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Abstract

Shear strength of reinforced concrete (RC) members is com-

posed of the contributions of the nominal shear strength pro-

vided by transverse reinforcement and concrete. The shear

strength of RC members under cyclic lateral loading degrades

much faster than the flexural strength. Based on this state, Seis-

mic Codes tend to be excessively conservative and do not take

into account the contribution of concrete in certain cases. The

aim of this study is to investigate the influence of displacement

ductility on concrete contribution to shear strength using finite

element analyses (FEA). Based on the agreement between the

FEA and experimental results selected from literature, a simple

relation is proposed for the prediction of the concrete contri-

bution to shear strength of RC beams. The relation proposed

takes into account a reduction of the normalized concrete con-

tribution for increasing inelastic displacement demands, with a

small residual strength at large ductility levels.
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1 Introduction

In order to prevent brittle shear failures at beam plastic

hinge regions of earthquake-resistant structures, reinforced con-

crete (RC) members are designed to have shear strengths much

greater than their flexural strengths. In addition, the shear

strength of RC frame members degrades faster than the flexu-

ral strength does under cyclic loading [1]. Hence, Design Codes

[2–4] tend to be excessively conservative and the contribution

of the concrete to the shear strength is either neglected or con-

sidered based on the enhancement in the flexural capacities of

beam and column. A discontinuity exists between the two cases

[5–7]. In order to replace this discontinuity with a smooth transi-

tion, various researches have been conducted. The shear degra-

dation and the concrete contribution to the shear strength of RC

members have been predicted as a function of ductility demand

[8–16], deflection capacity [17] and drift ratio [18].

In this paper, the finite element analysis (FEA) results are

compared with the results of experimental studies selected from

literature, and it is observed that the lateral load-deflection

curves of analysed beams are consistent with the experimental

results. The beams were analyzed under monotonically increas-

ing loads to investigate the influence of displacement ductility

(µ∆), which is defined in terms of maximum structural drift and

the displacement corresponding to the idealized yield strength,

on the normalized concrete contribution (vc /
√

fc) of RC beams,

where vc is the contribution of concrete to shear strength and fc

is the compressive strength of concete. Simple relations for pre-

dicting the concrete contribution to shear strength and nominal

shear strength of RC beams are proposed and compared with

FEA results, four codes of practice and six equations proposed

by different researchers.

2 Shear strength of RC beams

The following procedure outlines the guidelines recom-

mended by ASCE–ACI426 [19] to determine the shear strength

of RC members. The governing equation given by ACI318 [2]

states that the shear strength must exceed the shear demand (vu)
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as shown in Eq. (1).

ϕvn ≥ vu (1)

in which ϕ is the shear strength reduction factor that is given

as 0.75 in ACI318 [2]. In codes [2, 3, 20, 21] nominal shear

strength of RC beams, vn, consider contribution of concrete to

shear strength, vc, while the remainder is the contribution of

transverse reinforcement to shear strength, vs.

vn = vc + vs (2)

The contribution of transverse reinforcement to shear strength

is obtained from the 45ºtruss model and corresponds to yielding

conditions of the reinforcement. In ACI318 [2], the contribution

of concrete to shear strength taken as the shear strength corre-

sponding to initiation of diagonal cracking, has been assessed

empirically from experimental data and is typically simplified

into the following:

vc = 0.17
√

fc (3)

In TS500 [20], the contribution of concrete to shear strength

based on the adaptation of ACI318 [2] Code simplified equation

is given as:

vc = 0.23
√

fc (4)

RC members under cyclic loading cannot maintain their prop-

erties such as stiffness and strength. The deterioration in their

stiffness and strength leads to larger inelastic deformation de-

mands and damage accumulation [22, 23]. Since the shear

strength degradation is a complex phenomenon, most previous

models are based on experimental data and field observations of

earthquake-damaged buildings [24]. A number of models have

been proposed to describe the interaction between flexural duc-

tility and shear strength. The models considered in this study

are given below.

