1). The only modification comes from that the load is
now P cos α0. Hence the governing equations are

αi+1 = αi − λyi+1 cos α0, yi+1 = yi + sin αi . (3)

The boundary conditions are the same as those for the original problem, see Eq. (2).
The solutions can be uniquely characterized by the initial angle α0 for any

given load. The position of the first link is given by y0 = 0 and α0, that of the others
can be computed from (3). Hence we can plot all the solutions on a bifurcation
diagram that assigns the initial angle of all solutions to the corresponding λ, just
like in the case of the original, conservative linkage problem. When constructing
the bifurcation diagram of this modified problem, we take advantage of some sym-
metries. It is easy to see that if some α0 is a solution for a certain λ, then α0 + 2π
gives the same solution (a rigid body rotation in physical space), which results in
a 2π -shift symmetric (α0, λ) bifurcation diagram. Also, if α0 is a solution, −α0 or
π − α0, respectively, give mirror images of the solution with respect to the hori-
zontal or to the vertical axis, respectively. These symmetries together result in that
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Fig. 5. The external work done in step 2 is zero, and the work is not equal in steps 1 and 3.
Hence the total work is not zero, but the linkage returns into its original position.
That is, the system is not conservative. Note that the configurations shown are not
necessarily equilibrium configurations.

the bifurcation diagram is π -shift symmetric in α0, and that in the [0, π ] range it is
symmetric to the α0 = π/2 line. Hence it is enough to consider α0 between 0 and
π/2. For simplicity, we restrict our attention to λ > 0, that is, to forces compressive
on the first link.

When viewed as an initial value problem, Eq. (3) gives an area-preserving,
conservative map, which is chaotic, see Fig. 6 for the phase portrait of this map. It
is clearly visible that there are large KAM islands surrounded by chaotic islands,
a unique feature of conservative chaos [1, 2, 41]. For a fixed initial angle α0, we
can take map (3) to be the same as (1), which is known to be conservative: the
Jacobian of map (1) has unit determinant. It means that the modified map (3) also
possesses a Jacobian with unit determinant for all fixed initial angles, hence it is
area-preserving, that is, conservative.

Thus we have a nonconservative static buckling problem, which is related
to a conservative, chaotic initial value problem. In the next sections, we solve
the buckling problem, and construct its bifurcation diagram for some number of
links N .

3. Linkage consisting of two elements

The N = 2 case can be treated analytically. In this case (3) leads to

y1 = sin α0, α1 = α0 − λ cos α0 sin α0, (4)



92 A. KOCSIS and GY. KÁROLYI

Fig. 6. Phase portrait of Eqs. (3) as an initial value problem. The value of the load para-
meter was λ = 10, and 100 random initial conditions were iterated 20000 times,
and all the iterations plotted. The existence of invariant, closed curves (KAM is-
lands) surrounded by chaotic sea makes it plausible that the system is in the state of
conservative chaos.

while boundary condition y2 = 0 becomes

y2 = sin α0 + sin α1 = 0. (5)

This admits two types of solutions.
The first type of solutions is α1 = −α0 + 2kπ , into which Eq. (4) can be

substituted and the following analytical expression is obtained:

2α0 = λ

2
sin(2α0) + 2kπ. (6)

The equation of the equilibrium paths in the (α0, λ) plane become

λ(α0) = 4α0 − 4kπ

sin(2α0)
. (7)

These curves are illustrated in Fig. 7 by solid lines.
For k > 0 no solution exists if λ > 0 and α0 ∈ [0, π/2]. If k = 0 and λ < 2

only the trivial solution α0 = α1 = 0 exists. At λ = 2 a bifurcation occurs, and
a nontrivial branch of solutions emerges. For any k < 0, if λ is smaller than a
critical value depending on k, no solution exists. If λ is increased above the critical
value, two new solutions appear for each k < 0. The new branches appear where
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Fig. 7. Bifurcation diagram for the nonconservative linkage problem. The linkage was of
N = 2 elements. The dashed and solid lines indicate the two different types of
solutions explained in the text.

the tangent of curve (7) is horizontal. Equating to zero the derivative of (7) with
respect to α0 we find that the bifurcation appears at the α0 satisfying

tan(2α0) = 2α0 − 2kπ, (8)

which occurs at the critical load parameter

λ = 2

cos(2α0)
. (9)

The α0 value of the bifurcation point converges to π/4 as k is increased.
The second type of solutions writes as α1 = α0 −π − 2kπ . Using (4) results

in
λ

2
sin(2α0) = π + 2kπ. (10)

The equation of the equilibrium branches in the (α0, λ) plane are

λ(α0) = 2π + 4kπ

sin(2α0)
(11)

