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Abstract
Borehole collapse is predicted by common rock failure criteria 
despite they give conservative results due to some simplification 
of rock behavior. It is the source of many difficulties in imple-
mentation of oil well, underground structures and foundations. 
Utilizing damage theory could improve the conservancy of rock 
failure criterion. Damage theory considers loss of function 
rather than loss of strength. Unlike criteria which were derived 
from plasticity that assume yielding point as the limit of func-
tionality of rock, damage theory uses a state between failure 
and yielding in stress-strain diagram as the limit of the rock 
applicability. In this study, a new model is proposed to predict 
minimum borehole pressure based on rock damage theory. The 
model is verified by actual wellbore data. The proposed model 
predicts minimum borehole pressure close to actual data and 
more accurate than Mohr-coulomb and Mogi-Coulomb criteria. 

Keywords 
collapse pressure, wellbore stability, rock damage, rock micro-
mechanics

1 Introduction 
One of the most challenging issues in geomechanics is well-

bore stability. In recent decades many new hydrocarbon reser-
voirs are found in very deep formations and drilling in those 
conditions need more accurate calculations and mitigations. 
Stability related problems cost drilling industry more than 
Hundreds of million dollars per year worldwide, and possibly 
as much as one billion dollars annually [1]. Among reservoir 
formations, Shale is the source of many instability problems  
and after stress and pressure control to prevent blowouts, it is 
the second largest geomechanics issue in deep drilling [2]. 

Instability mechanisms can be grouped into three catego-
ries in shale formations [3]: 1) Tensile failure due to excessive 
wellbore pressure. 2) Compressive failure due to excessively 
low wellbore pressure 3) Hole size reductions due to swell-
ing of shale, which results in repeated reaming, or in extreme 
conditions, stuck drill pipe. Many researches have focused on 
wellbore stability in shale formation considering mechanical, 
hydrological, chemical and thermal effects which can be found 
in literature [4–7].

 The research show that mechanical effects and wellbore 
pressure are the main sources of wellbore collapse. Mechani-
cal instability of borehole can be controlled by wellbore pres-
sure and mud density. Mud weight window (MWW) is defined 
for safe drilling like Fig 1. MWW has upper and lower lim-
its. Excessive wellbore pressure causes fracture on wellbore 
periphery resulting in mud loss and high drilling cost. Also 
insufficient mud weight and wellbore pressure causes breakout 
and even collapse (Fig. 1). 

To determine wellbore pressure accurately, proper rock con-
stitutive law should be used. Most of the rock constitutive laws 
are based on the plastic theory and are too conservative since 
they assume yielding point of stress-strain diagram as the limit 
for rock functionality [8]. According to these kinds of crite-
ria, materials which pass yield point are not strong enough to 
remain functional while some materials such as rock in experi-
ments showed that they can sustain notable plastic strain. Also 
some rock strength predicting models use peak strength as the 
final bearing capacity limit which is not applicable in rock 
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materials. So realistic rock strength at which the rock mate-
rial remains functional yet must be between yield and failure 
limits. In addition, the strength and deformation of rock masses 
mainly depend on their discontinuity properties [9] and dam-
aged degree. 

Fig. 1 Mud weight window

Rock failure phenomena starts from micro cracking and it 
is reasonable to describe the failure process by micromechan-
ics. Damage theory uses “loss of functionality” idea rather than 
“loss of strength” to describe material failure process [2]. It 
means, however a material loses its strength after yield point, 
it is may be usable as a structure.  This idea can be utilized to 
define loss of functionality by reducing the strength of material. 
In micromechanics point of view, after yielding, microcracks 
start to develop and by connecting the microcracks together, 
rock properties alter and provide possibility that rock may no 
longer remain functional. The stress level at which the microc-
racks connect is called “crack damage stress” [10]. 

In this study failure is treated differently from yielding and 
these two concepts are distinguished to predict rock damage 
precisely. The damage theory concept is used to link micro-
mechanics to rock failure criterion. The proposed model is 
utilized to determine wellbore pressure by considering bearing 
capacity of rock more realistically.  The lower limit of MWW 
is predicted for a real wellbore drilled in Wanaea oil field, in 
the northwest shelf of Australia. The results of this method is 
compared and validated by actual case study data which shows 
a very close agreement. 