The model proposed by Biskinis et al. [1] is employed in

EC8-3 [25] for existing buildings. According to EC8-1 [26], in

the case of elements characterized by a shear span ratio lower or

equal to 2, shear failure is controlled by diagonal compression

and Eq. (5) is applied. In the case of shear span ratio higher than

2, shear failure is controlled by diagonal tension and Eqs. (6) -

(7) are applied. The cyclic shear strength decreases with the

plastic part of ductility demand, expressed in terms of ductility

factor of the transverse deflection of the shear span or of the

chord rotation at member end: µ
pl

∆
= µ∆ − 1. The shear strength

degradation caused by loads varies linearly between 0 and 5. µ
pl

∆

equal to 5 is the value at which the maximum degradation is

attained. According to EC8-3 [25], the shear capacity is the

minimum value obtained by one of the models in Eqs. (5) and

(6) and the variable strut inclination according to EC8-1 [26].

vshort =
1

γel

4

7

(
1 − 0.02 min

(
5; µ

pl

∆

)) (
1 + 1.35

P

Ac fc

)
·

(1 + 0.45ρtot100)
√

min ( fc; 40) sin 2δ

(5)

vslender =

1

γel

[
h − x

2 − Lv

min (P; 0.55Ac fc) +
(
1 − 0.05 min

(
5; µ

pl

∆

))
·[

0.16 max (0.5; 100ρtot)

(
1 − 0.16 min

(
5;

Lv

h

)) √
fc + vs

]] (6)

vs =
(
1 − 0.05 min

(
5; µ

pl

∆

)) (
ρw fyw

)
(7)

In which γel is equal to 1.15 for primary seismic elements and

1.0 for secondary seismic elements, ρtot is the total longitudinal

reinforcement ratio, h is the depth of cross-section, Lv is the

ratio moment/shear at the end section, P is the compressive axial

load, Ac is the cross-section area, taken as being equal to bwd for

a cross-section with a rectangular web of width bwand structural

depth d, δ is the angle between the diagonal and the axis of the

column, x is the compression zone depth, ρw is the transverse

reinforcement ratio and fyw is the yield stress of the transverse

reinforcement.

Aschheim and Moehle [9] proposed that the concrete contri-

bution to the shear strength of an RC column decays when the

displacement ductility demand increases, as follows:

vc = 0.3

(
k +

P

13.8Ag

) √
fc (8)

in which, k includes the effect of displacement ductility

(k = (4 − µ∆) / 3) and cannot be smaller than 0 and larger than

1.0 and Ag is the gross section area. This model was adopted in

FEMA 273 [14].

Priestley et al. [10] have proposed a relationship for predict-

ing concrete contribution to shear strength that is expressed as a

function of displacement demand,

vc = k
√

fc (9)

in which k depends on µ∆, which reduces from 0.29 in MPa

units for µ∆ ≤ 2.0 to 0.10 in MPa units for µ∆ ≤ 4.0.

Perez and Pantazopoulou [27] proposed the parametric re-

lationship between shear strength and deformation demand

through a nonlinear analytical model of cyclic plane stress states

in RC. The concrete contribution to shear strength is defined as

vc =
αρs

(1 + µ∆)

√
fc

1 − β n√
fc

 (10)

The constant α and β can be taken as 37 and 7.6, respectively.

ρs and n are the amount of transverse reinforcement ratio and

influence of applied uniaxial stress, respectively.
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In FEMA356 [28], the flexural strength of RC members is

calculated for expected material strengths. The concrete contri-

bution to shear strength is defined as

vc = λk2

0.5
√

fc

M/Vd

√
1 +

P

0.5
√

fcAg

 (11)

in which k2 = 1.0 for µ∆ ≤ 2.0 and k2 = 0.7 for µ∆ ≥ 4.0,

with linear variation between these limits; λ = 1.0 for normal

weight concrete; M and V are the moment and shear at section

of maximum moment; and the value of M /Vd is limited to 2 ≤

a / d ≤ 3.

Sezen and Moehle [15] proposed a concrete contribution to

shear strength equation for lightly RC members accounting for

apparent strength degradation associated with flexural yielding

as

vc = k

0.5
√

fc

a/d

√
1 +

P

0.5
√

fcAg

 (12)

The value of a / d is limited to 2 ≤ a / d ≤ 4; k = 1 for

µ∆ ≤ 2.0 and k = 0.7 for µ∆ ≥ 6.0, with linear variation

between these limits.