These curves are illustrated in Fig. 7 with dashed lines.
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For k < 0 no solution exists if λ > 0 and α0 ∈ [0, π/2]. For a fixed k ≥ 0,
if λ is smaller than a critical value, no solution exists. The solutions appear when
the branches have a horizontal tangent, that is, where the derivative of (11) is zero.
From this condition we find that the branches appear at

α0 = π/4, λ = 2π + 4kπ. (12)

4. Long linkages (N > 2)

Because map (3) is chaotic, it is not possible to find the equilibrium states analyt-
ically for arbitrary N . There is, however, a quite simple numerical method [6, 47]
that is able to find the solutions with arbitrary precision. Fixing N and λ (the two
dimensionless parameters of the problem) we take y0 = 0 and change α0 in small
increments between 0 and π/2, that is, in the range where we want to find the
solutions. Using map (3) we then find yN . If yN = 0, then the current α0 provides
a solution for the boundary value problem. If the sign of yN is different from that
resulted from the previous α0, there must be a solution between the previous and
the current α0, and a suitable interpolation gives an approximate solution. If the
increment in α0 is small enough, we can find all solutions. Completeness may be
checked by a further refinement of the increments.

Repeating this numerical scheme for several fixed load values λ provides us
with the bifurcation diagram. For a linkage of N = 4 elements the bifurcation
diagram is shown in Fig. 8.

The nonconservative linkage is in the state of spatial chaos, which is evident
from the large number of equilibrium branches on the bifurcation diagram, even for
this quite small number of links. The bifurcation diagram is similar to that shown
in Fig. 4 for the conservative case.

In fact, the similarity can be exploited further. Choose a fixed α0, and take
the parameter of the conservative case to be λ̃ = λ cos α0. Then the trajectory of
the original map (1) with parameter λ̃ and with initial conditions y0 = 0 and α0
become exactly the same as the trajectory of the modified map (3) with the same
initial conditions, but with parameter λ. This means that if α0 is a solution of
the original buckling problem with parameter λ̃, then it also solves the modified
buckling problem with parameter λ = λ̃/ cos α0. This observation can be readily
verified in Fig. 9, where a distorted bifurcation diagram for the original, conservative
linkage is shown. The distortion lies in the fact that on the vertical axis the values
of λ/ cos α0 are measured instead of λ. In other words, the branches of Fig. 4 are
‘grabbed’ at α0 = π/2 and ‘pulled to infinity’. This distorted bifurcation diagram
of the original, conservative linkage is exactly the same as the bifurcation diagram
of the nonconservative, modified problem, compare Figs. 8 and 9.
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Fig. 8. Bifurcation diagram of the nonconservative linkage of N = 4 links.

5. Conclusions and Future Work

The main goal of this paper was to show that spatial chaos is not restricted to
conservative systems. To this end, we have modified the linkage problem previously
studied in detail, changing the load to be always parallel with the first link. This
change had the consequence that the problem became nonconservative.

We claim that the complex bifurcation diagram, a clear sign of spatial chaos,
is the consequence of an underlying chaotic initial value problem, whose governing
equations are the same as those of the static buckling problem. We have shown that
it is so both in case of a conservative and of a nonconservative system. We also
pointed out that the underlying initial value problem of both systems is conservative.
It means that we introduced a nonconservative static buckling problem which is
related closely to a conservative dynamical system.

It has been shown that the bifurcation diagrams of the original and the modified
problems are just the distorted versions of each other. There is a one-to-one corre-
spondence between the equilibrium branches of the two diagrams: the bifurcation
diagrams are topologically equivalent. An interesting question remains, however,
which can be the subject of future investigations, regarding the symbolic dynamics
based labeling already used for the original problem. It is not clear whether the
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Fig. 9. The distorted version of the bifurcation diagram of the original, conservative buck-
ling problem. The vertical axis is divided by the cosine of the initial angle α0. This
way we end up exactly with the bifurcation diagram of the modified linkage problem,
compare with Fig. 8.

labeling changes by the change of the loading. It is also not trivial how the labels
are related to the classical invariants (like stability, symmetries, number of nodes)
traditionally used to characterize equilibrium branches.

In this paper we studied a nonconservative static problem that was related to a
conservative, area-preserving map. We conjecture that there is no relation between
the conservativeness of the static problem and its related dynamic problem, and it
is possible to construct either conservative or nonconservative static problems with
either conservative or nonconservative corresponding dynamical problems. It could
also be of interest to investigate other types of systems: for example, systems where
not only the static buckling problem, but the corresponding initial value problem
are nonconservative. This question has also been left for future work.
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