Nomenclature

a,b,c: Material constant
a',b’,c’: Material constant
Del

0 :  Initial (undamaged) elasticity matrix
��ε t
pl :  Equivalent plastic strain rates in tensile loading 
ε t
pl :  Equivalent plastic strain in tensile loading
ε ⋅ p :  Plastic strain rate

θ:  Temperature
fi :  Predefined field variables
d:  Damage parameter
dt:  Tensile damage variable
dc:  Compressive damage variable
E0:  Initial elastic stiffness of the material
 ̅E:  Stiffness of the material after starting damage
σ̅c:  Effective compressive cohesion stresses
̅σt:  Effective tensile cohesion stresses
σc:  Uniaxial compressive strength
σcd:  Crack damage Stress
σy:  Yielding Stress
s:  Material constant, for intact rock s=1
f:  Plastic potential
λ:  Hardening parameter
P0:  Pore Pressure

2 Rock material failure 
A rock type material strains under load elastically at first and 

by increasing magnitude of the load, it may strain inelastically 
(Fig. 2). After yielding, rock may behave in the form of strain 
softening, perfect plastic, or work hardening depends on rock 
type and finally results in failure. Rock failure is brittle or duc-
tile or even something in between. Weak rocks, such as shale 
formations, under high stress condition, tends to behave duc-
tile. study showed that the higher the confining pressure, the 
greater the ductility is observed [9] such as conditions observed 
in deep drilling projects. 

Fig. 2 Stress-strain diagram

The stress state corresponding yield strain is called “yield 
stress”. Ductile or semi ductile materials can sustain some plas-
tic strain before failure. Corresponding stress at failure is called 
“failure stress”. The rock damage starts from yielding point to 
the failure point where the rock is completely damaged. In a 
point between yielding (A) and failure (C), rock is partially 
damaged and additive plastic (∆ε) strain can be estimated lin-
early as. So for a point like B, it can be written as:

∆ε σ σ= −( )cd y E/ .
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Flow rule theory is used to describe plastic behavior which 
can lead to an evaluation of material functionality. In flow plas-
ticity theories, total strain in a material is divided into an elastic 
and a plastic part. Elastic part can be determined from elastic-
ity rules such as Hook law. Determination of the plastic part 
requires a flow rule and a hardening model. If the yield condi-
tion is given by f(σ) = 0, then the normal flow rule takes the 
following form [11]:

According to rock plasticity, the direction of the plastic 
strain rate component vector must be normal to the yield sur-
face. The magnitude of these strain rates is not determined by 
the constitutive laws, reflecting the fact that plastic deforma-
tions are rate-independent. So constitutive laws are not able to 
move with growing plastic strain. To cover this problem some 
models, such as Cap model, critical state model or double shear 
model are proposed. Increasing stress deviatory causes rock 
failure. So stress tensor can be written as:

Fig. 3 a) typical yield surface,  
b) rock failure criterion view from hydrostatic line

Therefore rock failure criterion (R) consists of a yielding 
criterion and a hardening function[12]. Just like the yield con-
dition, the failure condition (σij) = 0 can be interpreted as a fail-
ure surface in the six-dimensional stress space or alternatively 
in the three-dimensional space of principal stresses [13]. For 
example, Mohr-coulomb yielding criterion can be developed to 
describe plastic behavior of a rock type materials as: 
f C= − +( ) =σ σ

1
0q

3
; at yielding

R h= + ( )( ) =−σ σ σ
1 3

0C+q d. ; at failure

Yielding points at various stress states make a yielding sur-
face in three dimensional stress state and Cartesian axes (Fig. 
3). One of the well-known yielding criteria is Mohr-Coulomb 
(MC) which assumes rock behavior as elastic-perfectly plastic. 
Yielding surface of Mohr-Coulomb criterion is illustrated in 
Fig. 3-b from π line view. In multi axial load conditions, a line 
with same value of σ1, σ2 and σ3 and path through base point is 
called as π line. Hydrostatic pressure (P) increases along with 
π line and shear forces (S) is produced by deviatory stress.  It 
is shown that Hoek- Brown (HB) criterion yielding surface is 
bigger than MC because MC assumes yielding point as the 
ultimate bearing capacity of rock while HB hypothesis a point 
above yielding. The difference proves that there some level of 
rock strength from yielding to failure. Considering rock failure 
phenomena these levels can be described. 