Kowalsky and Priestley [29] proposed a revised version of

UCSD (University of California, San Diego) shear model, where

the reduction in the concrete contribution to the shear strength

due to the larger column aspect ratio and the effect of longitudi-

nal steel ratio (ρl) are considered. Thus, vc is defined as:

vc = αβγ
√

fc (13)

in which α includes the effect of aspect ratio

(α = 3 − M /Vd) and cannot be smaller than 1.0 and

larger than 1.5, and β accounts for the effect of longitudinal

reinforcement (β = 0.5 + 20 ρl). The strength degradation

factor, γ, is reduced at relatively large values of displacement

ductility and cannot be smaller than 0.05 and larger than 0.29. It

is indicated that the shear strength degradation due to increasing

ductility is mostly because aggregate interlocking reduces as

crack widths become wider.

Howser et al. [16] proposed a model based on Priestley et

al. [10] approach. The concrete contribution to shear strength is

defined as

vc = k
√

fc (14)

in which k is the factor for influence of flexural ductility. k =

0.29 for µ∆ < 2.0; k = 0.29 − 0.12 (µ∆ − 2) for 2 ≤ µ∆ < r;

k = 0.53 − 0.095r − 0.025 µ∆ for r ≤ µ∆ ≤ q; and k =

0.53 − 0.095r − 0.025q for µ∆ > q; r is the flexural ductility at

the point where the slope changes and q is the flexural ductility

at the point where the slope changes to zero. q = − 144 ρt +

5.3 and r = − 13300 ρ2
s + 242 ρs + 2.8 for ρs ≤ 0.01, q =

r = 3.85 for ρs > 0.01, ρs is the volumetric ratio of transverse

reinforcement.

3 Beam properties

Ma et al. [30] tested RC cantilever beams under cyclic load-

ing to study the inelastic behavior of critical regions. Rashid and

Mansur [31] tested RC beams under monotonically increasing

loading to evaluate the implications of using high-strength con-

crete. The beams (Figure 1), tested by Ma et al. [30] and Rashid

and Mansur [31], were analyzed here using three-dimensional

nonlinear FEA.

The properties of the RC beams are given in Table 1, a / d

is the span-to-depth ratio, which is in between 2.75 and 4.46;

ns, ϕsw and s are the arm number, diameter and spacing of the

transverse reinforcement, fyw is the yield strength of the trans-

verse reinforcement, which is in the range of 414 MPa to 541

MPa; fy is the yield strength of the longitudinal reinforcement,

which ranges from 452 MPa to 491 MPa; and ρ is the longitudi-

nal reinforcement ratio, which is in-between 0.0140 and 0.0473.

4 Finite element modeling

FEA has been accomplished using the software ANSYS [32].

The analysis has been carried out using Newton-Raphson tech-

nique. A load-controlled analysis has been performed by in-

creasing the load at the tip of the beam incrementally. The

longitudinal and transverse reinforcements have been modeled

as discrete reinforcements using Link8 elements. Rate inde-

pendent multi-linear isotropic hardening option with von-Mises

yield criterion has been used to define the material behaviour of

reinforcement. The tensile stress-strain response of reinforce-

ment based on the test data has been used in the present analysis.

Perfect bond is a widely used simplification in the modeling ap-

proach, whereas in reality the bond behaviour is nonlinear. Lin

and Zhang [33] stated that the predictions from a finite element

model assuming both perfect bonding and bond-slip effect agree

well with the experimental results and the deviation after crack-

ing is limited. It can be inferred from the test results [30,31] that

there was no bond-slip failure; hence a perfect bond is assumed

between the reinforcement and the concrete components.