After yielding, crack initiation starts at crack initiation stress 
level. Existing cracks start to propagate and coalesce to form 
a dominant shear band. This stress level is defined as “crack 
damage stress” when cracks connect together. The study of pre-
vious researchers’, [10], and) showed that the stress level of 
cracking can be formulized as below:

A and B are material coefficients that vary for each stress 
level and are determined experimentally for every loading 
stage. For example, Martin proposed A = 1, B = 0.4 for the 
crack initiation stress level for Lac Du Bonnet granite. By com-
paring the equation 1 to MC and HB criterion, the coefficients 
A and B can be drawn for this criterion too [14]. The criterion 
classical form is:

MC: σ
ϕ
ϕ
σ σ

1 3

1

1
−

+
−

=
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c

HB: σ σ σ
σ

σ
1 3

3
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
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Hoek proposed a table to determine m and S values as rock 
material coefficients based on GSI and damage parameter. 
He proposed the value of 0.7 for damage parameter defining 
the loss of functionality for a tunnel excavated with blasting 
method [14]. According to this criterion for intact rock S=1. 
The parameter m can be written in the form of uniaxial tensile 
and compressive strengths [15]. 

ε λ
σ
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So for a shale which can be assumed as an intact rock the 
parameter B is:

3 Stress around a wellbore 
After drilling, stress distribution changes around the well. 

These stresses can be written as: 

Well stability is controlled by internal pore pressure and mud 
weight during drilling time. If mud weight is high, Pw increases 
in the above formulation and results in decrease of radial stress 
(σr) and increase of circumferential stress (σθ). By decreas-
ing mud weight stress state will change oppositely. It means 
that two limits for mud weight can control stress concentra-
tion around a wellbore, lower (Pwb) and higher mud weight 
(Pwh). Lower mud weight limit causes wellbore collapse in the  
θ = ±π/2 location considering above equations. 

Three stress components around well () make 6 stress states 
considering their magnitudes:

1: σθ≥ σr ≥ σz   2: σθ≥ σz ≥ σr

3: σz ≥ σθ≥ σr   4: σr ≥ σθ ≥ σz

5: σz ≥ σr ≥ σθ   6: σr ≥ σz ≥ σθ

As discussed before, wellbore collapse happens in case of 
high circumferential stress state (). So there are three stress 
states to determine lower limit of mud weight (states 1, 2 and 3).

4 Excavation damage zone 
Stress around a wellbore changes while drilling and some 

parts of the surrounding rock is damaged. Damage parameter is 
equal to 1 when failed rocks are completely detached from the 
wall. The degree of damage, also, varies in surrounding rocks 
and depends on the damage parameter value. In this regard, 
some regions can be detected. The first region which is usually 
close to wellbore and loses its function is called “excavation 
damage zone, EDZ”. In this region the rock become weaker 
and mechanical and hydraulic properties change significantly 
[16]. Most of the researchers believe that more than one dam-
aged region can be distinguished around a borehole when it 
is subjected to stress concentration. Martino defined dam-
aged zones around a borehole as shown in Fig. 4. Three major 
regions around an opening underground are [17] :

1. Undisturbed zone (UDZ): This region is not subjected to 
high loads and in-situ stresses and is not altered much. 

2. Excavation Altered (distributed) zone (DZ): This part of 
the rock is an area with disturbed stress conditions with-
out any significant mechanical or hydraulically parameters 
changed.

3. Excavation damaged zone (EDZ): This part experiences 
sever stress changes and in some areas, stress concentra-
tion induce failure. This zone can also be divided into three 
sub groups. The area with failed zone, the area with sharp 
property changes and the area with smooth changes in prop-
erties. The location of each part and its extent depends on 
deviatory stress values and mean stress values as in Fig. 5. 

Fig. 4 Excavation damage zone[17]

Fig. 5 Hydro mechanical changes around an excavation

Damage parameter (d) in undisturbed zone is zero while it 
could be as high as 1 in EDZ. Research on rock damage showed 
that 6 damage thresholds could be distinguished in rock behav-
ior [18]. For each stage a relation is proposed in the form of 
exponential function as below [19]. 

Considering boundary conditions (d =0 at yielding and  
d = 1 at failure), a = 0 and b and c should determine through 
experiment. The damage parameter begins to increase from 
yielding to failure. Rock plays the role of a structure element 
in underground cavities as long as it remains functional. In 
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stability problems, rock cannot be used beyond critical dam-
age parameter value dcr. Critical damage parameter value is the 
value of damage parameter at which cracks connect together 
and cause an EDZ area around excavation.  The stress mag-
nitude that causes cracking is crack damage stress threshold. 
The threshold value is affected by the importance of the struc-
ture.  Where the structure cannot tolerate any rock damage, this 
parameter must be low. It means, we should not allow rock to 
bear much load. In wellbore stability problems, damage param-
eter is 0.6–0.8. This threshold is between failure and yielding 
state of the rock.