Solid45 elements have been used at the supports and at the

loading regions to prevent stress concentrations. This element

has eight-nodes with three degrees of freedom at each node. The

concrete has been modelled using Solid65 eight-node brick ele-

ment, which is capable of simulating the cracking and crushing

behavior of brittle materials. The crack interface shear trans-

fer coefficient for open cracks is assumed to take a value of 0.5

while it is assumed to take a value of 0.9 for closed cracks. The

Solid65 element requires isotropic material properties to prop-

erly model the concrete. The Drucker–Prager yield criterion for

concrete was used in the nonlinear FEA of the beams. The ma-

terial constants of Drucker–Prager yield criterion are depending

on the cohesion and internal friction angle, respectively. The

internal friction angle is approximately between 30°and 37°,

which can be found by drawing various tangent lines to the com-

pressive meridian, obtained from the experimental data of con-

crete. These values have been successfully used in the previous
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Fig. 1. Test setups and geometric properties of beams (unit: mm)

Tab. 1. Geometrical and material properties of beams

Beam name b (mm) a (mm) a / d fc (MPa) ρ (%) ns × ϕsw / s fy; fyw (MPa)

R1a 826 1588 4.46 34.96 1.40 2 x 6 / 89 452; 414

R2a 826 1588 4.46 28.89 1.40 2 x 6 / 89 452; 414

R3a 826 1588 4.46 31.58 1.40 4 x 6 / 89 452; 414

R4a 826 1588 4.46 30.20 1.40 4 x 6 / 89 452; 414

R5a 1461 978 2.75 31.58 1.40 4 x 6 / 89 452; 414

R6a 826 1588 4.46 29.92 1.40 4 x 6 / 89 452; 414

A111b 1000 1200 3.36 42.80* 1.25 2 x 10 / 200 469; 541

A211b 1000 1200 3.36 42.80* 2.20 2 x 10 / 200 472; 541

B211b 1000 1200 3.36 74.60* 2.20 2 x 10 / 200 472; 479

B211ab 1000 1200 3.36 73.60* 2.20 2 x 10 / 200 472; 479

B311b 1000 1200 3.36 72.80* 3.46 2 x 10 / 200 472; 479

B312b 1000 1200 3.36 72.80* 3.46 2 x 10 / 100 472; 479

B321b 1000 1200 3.36 77.00* 3.46 2 x 10 / 200 472; 479

B331b 1000 1200 3.36 72.80* 3.46 2 x 10 / 200 472; 541

B411b 1000 1200 3.36 77.00* 4.73 2 x 10 / 200 472; 479

C211b 1000 1200 3.36 85.60* 2.71 2 x 10 / 200 483; 541

C311b 1000 1200 3.36 88.10* 3.22 2 x 10 / 200 491; 541

C411b 1000 1200 3.36 85.60* 4.26 2 x 10 / 200 471; 541

C511b 1000 1200 3.36 88.10* 5.31 2 x 10 / 200 478; 541

D211b 1000 1200 3.36 114.50* 2.20 2 x 10 / 200 472; 479

E211b 1000 1200 3.36 126.20* 2.20 2 x 10 / 200 472; 479

a Ma et al. [30]; b Rashid and Mansur [31]; *Concrete compressive strength obtained from testing 100 × 200 mm cylinder

studies [34–36]. In this study, internal friction angles are con-

sidered as 33° and 37° for normal and high strength concrete,

respectively.

In nonlinear FEA, a finer mesh leads to a weaker element with

a premature failure, and the analysis does not reflect the actual

load carrying capacity and deformational pattern [37]. In or-

der to obtain realistic results from the numerical simulation of

RC members avoiding the mesh dependency problem, optimum

mesh size is used. The explanation for the optimum mesh size is

given in Koksal and Arslan [37] and can be defined in two differ-

ent ways as given by Bedard and Kotsovos [38] and Bazant and

Oh [39]. Based on these studies, the representative size should

ideally be taken as two or three times the maximum aggregate

size in the case of the concrete. In this study, optimum mesh size

was chosen as four times the maximum aggregate size, which is

the same as in the studies of Arslan [35] and Arslan and Hacisal-

ihoglu [36].

The tensile strength ft of concrete is taken as 0.3 f
2/3
c [40].

The direct tensile strength of concrete is assumed as ft =

0.3 f
2/3
c and the modulus of elasticity Ec is taken as 4700

√
fc [2]

for normal strength concrete and Ec = 3320
√

fc + 6900 (MPa)

for high strength concrete [41].