5 Damage model to predict minimum mud weight 
Damage theory provides an accurate way of describing fail-

ure mechanism. Micro-scale damage gives details about onset 
of micro cracks and their growth. Generally there are two major 
categories to study rock failure: a) phenomenological models 
which study rock failure macroscopically. The followers of this 
approach use thermodynamics irreversible process to relate 
stress and strain which are macroscopic variables to tensorial 
variables. b) micromechanical models that use microcracks 
initiation and propagation theories to obtain global response 
of material with respect to damage accumulation [20]. Rock 
failure process is based on “Damage Mechanics” and “Fracture 
Mechanics”. Fracture mechanics is concerned with the study 
of cracks propagation in macro scale which can be seen with-
out equipment aids while damage mechanics focuses on the 
micro cracks behavior in materials. The domain of application 
for these theories is presented in Fig. 6. Failure of materials, 
therefore, is a process of nucleation of micro cavities or micro 
cracks due to the breakage of atomic bonds from the micro-
scopic view point. From this view point, however, it is a pro-
cess of crack extension brought about by coalescence of these 
micro cavities [21].

Fig. 6 The area of fracture and damage mechanics study [22]

The most acceptable definition for damage is from 
Murakami [21]. According to him, the development of cavities 
in the microscopic, mesoscopic and the macroscopic processes 
of fracture in materials together with the resulting deterioration 

in their mechanical properties are called damage. Therefore the 
damage parameter is defined as below:

AD is total surface of defects such as cavities and microc-
racks and A is the total area of the sample in a cross section 
as explained in Fig. 7. By loading a sample, some defects are 
created and load carrying area decreases which result in mag-
nifying the effect of induced stress by the external force (F). 

It means both of the below relations have same meaning. 

So, damage parameter has below relation with changing the 
stiffness. 

Fig. 7 a sample under damage [22]

Rock behaves differently under compression and tension. 
Usually under uniaxial tension and before tensile failure, rock 
stress-strain curve shows a linear elastic form. Under tension, 
rock cannot sustain inelastic strain so at the failure stress, 
micro-cracking occurs. Beyond the failure stress level, micro-
cracks join together and strain localization is observed. 

Under uniaxial compression, the response is linear until ini-
tial yield value which corresponds to the point A in Fig. 2. Until 
this point, cracks inside the rock close and specimen volume 
reduces. After point A, micro-cracks grow and the specimen 
volume increases gently. When micro-cracks coincide, the spec-
imen damage begins. This phenomena corresponds to the point 
B in the same figure.  In the plastic regime and after point A, the 
response is typically characterized by stress hardening followed 
by a strain softening stage. This representation, although some-
what simplified, captures the main features of rock response. 
It is assumed that the uniaxial stress-strain curves can be con-
verted into stress-plastic strain curves by below equations:

d A
A
D=

σ σ ε ε=
−

=
−

=
F

A A DD 1
; ,

σ ε σ ε= =E E

d E
E

= −1

(13)

(14)
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In damage theory, the degradation of the elastic stiffness is 
characterized by damage variables which are assumed to be 
functions of plastic strain and other variables. This can be writ-
ten for tension and compression loading as: 

Fig. 8 (a) Stress-strain curve for shale under different confining stress,  
(b) Volumetric strain – axial strain curve

Damage variable varies from 0 to 1, for undamaged material 
and fully damaged material respectively. Consequently stress- 
strain relation is change to:

and effective tensile and compressional stresses can be 
defined as:

In the Multi-axial state:

The last equation shows that stress concentration is occurred 
after starting the damage process. By evolution damage in a 
specimen, stress concentration inside rock increase and linear 
elastic behavior is diverged by nonlinear behavior. When the 
material starts to damage and considering the continuum form 
of the equation 19, the criterion can be written as:

By comparison of equation 4 with equation 7 it can be writ-
ten as

then:

The proposed model can describe stress threshold accord-
ing to rock damage and EZD idea. Damage parameter helps 
to describe rock failure precisely. When yielding occurs, dam-
age parameter starts and begins to increase by stress increase. 
Before yielding, d is equal to zero and the criterion is the sim-
ple Mohr-coulomb criterion. The critical damage parameter 
value in wellbore stability can be determined by considering 
the stress state at which the cracks joint together and pore pres-
sure increase suddenly. 

6 Validation of the proposed model
Since the most accurate results for the determination of pri-

mary stresses are provided by in-site investigations[23], here 
an actual field data was used as an example to control the accu-
racy of the new proposed model. For this, a vertical borehole 
drilled through a shale formation at a depth of about 2142 m at 
Wanaea field in the northwest shelf of Australia was selected. 
Mohr–Coulomb (MC), Mogi-Coulomb and Mohr-Coulomb 
Damage model (MCD) were used for the comparison. In this 
field, at the mentioned depth, pore pressure is equal to 11.1 
kPa/m. The shale has cohesion of 3 MPa and friction angle of 
31 degrees. The material parameters is summarized in Table 1. 
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Table 1 Material Properties for Wanaea Project [24]

Parameter Cohesion Friction angle σH

Unit MPa Degrees KP/m

value 3 21 20.8

Parameter σh συ Poisson’s ratio

Unit KPa/m KPa/m

value 16.3 20.8 0.25

Stress-strain relation for the above mentioned shale is illus-
trated in figure 8-a. It shows that upon reaching the yielding 
point, Young’s modulus begins to decrease gradually.  Between 
yield and failure points where, at least two distinguished points 
B and C can be observed. The stiffness of the material at every 
stage is different and decrease by increasing strain. E0 is the 
stiffness of the material at its elastic range while it reaches zero 
when it fails.  

By plotting volumetric strain against axial strain, these dis-
tinguished points are very obvious (Fig. 8-b).  Three major 
jump of this graph are:

Yield point is associated with kick off in the volumetric 
change which occurs at around 5 mm/m of axial strain.

The second jump is called crack initiation point and the final 
point is crack damage. This jump happens at around 22 mm/m 
strain. From this point onwards, the slope of volumetric change 
curve is very sharp due to presence of fully developed cracks 
and creation of new surfaces in the sample. 

However there is another point between crack initiation and 
crack damage points that is associated to crack coalescence 
shown by a rapid increase in volumetric strain. When cracks 
start to coalesce, rock loses its major strength. So this point 
is selected to be representative of the rock bearing capacity. 
To obtain this value and the Modulus degradation data, some 
regression analysis is done on the triaxial laboratory tests at 
different confining pressures as shown in Fig. 9.  Using the 
stress-strain diagrams in Fig. 8, plot of deviatory stress versus 
confining pressure for each level of damage can be presented 
as in Fig. 10. 

Fig. 9 deviatory stress –strain curve

From the above graphs, degradation of rock modulus was 
also determined.  For each stage of damage, the following rela-
tions are obtained for the Wanaea shale. Similar studies can be 
performed for other material and related relationships can be 
determined. 
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By incorporating the last equation with the proposed model, 
minimum safe mud weight can be estimated. The stress regime 
in Wanaea field is on the boundary between normal and strike-
slip faulting. Drilling was utilized with mud density of 1.42 g/
cm3. The minimum overbalance pressure versus depth is plot-
ted for both of the failure criteria in Fig. 11. It is apparent that 
the mud pressure predicted with damage theory is in closer 
relation with actually-used mud pressure. Applying the Mohr–
Coulomb criterion in this field will give significantly conserva-
tive collapse pressures. 

Fig. 10 Interpolating three damage levels in the shale sample

Insufficient mud weight may result in shear failure and col-
lapse of the well. The results show that proposed model predicts 
minimum mud weight more precisely.  The field experience 
showed some minor breakout in the well. The proposed model 
allows the well to have breakout till some extent. It means the 
well can sustain some shear failure and still remain stable. This 
would help drilling engineers especially in underbalance drill-
ing method.
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Fig. 11 Minimum mud weight prediction according damage theory  
and comparison with other criteria

7 Conclusions
In this study, a damage model is proposed to determine min-

imum mud weight and prevent shear failure around boreholes 
based on micromechanics concept. Some important conclu-
sions can be taken as below:
1. Damage theory can describe the failure phenomena of rocks 

more precisely. Rock failure criteria based on yield point 
such as Mohr-Coulomb and even Mogi-Coulomb failure 
criteria overestimate rock strength under polyaxial stress 
conditions. 

2. Since rock failure starts from micro cracking, microme-
chanics can describe rock strength loss and loss of func-
tionality appropriately. 

3. Rock failure criterion based on proposed model can evalu-
ate rock applicability better than other conventional criteria 
such as Mohr-Coulomb.

4. Rock damage is more related to deviatory stresses rather 
than amount of stress by itself. It means by hydrostatic 
stress, contraction and grain movement is dominated to 
cracking and existing new surfaces.

5. Proposed model based on damage theory, can predict mini-
mum mud weight precisely. By applying the model to a real 
wellbore drilling data, excavation zone around wellbore is 
estimated and minimum wellbore pressure to stabilize it is 
determined. A narrow mud weight window makes so many 
difficulties in drilling design. The cost and time of wellbore 
drilling rise when mud weight window is designed very 
narrowly. The proposed model makes mud weight windows 
wider. 
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