5 Evaluation of FEA Results

The load– deflection curves obtained via experiments and

FEA for the beams are shown in Fig. 2 [7]. The load-deflection

curves of analysed beams were obtained under one-way load-

ings, while the experiments were carried out under reversed-

cyclic loading. Consequently, the strength degradation due

to the hysteretic loading could not be captured for the R1-R6

beams.

The FEA results are compared with the results of experimen-

tal studies selected from literature, and it is observed that the

lateral load-deflection curves of analysed beams are in reason-

able agreement with the experimental results. The numerical

load–deflection curves were obtained through a one-way static

procedure. On the other hand, the test was carried out under

cyclic loading for Ma et al.’s [30] beams and monotonic load-

ing for Rashid and Mansur’s [31] beams. For this reason, the

experimental curves under negative loads are removed from the
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Fig. 2. Experimental and numerical load–deflection curves
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figures. Furthermore, actual geometrical and material proper-

ties were used in the analyses, however it is possible that there

may be discrepancies between the properties of material sam-

ples and beams, and the differences in the initial branches may

result from the measurement sensitivity in the experiments.

The yielding occurs when the mean value of all shearing

stresses reach a critical value that linearly depends on the hy-

drostatic stress. The failure occurs when the Drucker–Prager

cone crosses the surface. By failure, it is meant either the actual

failure caused by unstable crack growth or the onset of soften-

ing material response, with the localization of deformation into

a shear band.

5.1 Concrete contribution to shear strength

Flexural cracks cause a degradation of the shear strength since

they cannot resist shear forces [7]. In this study, “transverse

reinforcement strength component”, vs, is estimated from the

transverse reinforcement stress at the maximum load. Once the

transverse shear strength of the beams and the transverse rein-

forcement strength component are obtained, “concrete contri-

bution to shear strength”, vc, can be calculated as in the other

studies [5–7] (Table 2).

vc = v − vs (15)

Tab. 2. Shear strengths of beams using FEA

Beam name
v(MPa) vs(MPa) vc(MPa)

((1)) ((2)) ((1))-((2))

R1a 1.61 0.74 0.87

R2a 1.50 0.63 0.88

R3a 1.67 1.18 0.49

R4a 1.70 1.21 0.49

R5a 2.74 1.79 0.95

R6a 1.72 1.12 0.60

A111b 1.99 0.72 1.27

A211b 3.07 1.07 2.00

B211b 3.28 0.97 2.31

B211ab 3.21 0.81 2.40

B311b 4.48 1.31 3.17

B312b 4.48 1.57 2.91

B321b 4.50 1.37 3.13

B331b 4.53 1.14 3.39

B411b 5.66 1.32 4.34

C211b 3.78 1.00 2.78

C311b 4.38 1.29 3.09

C411b 5.31 1.40 3.92

C511b 6.43 1.70 4.73

D211b 3.30 0.33 2.97

E211b 3.36 0.26 3.10

aMa et al. [30]; bRashid and Mansur [31]

5.2 Influence of displacement ductility on the concrete con-

tribution to shear strength

Based on FEA results, depending on displacement ductility

of RC beams, the relative concrete contribution to shear strength

varies. Design Codes [2–4,25,40] tend to be excessively conser-

vative and the contribution of the concrete to the shear strength

is either neglected or considered based on the enhancement in

the flexural capacities of beam and column. However, the fact

that this approach is independent of the attained ductility level

results in unconservative values of vc at high levels of deforma-

tion [26].

The resulting normalized concrete contribution, vc /
√

fc, ver-

sus displacement ductility is plotted in Fig. 3. The FEA per-

formed here indicates that the vc /
√

fc of beams decreases with

increasing displacement ductility (δu / δy) demand. A regression

analysis is undertaken to identify the influence of δu / δy on vc

using the results of FEA. The variation of the numerical vc with

fc and δu / δy can be expressed as follows,

vc = 0.68

(
δu

δy

)−1.03 √
fc (16)

Fig. 3. Influence of displacement ductility on vc at collapse state

Eq. (16) clearly shows that the vc /
√

fc is expressed as a func-

tion of
(
δu / δy

)−1.03
. The effect of δu / δy on the vc /

√
fc is illus-

trated in Fig. 3, which shows that the proposed equation matches

closely enough with the numerical results.

Based on the results of FEA and considering the influence

of δu / δy on the concrete contribution to shear strength, shear

strength of RC beams can be expressed as:

vn = 0.68

(
δu

δy

)−1.03 √
fc + 0.40ρs fyw (17)

The solid and dashed lines in Fig. 3 show the values of

vc /
√

fc against δu / δy given by design codes ACI318 [2] and

TEC [4], based on TS500 [20] prediction, respectively. A higher

δu / δy results in less concrete shear contribution capacity. Based

on FEA results, two different δu / δy limits may be expressed for

ACI318 [2] and TEC [4]. The concrete contribution to shear

strength can be decreased if δu / δy exceeds 3 for TEC [4]. Sim-
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Tab. 3. Comparison of shear strength predictions using FEA results

Prediction MV SD CV Prediction MV SD CV

vc,FEA / vc,prop. 1.028 0.195 0.190 vn,FEA / vn,prop. 1.141 0.151 0.132

vc,FEA / vc,ACI 1.681 0.743 0.442 vn,FEA / vn,ACI 1.104 0.447 0.405

vc,FEA / vc,T EC 1.232 0.544 0.442 vn,FEA / vn,T EC 0.949 0.371 0.390

vc,FEA / vc,EC8−3 2.626 0.660 0.251 vn,FEA / vn,EC8−3 1.479 0.258 0.174

vc,FEA / vc,Aschheim 1.481 1.070 0.722 vn,FEA / vn,Aschheim 1.156 0.261 0.226

vc,FEA / vc,Priestly 1.313 0.291 0.221 vn,FEA / vn,Priestly 0.930 0.241 0.260

vc,FEA / vc,Perez 3.600 1.645 0.457 vn,FEA / vn,Perez 1.409 0.642 0.456

vc,FEA / vc,FEMA 2.153 0.619 0.288 vn,FEA / vn,FEMA 1.209 0.443 0.367

vc,FEA / vc,Kowalsky 1.146 0.267 0.233 vn,FEA / vn,Kowalsky 0.892 0.266 0.298

vc,FEA / vc,S ezen 2.027 0.625 0.308 vn,FEA / vn,S ezen 1.227 0.375 0.305

vc,FEA / vc,Howser 1.370 0.524 0.383 vn,FEA / vn,Howser 0.952 0.264 0.277

MV: Mean value, SD: Standard deviation, CV: Coefficient of variation

ilarly, the concrete contribution to shear strength can be de-

creased if δu / δy exceeds 4 for ACI318 [2].

6 Evaluation of proposed equation

Table 3 summarizes the comparisons of the concrete contri-

bution to shear strength, vc, and shear capacity, vn, predictions

obtained from the proposed equation, ACI318 [2], TEC [4],

EC8-3 [25], FEMA356 [28], Aschheim’s equation [9], Priest-

ley’s equation [10], Perez’s equation [13], Kowalsky’s equation

[29], Sezen’s equation [15], Howser’s equation [16] with the

FEA results. The predictions by the proposed equation for the

concrete contribution to shear strength of beams are relatively

better, whereas ACI318, Sezen’s equation, FEMA prediction,

and Perez’s equation is excessively conservative for most of the

FEA results and the shear strength predictions of beams are also

relatively better, whereas Perez’s equation is excessively conser-

vative for most of the FEA results.

7 Conclusions

Considering that the results of nonlinear FEA on RC beams

are in agreement with the experimental results, the following

conclusions can be drawn:

• The results of numerical analyses indicate that the normalized

concrete contribution (vc /
√

fc) of RC beams degrades with

increasing displacement ductility demand.

• It can be seen that the proposed vc and vn predictions for RC

beams result in the lowest CV for the ratio of FEA results to

the predicted value. Hence Eq. (16) and Eq. (17) provides

better results than four codes of practice and six equations

proposed by different researchers for the predictions of vc and

vn. It is to be noted that the proposed equations are based on

a limited amount of data.

• For ACI318 and TS500, two different displacement ductility

limits may be expressed. The concrete contribution to shear

strength can be decreased if displacement ductility exceeds 3

for TS500 and 4 for ACI318.
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